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Background

Space, the extensive medium of the material world, is clearly the seat
of the group of coordinate transformations; but the group [of
physical automorphisms] seems to have its origin in the ultimate
elementary particles of matter.

[Philosophie der Mathematik und Naturwissenschaften, Weyl (1949)]

Weyl (1918): gauge theory (attempt at GR+EM)

Yang&Mills (1954): non-Abelian gauge theory

Utiyama (1956): attempt at a Lorentz gauge theory

(Kibble (1961): Poincaré gauge theory for gravity)

Yang (1974): a new attempt at a Lorentz gauge theory

Z lośnik&alia (2018): Lorentz gauge theory of gravity

Notes on the SO(4) YM theory

Tomi S. Koivisto⇤

Laboratory of Theoretical Physics, Institute of Physics,
University of Tartu, W. Ostwaldi 1, 50411 Tartu, Estonia and

National Institute of Chemical Physics and Biophysics, Rävala pst. 10, 10143 Tallinn, Estonia
(Dated: September 26, 2024)

Relativity of velocity Relativity of acceleration

Galilean symmetry Newtonian gravity

Lorentz symmetry Einsteinian gravity

Special relativity General Relativity

make it local

c!1

make it local

c!1

I. INTRODUCTION

Motivations:

• Euclidean basis for SM QFT.

• Compact gauge group for GR.

In the more specialised context of LQG, the Ashtekar self-dual formulation has been the appealing one from the
beginning, and it gives the correct entropy black hole entropy etc; however, complexification brings about technical
issues with e.g. reality conditions. The issues are avoided if one is real and self-dual.

And then, if the complexified Lorentz group SOC(1,3) = SL(2,C)⇥SL(2,C)=(SU(2))4 actually contains
[(spacetime)⇥(gravity)]⇥[(left)⇥(right)-symmetric weak] interactions, that should make a compelling starting point
for unification.

History:

• Space, the extensive medium of the material world, is clearly the seat of the group of coordinate transformations;
but the group [of physical automorphisms] seems to have its origin in the ultimate elementary particles of matter.
-Hermann Weyl, 1946.

• Chen Ning Yang made an attempt at Lorentz gauge theory of gravity in 1974, considering the approach con-
ceptually superior1. Technically it didn’t work. However, it is for conceptual reasons an authoritative book on
history of gauge gravity dismisses Yang’s theory as unphysical, anachronistic, a mistake and a dead end2.

II. SO(3)⇥SO(3)

The projectors are

P IJ
± KL =
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◆
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(1 ± ?)

IJ
KL , (1)

⇤ tomi.koivisto@ut.ee
1 Sounds smug, but one should understand it as an acknowledgment of following Hermann Weyl’s idea.
2 Though not exactly as charlatanry, which has been later attributed to mr. Buckminster Dymaxion.

The new theory works by incorporating

Spontaneous symmetry breaking

Chirality as an aspect of spacetime

We vindicate Weyl’s idea as well as Yang’s approach, dismissed in the literature as unphysical, anachronistic, a

mistake, and a dead end [Gauge theories of gravity - A reader with commentaries, Blagojević&Hehl (2012)].
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Construct a (1) field theory with (2) Lorentz-invariant (3) action:

1. Introduce a scalar field φ(x).
It’s gradient dφ is a 1-form.

By Poincaré’s Lemma, the 2-form ddφ = 0. Trivially dφ ∧ dφ = 0.

2. Introduce Lorentz covariance: φ→ φI , d→ D.
Generalises φI ≡ (0, 0, 0, φ) to arbitrary Lorentz frame.

Now the 2-form DDφI ≡ F I
Jφ

J describes the Lorentz field strength.

3. Introduce an action
∫

L[φI ,D].
The L = DDDD is topological, the L = φIDDDDφI still has no dynamics.

The chiral L = φIDD +DDφI does. We’re done! This predicts the dynamics of GR (and more)!

The pseudo-Riemannian geometry of GR is emergent.

We consider the Euclidean Spin(4) as fundamental: then
everything ∈ R, but the khronon φ is a Wick-rotated time t.
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Some potential uses for a Spin(4) gauge theory

A new foundation for

Particle Physics: QFT only defined in Euclidean spaces.

Gravity: also needs a semi-simple compact gauge group.

Unification: simply a Spin(N) ToE? Or simpler, though more subtle...[WIP]

A new paradigm for cosmology.

the CDM: it appears in model at the same footing as the Λ
in (unimodular) GR. Therefore the title of this talk!

the origins: so we can describe the emergence of a(n
effectively) pseudo-Riemannian spacetime. An interesting
example of such a spacetime: our Universe!
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The dynamics ∼ GR dynamics + an extra source

L = φIDD+DDφI = φIF IK ∧+F JKφ
J

Spin(4) = SU(2)×SU(2)

The right/left projectors: ±X I
J = 1

2
X I

J ± 1
4
εILJKXK

L

The Lorentz gauge field: AI
J = +AI

J + −AI
J

The field strength: F I
J = (DA)I J = +F I

J + −F I
J

The field equations...

D
(

+F I
J ∧DφJ

)
= 0 ,

1
2
D +

(
DφI ∧DφJ

)
= φ[I +F J]

K ∧DφK .

...imply a M I s.t. DM I = 0.
+F I

J ∧DφJ = M I ,

1
2
D +

(
DφI ∧DφJ

)
= φ[IMJ] .

Can be shown: when φ2 6= 0, the equations can be reduced to 1st order GR + dust. The M I is a dust 3-form, and

the metric tensor gµν = Dµφ
IDνφI is obtained as a composite field. We’ll show an example: the FLRW(0).
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Recipe: do the SSB, make an Ansatz, solve. An example: FLRW(0).

Set φI = δI4φ. Denote: ei ≡ Dφi , T i ≡ Dei , +F i ≡ 2(D+A)4i .

(0) The consistency: M I = MδI4 , dM = 0 .

(1) The energy constraint: 1
2

+F i ∧ ei = M .

(2) The momentum constraints: +F i ∧ dφ− εi jk +F j ∧ ek = 0 .

(3) The connection EoM: T i ∧ dφ + εi jkT j ∧ ek = 0 .

Make a homogeneous & isotropic Ansatz for the gauge field.{
A4i = A(t)dx i

Aij = B(t)εij kdxk
⇒

{
+Ai = (A− B) dx i

−Ai = − (A + B) dx i
⇒ ±F i =

(
±Ȧ− Ḃ

)
dt ∧ dx i

+ 1
2

(A∓ B)2 εi jkdx j ∧ dxk .

Denote a ≡ −Aφ, a′ ≡ ȧ/φ̇ and H ≡ a′/a.

(1) 3Aφ (A− B)2 ? dx4 = M ≡ −m−2
P
ρ ? dx4 ,

(2)
[(

2Ȧ− Ḃ
)
Aφ + (A− B)2 φ̇

]
? dx i = 0 ,

(3) Aφ
(
Ȧφ + Bφ̇

)
? dx i = 0 .

⇒
{ 3H2 = ρ/m2

P ,

2H′ + 3H2 = 0 ,
ρ′ = −3Hρ .

NB: here it wasn’t required to consider φ imaginary.
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Gravitation: right-handed. Time: imaginary. Space: chiral and massive.

φI
SSB
= φδI4 ≡ itδI4 does time

T i
= φ

2
(−F − +F )i does space

+F i does gravity

The dynamics can be mapped to pseudo-Riemannian geometry via
g = DφI ⊗DφI = dφ⊗ dφ+ Dφi ⊗Dφi ≡ −dt ⊗ dt + ei ⊗ ei .

Space may have weight.

Mass of space: the missing mass in the Universe?

The integration form M = M ? dx4 behaves like ideal dust

The simplest (and arguably, the most natural) CDM candidate

Simple to rule out too: by any evidence that DM has nonzero pressure or consists of particles.
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The generic action

The khronon φA represents not the group, but the torsor

⇒ The global shift symmetry: φA → φA + ξA, where DξA = 0

⇒ The most general theory I = I(0) + I(2) + I(4) has 5 dimensionless parameters: g1, g2, g3, g4, and λ

I(0) =
(
g1δABδ

CD + g2εAB
CD
) ∫

M FA
C ∧ FB

D

=
(
g1δABδ

CD + g2εAB
CD
) ∮
∂M

(
AA

C ∧ FB
D − 1

3
AA

C ∧ AB
E ∧ AE

D

)
- these are topological.

I(2) = (g3ηACηBD + g4εABCD )
∫
M DφA ∧DφB ∧ FCD , I(4) = λ

∫
M ?1

When g4 = 0, we have the “quasi-topological” theory. For g4 = ±g3/2, we have the right/left-handed gravity.

Thus: gravitational dynamics depend on essentially 1 parameter.
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Let L = DφA ∧DφB ∧
(
cR

+FAB + cL
−FAB

)

GWs in the case cL = 0

Generalise the cosmological Ansatz: A4i = A
(
δij + hi j

)
dx j , Aij = B

(
εij k + εijl h̃lk

)
dxk

Solve the connection EoM: h̃ij = hij + 1
B

(
ε(i

klhj)k,l + ah′ij

)
.

Plug into the khronon EoM: h′′ij + 3a′h′ij/a + (∇/a)2hij = 0 .

Wick rotate φ→ it: ḧij + 3Hḣij − (∇/a)2hij = 0 .

Case cL 6= 0

Results from Ref.[Nikjoo&Z lośnik: CGQ 2024]
Dirac-Bergmann Hamiltonian analysis: d.o.f. count still 3 (for cL 6= cR )

Perturbations around flat background solution: ḧij + [(cR − cL)k/(cR + cL)]2hij = 0

Results from work in progress
FLRW requires M i 6= 0, implying “pressure” and “spin current” for the dark “matter”!

New phenomenology also in the visible sector: couplings to −Ai now allowed!
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Summary and outlook

speed of GWs = c IFF DM = CDM IFF gravity=right-handed

Multimessenger constraints at z ∼ O(1) for f ∼ O(10) Hz GWs: |cL/cR | . 10−15

Expect even tighter constraints for matter couplings....Cosmology with DM ≈ CDM?

The “khronogenesis” scenario for origins: simply begin from φ = 0

absolute symmetric phase : 〈DD0 +DD0〉 → 〈DDφ +DDφ〉 : dynamical phase

The beginning is non-singular if the Universe begins by inflation.

The “dymaxion” scenario for origins: consider cL/cR(x)

quasitopological symmetric phase : 〈DDφDDφ〉 → 〈DDφ +DDφ〉 : dynamical phase

Initial state again constrained; and we may not require inflation to explain the properties of the Universe.
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