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C

The universe might 
have experienced one 
or multiple first order 

phase transitions



• Broken symmetry at zero 
temperature


• Quantum corrections modify the 
shape and restore the symmetry

Cosmological PTs

Zero temperature

+ + + + …+

High temperature
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• Barrier separating high- and low-
temperature phase

• Nucleation of inhomogeneously 
distributed bubbles

Figure: Rubakov, 2015

High T

Low T
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Cosmological PTs
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With what velocity do these bubbles expand?



Baryon asymmetry depends on vw
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Figures from: Cline, Laurent 2021

Baryogenesis by c-t mixingBaryogenesis from CPV lepton dim-6 
Yukawa



Gravitational wave spectrum depends on vw
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Figure from: Gowling, Hindmarsh 2021



Challenge

• Usually  can be determined for one bubble in isolationvw
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vw



Challenge

• Usually  can be determined for one bubble in isolation


• However…


• Computation of the wall velocity is numerically challenging


• Many phenomenological predictions do not include a model-dependent 
computation of , resulting in significant uncertainties


• What is the theoretical error in ?

vw

vw

vw
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Computation of the wall velocity

13



• Energy release provides outward pressure


• Plasma particles provide friction by reflections

and by gaining mass by entering the bubble


• Hydrodynamic backreaction effects


• Wall velocity follows from |Poutward | = |Pinward |
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Bubble wall
Plasma particles

Weakly coupled bubble wall-plasma system



Prokopec, Moore 1995, Laurent, Cline 2022

• Scalar fields: 
 

,        


• Fluid velocity and temperature follow from energy-momentum conservation  
 

 

 
 
Boundary conditions from hydrodynamics 

∂2ϕi +
∂Veff( ⃗ϕ , T)

∂ϕi
+ ∑

a

∂m2

∂ϕi ∫
d3p

(2π)32E
δf a(p, x) = 0 f a(p, x) = f a

eq(p, x) + δf a(p, x)

∂μTμν = 0

T30 = wγ2
plvpl + T30

out = c1

T33 =
1
2

(∂zϕi)2 − Veff( ⃗ϕ , T) + wγ2
pl + v2

pl + T33
out = c2

Weakly coupled bubble wall-plasma system
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• Boltzmann equation for particles in the plasma 
 

(pμ∂μ +
1
2

∇m2
a ⋅ ∇ ⃗p)f a(p, x) = − 𝒞a[ ⃗f ]

Boltzmann equations for out-of-equilibrium particles
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• Boltzmann equation for particles in the plasma 
 




• Collision term contains (higher-dimensional integrals over) terms of order , making this 
equation very difficult to solve in practice


• Collision terms are very hard to compute beyond leading-log


• These equations are coupled with the equations for , 

(pμ∂μ +
1
2

∇m2
a ⋅ ∇ ⃗p)f a(p, x) = − 𝒞a[ ⃗f ]

f 4

ϕi T, v

Boltzmann equations for out-of-equilibrium particles
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vw = 1



Two approximations based on 
limits of the collision terms
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Two approximations based on limits of the collision term

• 


• Collision term large: local thermal equilibrium, 


• Collision term small: ballistic limit


• The wall velocity becomes much easier to determine in both cases

(pμ∂μ +
1
2

∇m2
a ⋅ ∇ ⃗p)f a(p, x) = − 𝒞a[ ⃗f ]

δf = 0
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Local thermal equilibrium
Ignatius, Kajantie, Kurki-Suonio, Laine 1994; Konstandin, No 2011; Barroso Mancha, Prokopec, Swiezewska 2020; Balaji, 
Spannowski, Tamarit 2020, Ai, Garbrecht, Tamarit 2021, Ai, Laurent JvdV 2023

• 


• No friction, but backreaction force from the fluid: the effective driving force becomes 
smaller when the fluid in front of the bubble heats up 


• This limit provides an upper bound on the wall velocity

∂2ϕi +
∂Veff( ⃗ϕ , T)

∂ϕi
+ ∑

a

∂m2

∂ϕi ∫
d3p

(2π)32E
δf a(p, x) = 0
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• Equilibrium-only friction is a 
reasonable approximation for 
deflagrations and hybrids in 
SM+singlet Laurent, Cline 2022 
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Figure from: Laurent, Cline 2022 

Local thermal equilibrium



Model-independent computation of the wall velocity in LTE

• LTE corresponds to entropy conservation and can be understood as additional 
matching condition: , the wall velocity can be determined 
without solving the scalar field equation of motion Ai, Garbrecht, Tamarit 2021

• We used a model with constant sound speeds to find  model-independently 
Ai, Laurent, JvdV 2023

• Determined by  

s+γ+v+ = s−γ−v−

vw

α, cb, cs, Ψn ≡ wb(Tn)/ws(Tn)
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ps =
1
3

a+Tμ − ϵ pb =
1
3

a−Tν

μ = 1 +
1

c2
s,sym

ν = 1 +
1

c2
s,brok

Leitao, Megevand, 2015



Model-independent computation of the wall velocity in LTE
Ai, Laurent, JvdV 2023
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Ballistic limit
Liu, McLerran, Turok 1992; Moore, Prokopec 1995; Barroso Mancha, Prokopec, Swiezewska 2020; Ai, Laurent JvdV 2024

• Assume *: particles are in equilibrium far away from the wall (on 
hydrodynamic scales), but do not equilibrate over the region where  varies


• Boltzmann equation reduces to , which can be solved 

analytically


• Pressure on the wall is given by , with 


• Velocity follows from 


• Lower limit on the wall velocity

Rbubble ≫ LMFP ≫ Lw/γw
ϕ

(
pz

E
∂z −

∂zm2

2E
∂pz) f(p, z) = 0

𝒫fric = ΔTzz
f Tzz

f = ∑
i

∫
d3 ⃗p

(2π)3

(pz)2

Ei
fi(p, z)

𝒫driving + 𝒫friction = 0

*In e.g. Bödeker, Moore, 2009 the regime is rather ; corresponding to highly relativistic bubbles, and no equilibrationLMFP ≫ Rbubble ≫ Lw /γw
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Result for BM point of the xSM
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Limits of the Boltzmann equations

• LTE and ballistic approximations provide simple estimates of the wall velocity


• The approximations are valid in the regime of large/small collision terms


• If  is similar in both limits, we might be content with the result


• When the difference is large, we should really solve the Boltzmann equations

vw
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Ekstedt, Gould, Hirvonen, Laurent, Niemi, Schicho, JvdV: 2411.04970


Publicly availabe code for the computation of the wall velocity 

with out-of-equilibrium contributions 

How fast does the

?
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What does it do?

• Computes (leading log) matrix elements for out-of-equilibrium particles, 
based on DRalgo (Mathematica) Ekstedt, Schicho, Tenkanen 2022


• Computes the corresponding collision terms in C++ 

• Solves the equation of motion for the scalar field(s), fluid equations and 
Boltzmann equations for out-of-equilibrium particles in Python 

• The model and the set of out-of-equilibrium particles are user-defined
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What does it do?

• 


• Assume a tanh-profile for each field, solve for  , widths and offsets by minimising their 
action


• Solve iteratively for { , } and , until we find a  for which the total pressure 
vanishes

∂2ϕi +
∂Veff( ⃗ϕ , T)

∂ϕi
+ ∑

a

∂m2

∂ϕi ∫
d3p

(2π)32E
δf a(p, x) = 0

vw

ϕi T, v δf a vw
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• 


• Spectral method of Laurent, Cline 2022  : expansion of  in Chebyshev 
polynomials: 


• Boltzmann equation becomes a matrix equation, and collisions terms are computed for each 
basis element


• User can decide which particles are considered out-of-equilibrium


• Different from approach by Moore, Prokopec 1995 where the Boltzmann eq. is solved in a 
moment expansion

(pμ∂μ +
1
2

∇m2
a ⋅ ∇ ⃗p)δf a(p, x) = − 𝒞lin

ab[δf b] + 𝒮a

δf(z, pz, p∥)
δfa(z, pz, p∥) = ∑

ijk

δf ijk
a Ti(z)Tj(pz)Tk(p∥)

What does it do?
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Linearized



Convergence of the spectral method

• : number of polynomials in position/momentum directionM, N
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Moore, Prokopec 1995; Konstandin, Nardini, Rues 2014

• Spectral method ( ) versus 
three moments


• Some differences in matrix 
elements


• Mixing in the Boltzmann equations 
(e.g. eq. for  depends on  ) 


• Different treatment of 
hydrodynamics to MP

N = 11

δftop δfW

Comparison with earlier 
computation for SM with light Higgs

Preliminary
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Comparison for Inert Doublet Model

• Comparison with Jiang, Huang, Wang 2022 shows reasonable agreement 
between 
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Towards an estimate of the theoretical error
Study on sources of uncertainty forthcoming

•                 returns the truncation error from the Boltzmann equation


• What are other dominant sources of uncertainty in the computation of  ?


• The effective potential


• (Leading log) collisions


• Tanh Ansatz (for future versions)


• …


• When does the linearization in  break down?


• …

vw

δf
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Dependence on collision term (xSM)

Preliminary
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Adding multiple out-of-equilibrium particles (Inert Doublet Model)

36

top, W, A

top, W

top

LTE
265 270 275 280 285 290 295 300

0.0

0.1

0.2

0.3

0.4

0.5

mA [GeV]

v w
Preliminary

Increasing PT strength



 in phase transitions in strongly 
coupled sectors
vw
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• Can provide stable dark matter 
candidate, solution to hierarchy 
problem


• Cosmological strongly coupled phase 
transitions and GWs?

New strongly coupled sectors (e.g. SU(N))

38

Fig. Halverson, Long, Haiti, Nelson, Salinas 2020



• Can provide stable dark matter 
candidate, solution to hierarchy 
problem


• Cosmological strongly coupled phase 
transitions and GWs?


• Non-perturbative computation of ?vw

New strongly coupled sectors (e.g. SU(N))
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Fig. Halverson, Long, Haiti, Nelson, Salinas 2020



• Numerical simulations of a 
bubble in a holographic model 
Bea, Caselderrey-Solana, Giannakopoulos, 
Mateos, Sanchez-Garitaonandia, Zilhão 
2022


• Gravity 5D Einstein-scalar model. 
. Modification of Attems, 

Casalderrey-Solana, Mateos, Papadimitriou, 
Santos-Oliván, Sopuerta, Triana, Zilhão 2016


• We will use these results as a test 
of our prediction

N ∼ 3

Wall velocity from holography

40

Not really fast

Fig. Bea, Caselderrey-Solana, Giannakopoulos, Mateos, 
Sanchez-Garitaonandia, Zilhão 2022



Large jump in degrees of freedom

• Strongly coupled PTs typically feature a large enthalpy jump (large jump in dof 
)∝ N2

41
Fig. Daniel Baumann 2013 



Using the large enthalpy jump to predict vw
Sanchez-Garitaonandia, JvdV, 2023

• Strongly coupled PTs typically feature a large enthalpy jump (large jump in dof 
)


• We estimate the wall velocity from hydrodynamics in the large-  limit


• We make no further assumptions related to strong coupling (so result would 
also apply to weakly coupled theories)

∝ N2

N

42



Equation of state with a large enthalpy jump

• Low-enthalpy (confined) phase suppressed by  compared to high-enthalpy 
(de-confined) phase


• E.g. (bag EoS)   

1
N2

pH =
aH

3
T4 − ϵ, pL =

aH

3N2
T4

43



vw

v+, T+
v−, T−

Large-  limit dictates N v+, T+

• Matching relations: ,         


• Only when , and , matching equations can be fulfilled

v+v− =
p+ − p−

e+ − e−

v+

v−
=

e− + p+

e+ + p−

T+ = Tc v+ = 0
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Solve the fluid profile

• Knowing  and an EOS we can solve the fluid profile: this determines 



• Unique relation between  and  

T+, v+, vw
Tn

vw Tn
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Comparison with simulation result in holographic model

• Large-  reproduces simulations really well (even though )N N ∼ 3
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Not really fast



Why was the wall velocity so small in the simulation?
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Can not supercool below 
this temperature
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Summary

• The wall velocity is an important parameter in particle and GW production in first order 
phase transitions, but difficult to compute


• Approximations:


• Local thermal equilibrium, valid in the regime of fast collisions


• Ballistic limit, valid in the regime of slow collisions


• Large jump in the number of degrees of freedom. Also applicable for strongly 
coupled PTs


•           : publicly available code for the computation of  with out-of-equilibrium effectsvw
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Back-up
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Relevant length scales
Hydrodynamics: the wall is infinitely thin, discontinuity in T, v

vw zξsh

T+, v+T−, v−

δf a = 0, ∂ϕ = 0δf a = 0, ∂ϕ = 0
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Relevant length scales
Bubble wall scale: Boltzmann equations and scalar field of motion

vw zξsh

T+, v+T−, v−

δf a = 0, ∂ϕ = 0δf a = 0, ∂ϕ = 0

ϕ δf a

z

T+, v+

T−, v−

Units and scale 
are arbitrary
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Holography for studying strongly coupled theories

• Weakly coupled gravity theory in d+1 dimensions  


Strongly coupled QFT in d dimensions


• Originally: correspondence between type IIB string theory on  to 
 supersymmetric Yang-Mills theory Maldacena 1998, Gubser, Klebanov, Polyakov 

1998, Witten 1998


• Different gravity descriptions can be used to correspond to different QFTs

AdS5 × S5

N = 4

52



Improved Holographic QCD
Gursoy, Kiritsis 2008

• 5D gravity theory ( ) (metric, dilaton, axion) with two solutions:


  Thermal gass              Confined phase


AdS Black hole            Deconfined phase


• Dual: large-  Yang-Mills


• Reproduces e.g. linear confinement,  asymptotic freedom in the UV, …

gμν, Φ, a

N
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Dependence on the hydrodynamics in the ballistic approximation

• We distinguish fluid temperature and velocity in front of and behind the wall 
(these follow from hydrodynamics), e.g. 
 

 (transmission from sym phase) 

 (transmission from brok phase)

f t+(pz, z; ⃗p⊥) =
1

e
β+γ+(E − v+ pz2 + m2(z) − m2

+) ± 1

, (pz < − m2
− − m2(z))

f t−(pz, z; ⃗p⊥) =
1

e
β−γ−(E + v− pz2 + m2(z) − m2

−) ± 1

, (pz > m2
− − m2(z))
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