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m| Systems without translational invariance: finite extent or presence of sources

m| Classical Wilson action corresponds to a backward finite difference Gauss-law

Finite size capacitor Charge-anticharge pair
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®| Goal: discretization that accommodate boundaries & is symmetric around charges
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Gauss Law is tricky even locally

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

B Need a symmetric discretization, but naive central finite differences do not respect
the integral form of the Gauss law

Q= [dVqg= [dV(VE) = [, ,dA-E
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H| Need a symmetric discretization, but naive central finite differences do not respect
the integral form of the Gauss law

Q= [dVqg= [dV(VE) #£ [, ,dA-E

H| Solution known in computational electrodynamics: finite volume discretization
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Symanzik’s improvement program

m| Starting point is the Wilson plaquette action with forward finite differences

1x1 ] _ daga,F,, 2
P/,LV,x — U ,ny’x+aMﬁUM,x+aVV = e M pv,x _|_ O(a )

Fuy=A0FA,, — AL A, o +ilAu g, Augl.

U

V,T

AL d(x) = (d(z+aup) —d(x))/a,
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m| Starting point is the Wilson plaquette action with forward finite differences

1x1 ] _ daga,F,, 2
P/,u/,a: — U ,mUy’x+aMﬁUM,m+aVV = e M pv,x _|_ O(a )

Fuy=A0FA,, — AL A, o +ilAu g, Augl.

U

V,T

AL d(x) = (d(z+aup) —d(x))/a,

®| Improvement deployed in modern actions: higher order forward finite differences

Co + ¢l + c2, + C,...

®| Does not realize a symmetric discretization of field strength around charges
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A naive symmetric discretization

H| A stand-alone plaquette for symmetric discretization of the interior ( overall O(a?) )

2X2
Puy,x :U,u,a:—a,/l—aﬁUu,:v—aﬁUV,x—l—aﬂ—aﬁUl/,a:—l—aﬂX
il il Nl il

w,x+av - p,x—api+av - vr—ap - v,r—aji—av

—exp [4igaua,,1*:’w,x} + O(a3)

FW,:L’ :ASAV@ - ASAM,JU + i[Au,xv Al/,x]
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®| Qualitatively consistent but trace anomaly too large
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®| Problem already apparent in finite difference schemes in one dimension
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®| Problem already apparent in finite difference schemes in one dimension
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®| Problem already apparent in finite difference schemes in one dimension
zero eigenvalue eigenfunctions of D¢ and (DC)t distinct
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¥ Modification: add a higher derivative [ does not affect D x* = r x™1 for r <= order ]
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®| Wilson term applicable when acting on complex functions: what to do for real A#,?
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Do we have another lever?

H| In finite systems boundaries are physical otherwise can be chosen at convenience

Weak viewpoint: boundary/initial conditions only as tight as order of approximation |

¥ For ODEs / PDEs well established (penalty term from boundary data):

Simultaneous Approximation Terms

u'(x) = g(x) wu(0)= ug
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

H| In finite systems boundaries are physical otherwise can be chosen at convenience

Weak viewpoint: boundary/initial conditions only as tight as order of approximation |

¥ For ODEs / PDEs well established (penalty term from boundary data):

Simultaneous Approximation Terms

u'(x) = g(x) wu(0)= ug
Du=g+ %Eo(u — l.lo)

Eo = diag[1,0, .. ]
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Do we have another lever?

H| In finite systems boundaries are physical otherwise can be chosen at convenience

Weak viewpoint: boundary/initial conditions only as tight as order of approximation |

¥ For ODEs / PDEs well established (penalty term from boundary data):

Simultaneous Approximation Terms

u'(x) = g(x) u(0) = uo A oa

1 520 o8 30f
Du:g—I——Eo(U—Uo) s A

da

Eo = diag[1,0, .. ]

3 1
D=D--E
a
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Do we have another lever?

H| In finite systems boundaries are physical otherwise can be chosen at convenience

Weak viewpoint: boundary/initial conditions only as tight as order of approximation |

¥ For ODEs / PDEs well established (penalty term from boundary data):

Simultaneous Approximation Terms

u'(x) = g(x) wu(0)= ug

1
Du=g+ EEO(U — l.lo)

Eo = diag[1,0, .. ]

3 1
D=D--E
a

invertible D and modified inhomogeneous RHS
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Introducing boundary data in the action

®| |n lattice applications (both classical statistical & path integral) action is central

[THNT:

®} |n an action we do not have an “=" sign to move boundary terms around
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Introducing boundary data in the action

®| |n lattice applications (both classical statistical & path integral) action is central

“ 13

®| |n an action we do not have an

Affine coordinate formulation
S = /dx Ju'(x)]  u(0) = u

sign to move boundary terms around
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Introducing boundary data in the action

®| |n lattice applications (both classical statistical & path integral) action is central

[THNT:

®} |n an action we do not have an “=" sign to move boundary terms around

1
S = /dx[u'(x)u'(x)] u(0) = wo 1| -1 o0

oIk O

N[~
=N O O

S ~ (DU)THDU H:Axdiag[%,l,...,l,%]
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Introducing boundary data in the action

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| |n lattice applications (both classical statistical & path integral) action is central

®} |n an action we do not have an “=" sign to move boundary terms around

Affine coordinate formulation

I -1 1 0 0]
S = /dX[u’(X)u’(x)] U(O) = U 1 _% 0 % 0
Ax| 0 -2 o 1

0 0 0-1 1

S ~ (DU)THDU H:Axdiag[%,l,...,l,%]

DU = Du + H_lEo (U — Uo)
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| |n lattice applications (both classical statistical & path integral) action is central

“ 13

®| |n an action we do not have an sign to move boundary terms around

Affine coordinate formulation

=1 i 0 0]
S = /dx Ju'(x)]  u(0) = u 11 -1 0 20
Ax| 0 -3 0 2

0 0 0-1 1

S ~ (DU)THDU H:Axdiag[%,l,...,l,%]

DU = Du + H_lEo (U — Uo)
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Introducing boundary data in the action

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| |n lattice applications (both classical statistical & path integral) action is central

“ 13

®| |n an action we do not have an sign to move boundary terms around

Affine coordinate formulation

=1 i 0 0]
S = /dx Ju'(x)]  u(0) = u 11 -1 0 20
Ax| 0 -3 0 2

0 0 0-1 1

S ~ (DU)THDU H:Axdiag[%,l,...,l,%]

DU = Du + H_lEo (U — Uo)

constant
shift
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
L of Stavanger

Introducing boundary data in the action

®| |n lattice applications (both classical statistical & path integral) action is central

“ 13

®| |n an action we do not have an

Affine coordinate formulation

sign to move boundary terms around

-1 1 0 0
S = /dX Ju'(x)]  u(0) = w 1 |- 0o 1 o
X 0 —% 0 %
0 0 0-1 1
S ~ (Du)"HDu H:Axdiag[%,l,...,l,%] ‘
~ _1 I —].- 1 0 0 —2U0 ]
Du = Du + H " Ep(u — up) ] —0% 0 é 'R
l J J Ax 0 0 -11 0
constant |0 o 0 0 1 |
shift _
u = [u(0), u(Ax), ..., u(N,Ax), 1]
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Introducing boundary data in the action

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| |n lattice applications (both classical statistical & path integral) action is central

“ 13

®| |n an action we do not have an

Affine coordinate formulation
S = /dx Ju'(x)]  u(0) = u

sign to move boundary terms around

S ~ (DU)THDU H:Axdiag[%,l,...,l,%]

~ —1
Du=Du+ H “Eg (U — UO) + all zero modes are lifted

| J J + physical constant mode
_ constant with correct boundary
shift behavior now as unit EV
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Application to initial value problems (IVP)

®| Long term goal: gauge invariant real-time quantum dynamics of QCD

H| Intermediate goal: gauge invariant real-time dynamics for classical lattice YM

®| First modest step: Variational solver for 0+1d classical IVP from the Lagrangian
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Application to initial value problems (IVP)

H| Long term goal: gauge invariant real-time quantum dynamics of QCD

H| Intermediate goal: gauge invariant real-time dynamics for classical lattice YM

®| First modest step: Variational solver for 0+1d classical IVP from the Lagrangian

A

X(ty)

X(t1) BVP

IVP challenge: standard dS[x,v]/dx(t)=0 only as boundary value problem
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A variational formulation of IVPs

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| How to formulate a variational problem with an unknown endpoint at t, ?
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE _ _
University

A variational formulation of IVPs () ofstavanger

®| How to formulate a variational problem with an unknown endpoint at t, ?

H| Take inspiration from Schwinger-Keldysh:

Xgi(): X4 (t)=X,(t)

x(t;) X(t1) IVP

>
4 b

“a double shooting method”
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A variational formulation of IVPs

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| How to formulate a variational problem with an unknown endpoint at t, ?

H| Take inspiration from Schwinger-Keldysh:

Stve @1 (£), #1(t), 22 (t), 22 (t)] = /t 2dt(£[a:1(t),d;1(t)] — Llza(t), 32(1)))

Xgi(): X4 (t)=X,(t)

x(ty) X(t;) VP

t b

> {
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A variational formulation of IVPs

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

®| How to formulate a variational problem with an unknown endpoint at t, ?

H| Take inspiration from Schwinger-Keldysh:

A
ta
Stvelan(8)1(8), 22(8) 32(0] = [ dt(Lloa(8) 31(8)] - Lloa(t) 22(6)
t1
Xai(t): X4(t)=x(t)
X+ = (X4+X2)/2 /f
X. = X1-Xo X(t1) X(t) VP
>
ty t
oL  d OL d L .
— _— _ - = “a double shooting method”
OSIvP / i oz,  di 0%y Joos + 830_ - &5 1%%)
8L oL b2
+ [593 6x++g(5x ] ' > X1
+ - t
1 > t
<
X2
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University

A variational formulation of IVPs () ofstavanger

®| How to formulate a variational problem with an unknown endpoint at t, ?

H| Take inspiration from Schwinger-Keldysh:

A
ta
Stvelan(8)1(8), 22(8) 32(0] = [ dt(Lloa(8) 31(8)] - Lloa(t) 22(6)
t1
Xai(t): X4(t)=x(t)
X+ = (X4+X2)/2 A
X(t X
X_ = Xq=Xo (t) X(t) VP
>
t, t,
OL d OL d OL .
— _— _ - = “a double shooting method”
OSIvP / i oz,  di 0%y Joos + 830_ - &5 1%%)
8L oL b2
+ [ 0xy + —0x_ ] . X1
O 1 Ok t1 To make boundary terms vanish: = | t
01 (6) = %,(t5) & 2y (67) = iy () < e
do not need to know values at t, Xo
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University

A variational formulation of IVPs () ofstavanger

®| How to formulate a variational problem with an unknown endpoint at t, ?

H| Take inspiration from Schwinger-Keldysh:

A
t2
Stvelan(8)1(8), 22(8) 32(0] = [ dt(Lloa(8) 31(8)] - Lloa(t) 22(6)
t1
Xg(1): X4 (1)=x,(t)
X+ = (Xq+X5)/2 A
X(t X
X_ = X1-Xo (t) X(t;) VP
>
t, t,
d OL d OL .
— _— _ - = il “a double shooting method”
OSIvP / dt( bz,  di 0%, }5“’+ ax_ - as 19
oL oL
+ [ dxy + —dz_ ] : X4
O 4 Ok t1 To make boundary terms vanish: = | t
11(62) = 2(62) & 32 (62) = 5(52) < e
do not need to know values at t, X2
dS1vp[T+] —0
53:_ m—:0,m+:$class
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Initial values as time boundary

®| Correct implementation of boundary conditions in FD: summation by parts

®| Discretization of integration and differentiation must be compatible

f -2 2
£, ! 10 1

/ dtf(t)g(t) ~ f'Hg = (f,g) ®*Y=n DR = .
t1 1 -1 0 1
1/2 —2 2|

[ 1/2

(ASBPF, g) = —(F, ASBPg) + fugn — i;m ABP = H71Q, Q' + Q = diag[-1,0,...,0,1]

®| Straight forward extension to higher orders using ASBP xr = r x1 for r <= order

17 T _24 59 _4 _3
18 17 34 17 34
59 -5 0 3 0
48
43 1 4 5 9 59 4
18 1.9 13 86 6 13
H*2 = At 49 D= — | 3 s g s _a
i8 t 98 36 49 29
1 2 2 1
1 5 —3 0 3 "1z
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Implementation with Lagrange multipliers

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

H| Simple mechanical model: § = /dt (%ma’:z(t) —mgzc(t)) x(0) =1,x(0) =0.3

Naive discretization

1 1
Srvp = {E(IDxl)T]H(]Dxl) — g]lT]Hxl} — {5(]1)x2)T]H(]Dx2) — g]lT]sz}

+ A1(21(0) — 2;) + A2 ((Dx1)(0) — ;)
+ A3(21(Nt) — 22(Ny)) + Aa((Dx1)(N) — (Dx2) (V).
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Implementation with Lagrange multipliers

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

H| Simple mechanical model: § = /dt (%ma’:z(t) —mg:c(t)) x(0) =1,x(0) =0.3

Naive discretization

1 1
Srvp = {E(IDxl)T]H(]Dxl) — g]lT]Hxl} — {5(]1))(2)T]H(]Dx2) - g]lT]sz}

+ A1(21(0) — 2;) + A2 ((Dx1)(0) — ;)
+ A3(21(Nt) — 22(Ny)) + Aa((Dx1)(N) — (Dx2) (V).

Global minimization for x4,X5, Aq, Ay (initial cond.), Az, A4
(path identification) amounts to fully implicit scheme
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Implementation with Lagrange multipliers

H| Simple mechanical model: § = /dt (%mi:z(t) —mgzc(t)) x(0) =1,x(0) =0.3

Naive discretization

x(t)
Srvp = {%(]Dxl)T]H(]Dxl) - g]lT]Hxl} - {%(]D)Q)T]H(]sz) — g]lT]sz} 1.0bo5 s
+ A1(21(0) — ;) + A2 ((Dx1)(0) — ;) ©o t
+ Xs(@1(Ny) = 2(N0)) + Aa((Dx1) (V) — (Dxz) (V). 02 0406 08 10
0.6 o)
Global minimization for x4,X5, Aq, Ay (initial cond.), Az, A4 °o
(path identification) amounts to fully implicit scheme o ° 5
0o Ni=32, t=1 o

solution shows x4=x, but contaminated by doublers
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Implementation with Lagrange multipliers

H| Simple mechanical model: § = /dt (%mitz(t) —mga:(t)) x(0) =1,x(0) =0.3

Naive discretization

x(t)
Srvp = {%(]Dxl)T]H(]Dxl) - g]lT]Hxl} - {%(]D)Q)T]H(]sz) — g]lT]sz} 1.0bo5 s
+ A1(21(0) — ;) + A2 ((Dx1)(0) — ;) ©o t
+ Xs(@1(Ny) = 2(N0)) + Aa((Dx1) (V) — (Dxz) (V). 02 0406 08 10
0.6 o)
Global minimization for x4,X5, Aq, Ay (initial cond.), Az, A4 °o
(path identification) amounts to fully implicit scheme o ° 5
0o Ni=32, t=1 o

solution shows x4=x, but contaminated by doublers

Regularization with initial value data

SIVP = {%(]]_)}_Cl)T]I:I(]D)_(l) - g]].Tlel} - {%(]_D)_CQ)T]I:I(]D)_{Q) - g]lTHXQ}
+A1(21(0) — @) + A2 ((Dx1)(0) — )
+ A3(21(Nt) — 22(Nt)) + Aa((Dx1)(Ng) — (Dx2)(N))-

D finite difference operator in affine coordinates
H quadrature matrix w/ one more row & column of Os
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Implementation with Lagrange multipliers

H| Simple mechanical model: § = /dt (%ma?(t) —mgm(t)) x(0) =1,x(0) =0.3

Naive discretization

Srvp = {%(]Dxl)T]H(]Dxl) — g]lT]Hxl} — {%(]DX2)T]H(]DX2) - g]lT]sz} 10405
+ A1 (21(0) — 2:) + Ao (Dx1)(0) - ) “oo t
+ As(@1(Ve) = 22(Ne)) + Aa(Dx1)(Ne) — (Dx2) (V). 02 049,06 08 10
0.6 o)
Global minimization for x4,X5, Aq, Ay (initial cond.), Az, A4 °5
(path identification) amounts to fully implicit scheme o ° 5
0o Ni=32, t=1 o

solution shows x4=x, but contaminated by doublers

Regularization with initial value data

SIVP = {%(]]_)}_Cl)T]I:I(]D)_(l) - g]].Tlel} - {%(]_D)_CQ)T]I:I(]D}_{Q) - g]lTHXQ}
+A1(21(0) — @) + A2 ((Dx1)(0) — )
+ A3(21(Nt) — 22(Nt)) + Aa((Dx1)(Ng) — (Dx2)(N))-

D finite difference operator in affine coordinates

- N=32, t,=1 S
H quadrature matrix w/ one more row & column of Os 02 04 06 08 10
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Implementation with Lagrange multipliers

University
of Stavanger

™

H| Simple mechanical model: § = /dt (%ma?(t) —mgm(t)) x(0) =1,x(0) =0.3

Naive discretization

1 1
Srvp = {i(Dxl)T]H(]Dxl) — g]lT]Hxl} — {i(sz)TlH(]sz) — g]lT]sz}

+ A1(21(0) — 2;) + A2 ((Dx1)(0) — ;)
+ A3(z1(Ng) — 22(Ne)) + Aa((Dx1) (Ng) — (Dx2)(Ne))-

Global minimization for x4,X5, Aq, Ay (initial cond.), Az, A4
(path identification) amounts to fully implicit scheme

solution shows x4=x, but contaminated by doublers

Regularization with initial value data
SIVP = {%(]]_)}_Cl)T]I:I(]D)_(l) — g]].Tlel} — {%(]_D)_CQ)T]I:I(]D}_{Q) — g]lTHXQ}
+ A1(21(0) — z:) + A2((Dx1)(0) — ;)
+ A3(z1(Ne) — 22(N)) + Aa((Dx1)(Ng) — (Dx2)(Ny)).

D finite difference operator in affine coordinates
H quadrature matrix w/ one more row & column of Os

ALEXANDER ROTHKOPF - UIS

N=32, t,=1 °

|X_Xtrue|(1)

0.001
5.x10™

1.x 107
5.x107°

1.x107°
5.x107°

® SBP[2,1]
[ Best fit At203

0.005 0.010 0.020

0.050 /Nt
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Added bonus: dissipative systems

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

Swvexa(t), xa(t), x2(t), xe(t)] = /t 2 dt(Llx(t). 5a(t)] - LIx(t), %(t)]

+ A[xa(t), x1(t), x2(t), x2(t)])
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Added bonus: dissipative systems

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

Stvelxa(t), xi(t), xe(t), x2(t)] = / 2 dt(Llxa(t), % ()] — LIx(t). %2(t)]  Similar to Feynman-Vernon

& influence functional: terms that
+—) do not factorize into Lagrangians
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Added bonus: dissipative systems

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

to
Stvelxa(t), xi(t), xe(t), x2(t)] = / dt(Llxa(t), % ()] — LIx(t). %2(t)]  Similar to Feynman-Vernon
i influence functional: terms that
+—) do not factorize into Lagrangians

1 .
®| Damped Harmonic oscillator: £ = mez(t) — kx> N=—=&x(t)x(t)
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Added bonus: dissipative systems

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

to
Stvelxa(t), xi(t), xe(t), x2(t)] = / dt(Llxa(t), % ()] — LIx(t). %2(t)]  Similar to Feynman-Vernon
i influence functional: terms that
+—) do not factorize into Lagrangians

1 .
®| Damped Harmonic oscillator: £ = mez(t) — kx> N=—=&x(t)x(t)

Sive = [ de(mxe(£)5(6) — 2exi (69 (1) — i () (1)

t
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Added bonus: dissipative systems

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

to
Stvelxa(t), xi(t), xe(t), x2(t)] = / dt(Llxa(t), % ()] — LIx(t). %2(t)]  Similar to Feynman-Vernon
i influence functional: terms that
+—) do not factorize into Lagrangians

1 .
®| Damped Harmonic oscillator: £ = me2(t) — kx> N=—=&x(t)x(t)

I St :/2dt(m>'<+(t)>'<_(t)—2/<x+(t)x_(t)—E)'q_(t)x_(t))
Regularized with initial values f

Scrve = {%M(]]_)il)T]H(]I_)il) - %'ﬁ(xl)T]Hxl} — {%M(Diz)TH(Eig) _ %m(x2)THx2}
_ 5% (]D(icl + i@))T]ﬁ(xl —x2) + A1(21(0) — ;) + Ao ((Dx1)(0) — ;)
+ A3(z1 (V) — 22 (Ny)) + Aa((Dx1)(Ny) — (Dx2) (V)

Global minimization for x4,X5, A, A, (initial cond.), A3, A4
(path identification) amounts to fully implicit scheme

D finite difference operator in affine coordinates

H quadrature matrix w/ one more row & column of 0s
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Added bonus: dissipative systems

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

to
Stvelxa(t), xi(t), xe(t), x2(t)] = / dt(Llxa(t), % ()] — LIx(t). %2(t)]  Similar to Feynman-Vernon
i influence functional: terms that
+—) do not factorize into Lagrangians

1 :
®| Damped Harmonic oscillator: £ = me2(t) —kx?  N=—=Ex (t)x_(t)

to
_ — Stvp :/ dt(mxy (t)x_(t) — 2kxy (t)x_(t) — &x (t)x_(t))
Regularized with initial values f
1 e 1 - 1 o e 1 - .
Scrve = {iu(]])xl) H(D%1) - Sr(x:) ]Hxl}—{iu(]sz) H(D%,) - r(x2) ]Hx2} [
- 5% (]D(’_‘l + ’_‘2))TH(X1 —x2) + A1(21(0) — ;) + A2((Dx1)(0) — ;) 0.5

+ A3 (21 (Vi) — 22(Np)) + Aa((Dx1)(Ne) — (Dx2) (V) B i L I t

i
Global minimization for x4,Xp, A1, Ay (initial cond.), Az, Ay, r r
(path identification) amounts to fully implicit scheme

-1.0f

D finite difference operator in affine coordinates

H quadrature matrix w/ one more row & column of Os
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Added bonus: dissipative systems

H| |nspiration from path integrals: doubled paths accommodate 1st order e.o.m.

to
Stvelxa(t), xi(t), xe(t), x2(t)] = / dt(Llxa(t), % ()] — LIx(t). %2(t)]  Similar to Feynman-Vernon
i influence functional: terms that
+—) do not factorize into Lagrangians

1 .
®| Damped Harmonic oscillator: £ = mez(t) — kx> N=—=&x(t)x(t)

I St :/2dt(m>'<+(t)>'<_(t)—2/<x+(t)x_(t)—§>'<+(t)x_(t))
Regularized with initial values f

|X_Xtrue|(1)

1 - _ 1 1 - - 1
Serve = { 51(D%) "H(D%,) - §n(x1)T]Hx1} - {iu(mz)TH(mz) — im(XQ)T]HXQ}

0.001f
_ 5% (]]_)()_(1 + f(z))T]ItI(Xl — X2) -+ )\1 (:vl (0) = xz) =+ /\2((IDX1)(O) — :L'z) 10—4|_
(1 (M) — 22(N)) + Aa((Dx1) (V) — (Dxz) (V) o5

10_6 P ® SBP[2,1]
Global minimization for x4,X5, A, A, (initial cond.), A3, A4 = e

. L . . L. 10 [ ® [ Best fit At203
(path identification) amounts to fully implicit scheme ) Best 10

10 8 p A A A A 1/N

= o c . . . 0.005 0.010 0.020 0.050 :
D finite difference operator in affine coordinates
H quadrature matrix w/ one more row & column of Os late time stability and accuracy
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Conclusion & Outlook

®! Accurate treatment of constraints suggests use of symmetric discretization schemes

=1 Symmetric finite differences suffer from well known doubling problem but Wilson
term not applicable to real-valued bosonic fields

=/ By exploiting the weak imposition of boundary / initial values, unphysical zero
modes of finite difference operators can be lifted

%! Affine coordinate formulation: new regularization on the level of the action

=1 Affine formulation directly applicable to higher order discretization schemes

" Promising results in solving classical equations of motion of various simple models

®| Extension of the formalism to higher dimensions is work in progress

®| Here we focus on bosons but method also applicable to fermions: alternative
regularization for spatial directions of Dirac operator.
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Solving Challenge | (Abelian theory)

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

H| Correct implementation of boundary conditions in FD: summation by parts

Sy def(2)g(x) ~ T [fogs]

TN(ASBP £)g0] = TN [fo(ASBP g0)] + fvgn — fodo.
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Solving Challenge | (Abelian theory)

®| Correct implementation of boundary conditions in FD: summation by parts

1
2
JE daf@)g(e) ~ TV Mfoge]  H=ax|

1
2

TN(ASBP £)g0] = TN [fo(ASBP g0)] + fvgn — fodo.
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (Abelian theory)

®| Correct implementation of boundary conditions in FD: summation by parts

1 1 1 0 0
L 1 1| -2 0o 1 o
Jy duf(2)g(@) = TN [fogs]  H=0 S el (N S R R
5 | 0 0 -1 1

TN(ASBP £)g0] = TN [fo(ASBP g0)] + fvgn — fodo.
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (Abelian theory)

®| Correct implementation of boundary conditions in FD: summation by parts

! ' -1 1 0 0

L 1 1{-t o 1 o

Jy duf(2)g(@) = TN [fogs]  H=0 S el (N S R R
3 | 0 0 -1 I

TN(ASBP £)g0] = TN [fo(ASBP g0)] + fvgn — fodo.

H| Central finite difference on interior not enough, need genuine SBP form of FD
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LI of Stavanger

Solving Challenge | (Abelian theory)

®| Correct implementation of boundary conditions in FD: summation by parts

1 -1 1 0 0

L 1 1{-t o 1 o

Jy duf(2)g(@) = TN [fogs]  H=0 S el (N S R R
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TN(ASBP £)g0] = TN [fo(ASBP g0)] + fvgn — fodo.

H| Central finite difference on interior not enough, need genuine SBP form of FD
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (Abelian theory)

®| Correct implementation of boundary conditions in FD: summation by parts

1 -1 1 0 0

L 1 1{-t o 1 o

Jy duf(2)g(@) = TN [fogs]  H=0 S el (N S R R
3 | 0 0 -1 I

TN(ASBP £)g0] = TN [fo(ASBP g0)] + fvgn — fodo.

H| Central finite difference on interior not enough, need genuine SBP form of FD
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Challenge I

®| Discretization crucial for gauge invariant force field lines via stress tensor

N 1 . 1.
OV = —(g"FunF¥ + 78"FaF*)  f=V.@ +0S/0t
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE _ _
University

Cha"enge " LI of Stavanger

®| Discretization crucial for gauge invariant force field lines via stress tensor

N 1 . 1.
OV = —(g"FunF¥ + 78"FaF*)  f=V.@ +0S/0t

H| Eigenvectors of © encode direction of force field lines (positive eigenvalue)
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Cha"enge " LI of Stavanger

®| Discretization crucial for gauge invariant force field lines via stress tensor

N 1 . 1.
OV = —(g"FunF¥ + 78"FaF*)  f=V.@ +0S/0t

H| Eigenvectors of © encode direction of force field lines (positive eigenvalue)

14

12

10

[5xx0 _ 5xx1 ]

uoInn|os anJ)

Q
o w|™

backward finite difference
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE _ _
University

Cha"enge " LI of Stavanger

®| Discretization crucial for gauge invariant force field lines via stress tensor

N 1 . 1.
OV = —(g"FunFY + 28"FaF*?)  f=V.-0©+05/0t
H| Eigenvectors of © encode direction of force field lines (positive eigenvalue)
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of Stavanger

Solving Challenge | (hon-Abelian)

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

B Need a central finite difference discretization for the interior ( overall O(a?) )

Upe = exp [iaﬂAu,er%aﬂ] = expliauz (Ape + Aporan) | +0(a?)
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (hon-Abelian)

B Need a central finite difference discretization for the interior ( overall O(a?) )

Upe = exp [iaﬂAu,er%aﬂ] = expliauz (Ape + Aporan) | +0(a?)

Pi;i:% :U,u,x—a/l—aﬁUu,x—aﬁﬁu,x+aﬂ—a;}Uy,x+aﬂ><
U,L]LL,:U—FaI?U/JE,:c—a/l—I—aﬁUj,x—a/lUj,x—aﬂ—aﬁ
=exp|4iga,a, Fu .| + O(a”)
Fuve =A0A, . — ASA, . +i[Ay e, Ay o] this study
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (hon-Abelian)

B Need a central finite difference discretization for the interior ( overall O(a?) )

Upe = exp [iaﬂAu,er%aﬂ] = expliauz (Ape + Aporan) | +0(a?)

2X2
P,u,y7x :U,u,x—a/l—aﬁUu,x—aﬁUl/,x—Fa[L—aﬁUl/,x—l—a/J><
UT ) UT ) UT ) UT

w,x+av ™~ p,x—ap+av - vie—ap T v,e—afi—ab

—exXp [4igaua1/ﬁuy,x] + O(OJS)
Fuve =ALA, . — AJA, o +i[A 0, Al this study

”sum the exponents not the exponential” (c.f. clover leaf)
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (hon-Abelian)

B/ Need a central finite difference discretization for the interior ( overall O(a?) )

Upe = exp [muAu,er%aﬂ} = expliauz (Ape + Aporan) | +0(a?)

2X2
P,u,y7x _U,u,x—aﬂ—aﬁUﬂ,x—aﬁUl/,x—i—a[L—aﬁUv,m—l—a,&><
7T 2dl 2dl 7T
Upb,a:—l—aﬁUu,a:—a/l—l—aﬁUy,a:—a/lUl/,x—aﬂ—aﬁ

—exXp [4igauaypuu,x] + O(aS)
Fuve =ALA, . — AJA, o +i[A 0, Al this study

”sum the exponents not the exponential” (c.f. clover leaf)

1 2 1
S2X2 = ? ¢Za atai |:16a,—%a,2 Z ReTr [1 — P021>,<x2] — 16@4 Z ReTr [1 — Pz?7,><a:2}i|
g oV 5 9 S 5
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (hon-Abelian)

B/ Need a central finite difference discretization for the interior ( overall O(a?) )

Upe = exp [muAu,er%aﬂ} = expliauz (Ape + Aporan) | +0(a?)

2X2
P,u,y7x :U,u,x—aﬂ—aﬁUﬂ,x—aﬁUl/,x—i—a[L—aﬁUv,m—l—a,&><
UT ) UT ) UT ) UT

w,x+av = p,x—afi+av - v,r—afi - v,xr—aji—av

—exXp [4igauaypuu,x] + O(aS)
Fuve =ALA, . — AJA, o +i[A 0, Al this study

”sum the exponents not the exponential” (c.f. clover leaf)

1 2 1

2x2 __ 3 2Xx2 2x2

S22 =2 D [m?ag DoReTe[1 = PR = fos 3 ReTi[1 - P |
xgoV ( (%]

®| Combine with forward and backward Wilson plaquettes on the boundary:

~

F'u]/,m :A/SJJBPAVax o AEBPA,U')CU _'_ Z[Aﬂvx7 AI/,_’B]
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

Solving Challenge | (hon-Abelian)

B/ Need a central finite difference discretization for the interior ( overall O(a?) )

Upe = exp [muAu,er%aﬂ] = expliauz (Ape + Aporan) | +0(a?)

2%2
P,u,y7x :U,u,x—a/l—aﬁUﬂ,x—aﬁUl/,x—i—a[L—aﬁUl/,m—l—a,&><
il Nl Ut Al

w,x+av = p,x—afi+av - v,r—afi - v,xr—aji—av
. [ 3
—=exp|4igaya, .| + O(a’)
[ C C : this stud
F/w,a? :Au Av,x N Au Au,:v + @[Au,:cv Av,:c] Y

Szymanzik program:
Px1+p1x24+p2x2+ ., (not SBP)

”sum the exponents not the exponential” (c.f. clover leaf)

1 2 1

2x2 __ 3 2Xx2 2x2

St = e Z atay {16a—%a§ ZReTr[l — Pom] ~ 1648 ZReTr[l — P77, H
xgoV ( (%]

®| Combine with forward and backward Wilson plaquettes on the boundary:

~

F'u]/,m :A/SJ;BPAVVQ: o AEBPA,U')CU _'_ Z[Aﬂvx7 A[/,gj]
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE
LI of Stavanger

First steps towards quantization

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function

°
0.5 °
[
0.4
@ 0.3
0.2
°
0.1
0.0} @ ° e o ocond
13.0 13.5 14.0 14.5 15.0
B=1/g°
N.=24 N_=8
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE _ _
University

First steps towards quantization 1) of Stavanger

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function
B.=1/g2,=14.2233

0.5
20
0.4

N.=24 N =8 136 138 14.0 142 144
B=11g?
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TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE

First steps towards quantization

University
LI of Stavanger

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function

B.=1/g2.=14.2233

B=14.2266
T,=270MeV
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of Stavanger

First steps towards quantization

TOWARDS SYMMETRIC HIGHER ORDER DISCRETIZATION SCHEMES ON THE LATTICE ‘ ;

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function
B.=1/g2,=14.2233

0.5 20 15.0
) B=14.2266
- ) e T.=270MeV
oo Q 2
N %10 ‘1 & 14.0
0.0130.0 5 13.5
N,=24 N_=8 *—’—‘—’—’—"ﬂ—‘ SO0k 0000
5| Thermodynamics via plaquett i N8 (95
. p— a -
ermodaynamics via plaquetie sums. T4 Néﬂ oa 8[3
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First steps towards quantization 1) of Stavanger

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function
B.=1/g2,=14.2233
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) B=14.2266
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0.0130.0 5 13.5
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First steps towards quantization 1) of Stavanger

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function
B.=1/g2,=14.2233
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First steps towards quantization 1) of Stavanger

H| P2x2 gction in a standard PBC Langevin MC: rough scale setting & beta function
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