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Adiabatic evolution:
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A state initially prepared in an eigenstate of a time-dependent Hamiltonian
remains in the corresponding instantaneous eigenstate under time evolution.



Adiabatic evolution:
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Therefore: the initial vacuum must evolve to the final vacuum...



Adiabatic evolution:

... that is, the overlap between the in and out states must be at most a phase:

e’LF

<Oout ‘Oin>

[' = generating functional of all 1Pl vacuum graphs w/ ext. sources set to zero.

Any non-adiabatic evolution means this overlap fails to be a phase, i.e.:

ImI'# 0
(Definition) particle production:

2ImT = P/V ~ [ d®p|B(p)|?



Adiabatic evolution:

In terms of field modes, adiabatic evolution (or absence of particle production) is
often quoted as being equivalent to the condition:

Wi /wi| < 1

... in what follows, we critically re-examine the common lore that this is true.



QOutline:

* It’s not true: Demonstration via counterexample.

* Try to understand what may have gone awry (spacetime dependent field
redefinitions a common feature + ...)

 Detour on the equivalence theorem and s.t. dependent field redefinitions.
Metric dependent field redefinitions, e.g. MS-like not always legal!

* Necessary but not sufficient, but what is/are the right condition(s)?

* QOutlook and implications.



Counterexample |
Free scalar field on Minkowski space (no particle production here)
S = —3 [d*ay/=n (0" 0,00, ¢ + m?¢?)
In a covariant theory, we're free to make coordinate reparameterizations.

Consider a time reparameterization:
t=1t(t"), dt/dt' = f(t')

g)\ﬁ — nm/ jgzi j;j/; — diag[_f2 (t/)v 17 17 1]

Where we assume f never vanishes or becomes negative (global hyperbolicity).



Counterexample |

Free scalar field on Minkowski space:

=5 [ |4 — [(V9)? — fm?e?]

Now make the field redefinition: ;5 = ffbjg

~ ~ 17 /2
_ %fd4$, [Cle L f2(V¢)2 . (f2m2 + 57 . :jl{cf2
Per Fourier mode: ¢/ + (f2k2 +m?f2 + g—; — ?ﬂ;) b = 0
1/ !/ ]‘/2
er wp(t') = (f2R2 +m2f? 4 5p - 3




Counterexample |

Considere.g.: f(t') = jtt, =1 - (1+e)\—m’)

-1.5

FIG. 1. Induced violation of the adiabaticity condition for a free scalar field under time reparameterization
and field redefinition. Values plotted for m = 0,A = 0.1,k = 8 in Eq. 10, and plots are for the comoving
modes k= 0.7.0.8, and 1 (solid, dashed, and dotted lines, respectively).



Counterexample Il

Free scalar field on FLRW background:
S = —% fd4a?\/—g (g“”@ugbaygb + m2gb2)

ds* = a?(n) (—dn? + dz? + dy? + dz?)

‘Mukhanov-Sasaki’ field redefinition: ¢ = x/a(n)

S = —% fd433 [nwjauxavx + mi(”’?)xz]
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Counterexample Il

Free scalar field on FLRW background:

eV = [ Dxexp (=3 [d'z x [-O+mi(r)] x)

Switch to imaginary time 7 = nand Wick rotate:

W = %log{det[—[l%—mi(’r)]} — %Tr log[—D+mi(7)] — —% fooo %Tr p—s[—0+m3 (7)]

Last equa“ty follows from — fooo ds g=sT — lOg(CL') + div (differentiate both sides to see that it’s true)

S

Non-adiabaticity (particle production) = imaginary contribution to W.



Counterexample Il

Free scalar field on Minkowski (kernel is diagonal in momentum basis):

W= =3 Jy A S e ple T | = o 774 [ ik ple o )

m4 .
W = 3217r2 fuog %e_mis = 512> 1In (mi//ﬂ) +9E — 5} +div

(one loop Coleman Weinberg effective potential)



Counterexample Il

Free massless (minimally coupled) scalar on FLRW:
Sfde WP (V07 SN aln) e

xg+[k2—%}><k:0 a=mn(n—1)

wi(n) = (k% — a/n*)/2
‘w,;/w%‘ > 1 whenever n ~ y/a/k Ya >0

e.g. forl < a <2 (decelerated expansion)



Counterexample Il

Free massless scalar on FLRW (kernel is only diagonal in spatial momentum):

W=~ o e { [ e p) [ drrle* [0 ) )

ImW =0

Can show no imaginary contributions (or, self-adjointness of inverse square
potential via Klein-Gordon normalization of mode functions over this domain)...



What could have gone awry?

In both cases, we found no imaginary contributions to the effective action, in spite
of the naive adiabaticity condition being violated for some modes at some time.

Notice that we were very cavalier about two things in both examples:

 Making (spacetime) dependent field redefinitions and hoping matrix elements
wouldn’t be affected.

 We were very sloppy about what we exactly meant by w and dots in the
statement |wy/w?| < 1



The equivalence theorem:

Invertible changes of field variable of the form ¢(x) = x(x) + f|x(x)]
(where, moreover f(X) — 0 as X — 0) modify the Green functions but do not

affect matrix elements.
_ /Ddﬁ giSIo)+i [ dlaj(x)¢ (1)
/ Dy ( | ]> (iSIcHTINI+i [ dei(e)x 2)

Thatis, (1) and (2) generate the same on shell matrix elements.




The equivalence theorem:

Invertible changes of field variable of the form ¢(x) = x(x) + f|x(x)]
(where, moreover f(X) — 0 as X — 0) modify the Green functions but do not

affect matrix elements.
Z [Cb] _ /D¢ ei8[¢]+ifd4wj(w)cb | (1)

Generalizes to more complicated (e.g. non-local) field redefinitions, but what
about spacetime dependent field redefinitions?



The equivalence theorem revisited:

Consider a field redefinition of the form: (x) = g(t)¢(x)

Can show via generating function formula and LSZ reduction that one only ends up
with the same in-out matrix elements if 0rg(tout) = O0rg(tin) =0

c.f. o = x/a(n) —only returns same on-shell matrix elements in asymptotically flat
geometries.

In other words — theories not quantum mechanically equivalent unless these
conditions are satisfied.



So what should the right condition(s) be?

The statement |wi/wi| < 1 is actually a statement about the validity of the
WKB approximation. Adiabatic evolution means just that.

nQM.: [(Em(t)|H(t)|En(t)))
‘Em (t)_En (t)‘Q

<lm#mn, tel0,T],

Try and find a covariant generalization of the above condition that only
involve locally determinable quantities?
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We examine the guantitative condition which has been widely used as a criterion for the adiabatic
approximation but was recently found insufficient. Our results indicate that the usual quantitative
condition is sufficient for a special class of quantum mechanical systems. For general systems, it may
not be sufficient, but it, along with additional conditions, is sufficient. The usual quantitative condition and
the additional conditions constitute a general criterion for the validity of the adiabatic approximation,
which is applicable to all N-dimensional quantum systems. Moreover, we illustrate the use of the general
quantitative criterion in some physical models.



Ugh...
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Some work remains to be done, but some useful
lessons so far:

* Adiabatic evolution has a precise definition.
 The condition |wy/w?i| < 1 is not a sufficient proxy for adiabatic evolution.

* Avery ugly and convoluted set of conditions look possible, but not very
transparent.

* Along the way, we learned that a common manipulation undertaken in
many cosmological applications requires additional care.

* Thanks for your attention! (More details to follow in 2503.xxxxx)



	Slide 1: The Adiabaticity condition revisited: necessary, but not sufficient
	Slide 2: Based on work soon to appear…
	Slide 3: Adiabatic evolution:
	Slide 4: Adiabatic evolution:
	Slide 5: Adiabatic evolution:
	Slide 6: Adiabatic evolution:
	Slide 7: Outline:
	Slide 8: Counterexample I
	Slide 9: Counterexample I
	Slide 10: Counterexample I
	Slide 11: Counterexample II
	Slide 12: Counterexample II
	Slide 13: Counterexample II
	Slide 14: Counterexample II
	Slide 15: Counterexample II
	Slide 16: What could have gone awry?
	Slide 17: The equivalence theorem:
	Slide 18: The equivalence theorem:
	Slide 19: The equivalence theorem revisited:
	Slide 20: So what should the right condition(s) be?
	Slide 21: Ugh…
	Slide 22: Ugh…
	Slide 23: Some work remains to be done, but some useful lessons so far:

