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Strong supercooling

Δ𝑉

Period of inflation before the 
transition happens, Δ𝑉 > 𝜌!"#.
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slow:
few large bubbles

small 𝛽/𝐻

fast:
many small bubbles

large 𝛽/𝐻
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Bubble nucleation
<latexit sha1_base64="a5QwK7QxQHkXBs63lTU7+DjMeMk="></latexit>

! → exp

[
ωt↑ 1

2
ε2t2 + . . .

]

1st order

2nd order

2

<latexit sha1_base64="W1yckYvdamtPiTWkDPHjtufGbzg="></latexit>

V (ω, T ) = V0 +
3g4

4ε2
ω4

[
ln

ω2

v2
→ 1

2

]
+

g2T 2

2
ω2

Realistic model:



1. Primordial black holes

2. Gravitational waves



Slow phase transition

Large density fluctuations?

PBHs?

Liu et al. PRD 105 (2022) 2, L021303, 
Kawana, Kim, Lu, PRD 108 (2023) 10, 103531
Gouttenoire, Volansky, PRD 110 (2024) 4, 043514
Lewicki, Toczek, Vaskonen, PRL 113 (2024) 22, 221003
Franciolini, Gouttenoire, Jinno, arXiv:2503.01962
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Evolution of finite patches

j = 1

j = 2

j = 3j = 4

j = 5
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⇢̇r + 4H⇢r = �⇢̇v

Bubbles convert vacuum energy into radiation:
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⇢v = Fk(t)�V
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Comoving Hubble radius: False vacuum fraction:
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pt / N̄k(t)
j�1e�N̄k(t)
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Fk(t) = F (j→jc)
k (t)F (j>jc)

k (t)

<latexit sha1_base64="RN9migYfVZ+pvKAFrS+LCKbyBE0="></latexit>

F (j>jc)
k (t) → exp

[
↑ 4ω

3

∫
dt→ε

(
N̄k(t

→)↑ jc
)
!(t→)a(t→)3R(t; t→)3

]
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<latexit sha1_base64="j7ZIkM/XhgRpNa1k+qIT9NsckOk="></latexit>

F (j→jc)
k (t) →

jc∏

j=1

[1↑ f(t; tj , dj , k)]

Code available at 
github.com/vianvask/deltaPT

j = 1

j = 2

j = 3j = 4

j = 5

Generate ~10$ realizations.
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Fraction of the patch not covered by bubbles:

Distribution of bubble nucleation times:

Evolution of finite patches



Distribution of density constrast
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• distribution of the fluctuations has negative non-Gaussianity

• small 𝛽/𝐻# ⟹ slow transition    ⟹ large variance of 𝛿

<latexit sha1_base64="bHCJsf7QFlEgcC4LPVQUzPMVnws="></latexit>

Pk(ω) → exp

[
ε

2
(ω ↑ µ)↑ 2

ε2ϑ2

(
1↑ e

ω
2 (ω→µ)

)2]
Fitting function:
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Lewicki, Toczek, Vaskonen, PRL 113 (2024) 22, 221003



Gauge issue

Franciolini, Gouttenoire, Jinno, 
arXiv:2503.01962:

Liu et al. PRD 105 (2022) 2, L021303, 
Kawana, Kim, Lu, PRD 108 (2023) 10, 103531
Gouttenoire, Volansky, PRD 110 (2024) 4, 043514
Lewicki, Toczek, Vaskonen, PRL 113 (2024) 22, 221003

Computation of density contrast 
in the spatially flat gauge.

The threshold for PBH formation is 
estimated in the comoving gauge:
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ωc → 0.5
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No PBHs because 
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ω(C) → 0.1ω(F )



• Bubble walls have a lot of energy.

• Use Hoop conjecture:

• Large PBH abundance if 

Formation of PBHs during the PT

<latexit sha1_base64="2gkyIM7M4KIhoH+b+i0XRwwfkn0=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JIUQ8eil48VrAf0Iaw2WzapZtN2J0opfanePGgiFd/iTf/jds2B219MPB4b4aZeUEquAbH+bZWVtfWNzYLW8Xtnd29fbt00NJJpihr0kQkqhMQzQSXrAkcBOukipE4EKwdDG+mfvuBKc0TeQ+jlHkx6UsecUrASL5dUvgKK19XeiETQHB86ttlp+rMgJeJm5MyytHw7a9emNAsZhKoIFp3XScFb0wUcCrYpNjLNEsJHZI+6xoqScy0N56dPsEnRglxlChTEvBM/T0xJrHWozgwnTGBgV70puJ/XjeD6NIbc5lmwCSdL4oygSHB0xxwyBWjIEaGEKq4uRXTAVGEgkmraEJwF19eJq2zqnterd3VyvXrPI4COkLHqIJcdIHq6BY1UBNR9Iie0St6s56sF+vd+pi3rlj5zCH6A+vzB2zYktQ=</latexit>

r < rs(�m)

Hawking, Moss and Stewart, PRD 26 (1982), 
Kodama, Sasaki, Sato, PTEP 68 (1982),
Lewicki, Toczek, Vaskonen, JHEP 09 (2023) 092.
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ω/H → 4
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1. Primordial black holes

2. Gravitational waves



Konstandin, JCAP 03 (2018), bulk flow model: 
assumes ∝ 𝑅!" scaling of the surface energy density after collision.

Kosowsky & Turner, PRD 47 (1993), envelope 
approximation: neglects collided parts.

bulk flow 
model envelope 

approx.

Cutting, Escartin, Hindmarsh and Weir, PRD 103 (2021): 
lattice simulation

GWs from bubble collisions
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Lewicki & Vaskonen, EPJC 80, 11 (2020), EPJC 81, 5 (2021) and EPJC 83, 2 (2023).

GWs from bubble collisions

en
ve

lo
pe

 ap
pr

ox
.
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∝ 𝑅
!"  

∝
𝑅
!#

 

z

t

global U(1)
gauged U(1)
no U(1)
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Accounting for Hubble expansion

Suppression factor in RD:  Zhong, Gong, Qiu, JHEP 02 (2022).

suppressed by the expansion

enhanced by 

big bubbles

preliminary
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Lewicki & Vaskonen, in preparation:

preliminary

Distribution of bubble collision radii:



Summary

• Slow transitions are preceded by a period of thermal inflation.

• Perturbations can grow large in slow phase transitions, but it 
seems that they can not become large enough for PBH formation. 

• Caveat: this conclusion is obtained neglecting the energy of 
bubble walls. 

• For slow transitions, the GW production is dominated by the scalar 
field gradients and Hubble expansion suppresses the amplitude of 
the GW spectrum.


