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Scalar-tensor cosmology

Nonminimally coupled scalar field in the Jordan frame and neglecting matter

S =
1
2

∫
V4

d4x
√
−g [A(Φ)R− B(Φ)gµν∂µΦ∂νΦ− 2V(Φ)] (1)

yields slightly different equations for flat FLRW cosmology in metric and Palatini formalisms,

H2 = −A′

A
HΦ̇ +

2AB − 3δP(A′)2

12A2 Φ̇2 +
V
3A

, (2a)

2Ḣ = −2
A′

A
HΦ̇− 3H2 − 4AA′′ + 2AB − 3δP(A′)2

4A2 Φ̇2 − A′

A
Φ̈ +

V
A

, (2b)

Φ̈ = −3HΦ̇− AB′ +A′B + 3 δmA′A′′

2AB + 3 δm(A′)2
Φ̇2 − 2AV ′ − 4VA′

2AB + 3 δm(A′)2
, (2c)

δm =

{
1 metric
0 Palatini , δP =

{
0 metric
1 Palatini , effectively BPalatini = Bmetric +

3(A′)2

2A .
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Scalar-tensor cosmology global phase space

Friedmann constraint (2a) relates Φ, Φ̇, H ⇒ phase space is 2-dim. Want variables that
▶ work for all model functions A,B,V (to compare different models),
▶ are easy to interpret (map the scalar field infinity to the outer rim of a compact diagram),
▶ render the system regular everywhere, including

▶ final state where Φ̇,V,H → 0,

▶ asymptotic states where Φ, Φ̇,V,H → ∞.

After some trial and error, a suitable choice is

local: ϕ =
Φ

M
, ẑ =

ϕ̇

(H + sM)M
,

d

dt̃
=

1
H +M

d

dt
, (3)

global: ϕp =
ϕ√

1 + ϕ2 + ẑ2
, ẑp =

ẑ√
1 + ϕ2 + ẑ2

, (4)

where M > 0 makes the variables dimensionless, and s > 0 helps to visualize the final state.
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Global phase portrait of metric Higgs model

A = MPl
2 + ξΦ2 , B = 1 , V =

λ

4
(
Φ2 − v2)2

(5)

Regions
Superacceleration weff < −1 green
Acceleration −1 < weff < −1/3 light green
Deceleration −1/3 < weff < 1 white
Superstiff 1 < weff yellow

Fixed points
A attractor∗ weff = −1 − 8ξ
C± saddle∗ weff = −1
D± repeller weff = 1 + 8ξ − 4

√
6ξ + 36ξ2/3

E± saddle weff = 1 + 8ξ + 4
√

6ξ + 36ξ2/3

ξ = 1, λ = 0.129, v = 0, s = 0.1
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Global phase portrait of metric Higgs model

A = MPl
2 + ξΦ2 , B = 1 , V =

λ

4
(
Φ2 − v2)2

Heteroclinic orbit C → A (orange curve)
▶ starts at asymptotic de Sitter state

(weff = −1, but Ḣ ̸= 0),
▶ has a long period of acceleration (in light

green), then exit to deceleration (into white),
▶ is approximated by the slow roll approximation

(black dashed curve),
▶ attracts other solutions close to it,

thus describes inflation.

Note that the slow roll approximation
underestimates the exit point from acceleration.

ξ = 1, λ = 0.129, v = 0, s = 0.1
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Global phase portrait of Starobinsky model

Lf (R) = f (R) = M2R + βR2, (6)

can be rewritten in the scalar-tensor form by
introducing a scalar field MΦ = M2 + 2βR, yielding

A = MΦ , B = 0 , V =
M2

8β
(Φ−M)2 .

(7)

Again
▶ heteroclinic orbit C → A

▶ is approximated by slow roll,
▶ attracts other solutions,
▶ describes inflation.

β = 40000, s = 0.05
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Global phase portrait of a pole inflation model

A = M2 , B =
6αM2 Φ2

(6αM2 − Φ2)2
, V =

λ

4
Φ4 ,

(8)

predicts the same spectrum of of perturbations as
the metric Higgs and Starobinsky models 2401.12314 .

▶ Inflationary expansion occurs from de Sitter B
(at the pole) towards small |Φ|, but no fixed
point A (the field will not settle at Φ = 0),

▶ Another heteroclinic orbit C → B, but no exit
from inflation there.

Not a realistic model.

α = 1, λ = 10−4, s = 0.005
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Global phase portrait of a nonminimal Palatini model

A = M2 + ξΦ2 , B = 1 , (9)

V = λ[M2 + ξΦ2]2

1 −

(
M√

M2 + ξΦ2 +
√
ξ|Φ|

) α√
ξ

 ,

predicts the same spectrum of of perturbations as
the metric Higgs and Starobinsky models 2401.12314 .

▶ Heteroclinic orbit C → A gives inflation, slow
roll at very high values of Φ,

▶ but phases of contraction when relaxing to the
final state (semi-transparent blue region).

α =
√

2/3, λ = 10−5, ξ = 100, s = 0.05.
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Summary and outlook
▶ Slow roll attractor solution that gives inflation

exists because of a specific fixed point structure
in the phase space.

▶ To fully uncover this structure, need to look at
a global phase portrait.

▶ To draw and analyze the global portraits we
have a suitable set of variables that

▶ work for all models the scalar-tensor family
(can directly compare different models),

▶ are easy to interpret (map the scalar field
infinity to the outer rim of a compact
diagram),

▶ render the system regular everywhere,
including both the final and asymptotic states
which can be clearly distinguished.

Sales pitch: useful tool
▶ Before starting to calculate the

perturbations for a new model, draw
the phase portrait to check whether
the slow roll orbit actually exists (not
automatically guaranteed).

To do: understand/extend/generalize to
▶ fast roll, rapid roll, ultra-slow roll,

constant roll, or otherwise
non-slow-roll scenarios,

▶ nonminimal coupling to Gauss-Bonnet
or other higher curvature corrections,

▶ teleparallel and metric-affine
frameworks.
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