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Reheating.

During inflation, all of the energy in the Universe is stored as 
the inflaton potential energy. As inflation ends, this energy is 
transferred into particles of the inflaton field itself, and any 
fields that are coupled to it (and coupled to those…).

Through interactions, thermalisation leads to equilibrium,
which has to complete sometime before nucleosynthesis. 

The simplest estimate of the reheating temperature is to 
assume instantaneous redistribution of the inflaton energy 
into all the available degrees of freedom:
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Tachyonic Preheating
One reheating mechanism, specific for hybrid-
inflation type models, is tachyonic preheating. 
A typical hybrid potential could be:
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Before the field becomes too large, 
the evolution of a momentum mode k 
is approximately given by:
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k2 +m2(t) < 0Modes with                                 grow exponentially.
Energy is transferred to the IR modes of    . 
à Tachyonic preheating.
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Classical vs. Quantum

Quantum dynamics (in effect, Schrödinger) may be 
approximated by classical dynamics (in effect, Euler-
Lagrange), under certain conditions.

When occupation numbers are “large”: 
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When the field is non-interacting. For a scalar field:

@2
t �̂k = �(k2 +m2)�̂k

Linear evolution equation is the same for field 
operator and classical field*.
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What is “large”?:

Statistical propagator:                         ~ n

Spectral propagator:                          ~ 1
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⇢ = h[�,�]i
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Can always choose to neglect quantum 
vertex/diagram. But only a good 
approximation when:
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Aarts, Smit, 1998, 1999
Aarts Berges: 2001
…
AT, Saffin, Millington, Mou: 2020. 



Why should we care?
Quantum dynamics and classical dynamics 
agree when occupation numbers are “large”.  

Relevant questions to ask:

• How large is ”large”. n > 1? n > 10?

• What if some modes are “large”, but they interact with 
modes that are “small”?

• What happens to the modes that are not “large”, when one 
evolves them classically anyway?

• What is the late-time behaviour; what is the asymptotic 
equilibrium state?

• If the asymptotic state is different, what about time-scales 
for approaching equilibrium?

• What is the reheating temperature, taking into account 
interactions?



Why should we care?
Quantum dynamics and classical dynamics 
agree when occupation numbers are “large”.  

Likely to be %-level effects. 

Relevant questions to ask:

• How large is ”large”. n > 1? n > 10?

• What if some modes are “large”, but they interact with 
modes that are “small”?

• What happens to the modes that are not “large”, when one 
evolves them classically anyway?

• What is the late-time behaviour; what is the asymptotic 
equilibrium state?

• If the asymptotic state is different, what about time-scales 
for approaching equilibrium?

• What is the reheating temperature, taking into account 
interactions?

Thermal history of the Universe: a(t)

If relics are produced out of equilibrium,
need the (IR) spectrum to be correct.
(DM, Heavy Exotics, PDH, Sphalerons, …)



What are then Quantum simulations?
The quantum evolution of correlators out of 
equilibrium:

may be rewritten as a path integral

Where S is the Lagrangian, expressed in terms of 
the fields, living on a time-contour in the complex 
plane, also called C, the Keldysh (or Schwinger-
Keldysh) contour:
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What are then Quantum simulations?

(�̄a = 0) and spatial homogeneity allows to further simplify Fab(x, y) = �abF (x� y, t, t0)

and ⇢ab(x, y) = �ab⇢(x� y, t, t0). We may similarly decompose the self-energy into two

components
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i
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0
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Inserting this decomposition into eq. (3.7), one obtains the real-time equations of motion

for F and ⇢:
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We note that the evolution equations are explicit, and depend on the entire past history of

the evolution through the time integrals over the self-energy and propagator components.

The local parts of the self-energies are accounted for in the e↵ective mass
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At NLO the non-local self energies are given by
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where the 1/N resummation is performed through the objects IF,⇢, that in turn satisfy6
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3.2 Numerical implementation

The non-linear integro-di↵erential equations of motion may be evaluated numerically, in

terms of a discrete set of degrees of freedom. This may be done either through discretising

the system on a space-time lattice at the level of the action, or through discretising mo-

mentum space and time at the level of the equations of motion. We will here opt for the

lattice implementation.

6We note in passing that not iterating the IF,⇢, but simply inserting the local (no time integration) part

of the expression into (3.17, 3.18) reduces the evolution to NLO in a coupling expansion [17, 31].
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The quantum evolution of correlators out of 
equilibrium:

may be rewritten as a path integral

Where S is the Lagrangian, expressed in terms of 
the fields, living on a time-contour in the complex 
plane, also called C, the Keldysh (or Schwinger-
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Evolution equations may be derived for correlation functions 
from variation of (truncations of) the 2PI effective action.   

F = h{�,�}i

⇢ = h[�,�]i

LO: Classical.
NLO+: Classical and quantum contributions.



Getting started: Early times

We will consider a model of N real scalar 
fields with a by-hand time-dependent 
mass. 
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Getting started: Early times

The initial condition is the 
vacuum before symmety 
breaking. Only zero-point
fluctuations.

h�2i =
Z

k
h�2

kidk
The correlator

Overshoots, then settles 
to the new minimum.
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Getting started: Early times

The initial condition is the 
vacuum before symmety 
breaking. Only zero-point
fluctuations.

h�2i =
Z

k
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The correlator

All modes k < μ acquire n > 1.
n > 10 only for moderate coupling.

Resample k < μ modes only into 
statistical ensemble and evolve 
classically?

Overshoots, then settles 
to the new minimum.

Garcia-Bellido et al.:2002
Smit , AT: 2002
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Intermediate times: IR temperature

Particles are redistributed towards the UV, 
bringing more modes into the “classical” 
regime.



Intermediate times: IR temperature

Particles are redistributed towards the UV, 
bringing more modes into the “classical” 
regime.

May define an effective “classical” 
temperature in the IR:
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Intermediate times: Kinetic equilibration

The spectrum approaches a Bose-Einstein 
distribution. First at intermediate k, then in the 
IR, finally in the UV.
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Intermediate times: Kinetic equilibration

The spectrum approaches a Bose-Einstein 
distribution. First at intermediate k, then in the 
IR, finally in the UV.

nk =
1

e
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T � 1
! ln(1/nk + 1) =
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T Kinetic equilibration time

µ⌧kin / N

�
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Intermediate times: How is Classical dynamics doing?

After time 550 and kinetic equilibration.
n > 1 for k < μ. But agreement only for k < 0.5, n > 3.
Classical dynamics has too many particles.



Intermediate times: How is Classical dynamics doing?

After time 550 and kinetic equilibration.
n > 1 for k < μ. But agreement only for k < 0.5, n > 3.
Classical dynamics has too many particles.

Classical dynamics allows for redistributing the 
zero-point fluctuations (”vacuum energy”), 
same as physical excitations. 
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Quantum redistribution Classical redistribution



Late times: Chemical equilibration 

Extracted parameters T and        evolve in 
time as chemical equilibration takes place.

µch

2-to-2 scattering responsible 
for redistribution of energy. 
Kinetic.

�2

2-to-4, 6, … scattering responsible 
for change in overall particle 
number. Chemical.

�4



Late times: Chemical equilibration 

Extracted parameters T and        evolve in 
time as chemical equilibration takes place.

µch

2-to-2 scattering responsible 
for redistribution of energy. 
Kinetic.

�2

2-to-4, 6, … scattering responsible 
for change in overall particle 
number. Chemical.

�4

µ⌧ch / N ' 200� 400

Separation of time-scales 
lost for large-ish coupling.



Late times: The reheating temperature
We can compare the extrapolated asymptotic temperature 
to redistribution onto the degrees of freedom:
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Massive Higgs mode Massless Goldstone modes



Late times: The reheating temperature
We can compare the extrapolated asymptotic temperature 
to redistribution onto the degrees of freedom:
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H
nk(mH , T ) + (N � 1)knk(0, T )

◆

Massive Higgs mode Massless Goldstone modes

Consistent with only Goldstones being excited.



Late times: Equation of state
Equipartitioned mixture of N-1 massless (P = 
⍴/3) and 1 massive (P = 0) d.o.fs, implies:
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Late times: Equation of state
Equipartitioned mixture of N-1 massless (P = 
⍴/3) and 1 massive (P = 0) d.o.fs, implies:
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⇢
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N = 4 à ω = ¼.

?

Not just quasiparticles above zero-T minimum. Need to consider normalisation 
of potential. Quasiparticles-only makes sense. Smaller coupling makes sense.
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Conclusions
Approximating the dynamics of quantum field theory systems  
with classical dynamics can take (and has taken!) us a long way 
towards understanding many phenomena in the Early Universe.
Numerically orders of magnitude more efficient than quantum 
simulations (2PI or beyond).

Still, in the UN year of quantum mechanics (celebrating 100 
years of QM) let’s give a shout-out to QM and how it is not 
classical!

Precision calculations of the out-of-equilibrium dynamics may soon 
be required at the % level for:
• Computing heavy relic production
• Computing the cosmological expansion history.

Many details of the Standard Big Bang model may need closer 
scrutiny. One of these is quantum corrections. 
• Minimal requirement for classical approximation: n > 1.
• Go quantum when you must and when you can!
• Do not apply classical dynamics to truly quantum phenomena!



Conclusions
Approximating the dynamics of quantum field theory systems  
with classical dynamics can take (and has taken!) us a long way 
towards understanding many phenomena in the Early Universe.
Numerically orders of magnitude more efficient than quantum 
simulations (2PI or beyond).

Still, in the UN year of quantum mechanics (celebrating 100 
years of QM) let’s give a shout-out to QM and how it is not 
classical!

Precision calculations of the out-of-equilibrium dynamics may soon 
be required at the % level for:
• Computing heavy relic production
• Computing the cosmological expansion history.

Many details of the Standard Big Bang model may need closer 
scrutiny. One of these is quantum corrections. 
• Minimal requirement for classical approximation: n > 1.
• Go quantum when you must and when you can!
• Do not apply classical dynamics to truly quantum phenomena!

Thank you for your attention!



All the caveats

• Cosmological selv-couplings are small, n à 10000000..? Quantum effects smaller?
• Should one initialize only unstable modes for classical simulations?
• Smaller coupling, better separation of thermalisation time scales?
• Much closer to Bose-Einstein à Naïve reheating temperature estimate?
• 2PI only to NLO. Compare to untruncated classical-statistical simulations? 
• There are other to patch up UV dynamics (HTL, HL, EFT).
• Renormalization?
• Finite time extent of simulation, Chemical equilibration not complete yet?
• Bose-Einstein ansatz for fit should be improved?
• Ignoring cosmological expansion may matter for high-scale inflation? 
• Ignoring later dynamics of inflaton field may matter?
• 2PI doesn’t incldue topological defects, it is perturbative?
• Finite size effects, discretization effects, …
• What about fermions?
• What about gauge fields?!
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