Real-time simulations using
complex Langevin
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Real-time simulations and the sign problem LS

* Real-time simulations (Minkowski): (6) = %JD¢ O(x)e™S?] 21, o) jl Re
2
* Schwinger-Keldysh contour Im

| b, o
cpep (0) = EJD¢1 JD¢ZP(¢1’¢2)J D¢+D¢—@(¢)ezS[¢ 1-iS[¢~]
* Thermal equilibrium ’

» Complex Feynman weight
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Real-time simulations and the sign problem LS

. Real-time simulations (Minkowski): (6) = %prp (eI Re(t)

* Schwinger-Keldysh contour S, )
N <@>=%JD¢1JD¢2p(¢1,¢2>J D¢ *Dp=0(g)eSI9 =il
* Thermal equilibrium y / ’
—1
e Complex Feynman weight 1 ) ) A
p y g |m('t) <@> :E[ngEe SE"qu_l_ng @(¢)ezS[¢] iS[¢~]

iS[p™] —iS[gp™1 — Splgpe] — iS[4]
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* Real-time simulations (Minkowski): (0) = %JD¢ O(x)es1¥]

* Schwinger-Keldysh contour
 Thermal equilibrium

» Complex Feynman weight

Importance sampling
not possible

Real-time simulations and the sign problem LS

Re(t)

| b, e e
(0) = EJD¢1 JD%P@% ¢2)J D¢*Dp=0(¢p)e1# 119
¢

iy / !

Im(t) (O) = % [ D¢Ee—SE[ D¢+ Deh=0(gh)e™S¢ =il

iS[p™] —iS[gp™1 — Splgpe] — iS[4]

Complex Langevin, Lefschetz thimbles,
Tensor networks,....
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Langevin equation

_ _ Evolution of the Langevin equation
* Langevin equation %),
\ "'A" P A - A A ‘ i
X

(Stochastic Differential equation)

MM Npa N\ pA_A A\
SUARY VV‘v'Wv‘vv

% _ 5S[¢] | n(x, TL) with Ma A=A A "‘”A \/
dr; o(x)
(nx,7;)) =0, (lx,tnx’, 1)) =26(x — x)o(t; — 17) . e &
* Fokker-Planck equation (Real) _ _ § \{Foktgr—Pl\;}Ck\g/olution \
iCI)(x 1) = i 0 | wlld O(x, 1) = — Hep®(x, 1)
ot ~ o¢; | 60y oy

» Equilibrium distribution of FP — ¢ =%

Fokker-Planck Langevin
. T
(O0) = lim [ D¢ O(h,7,)0(h) = Tlim dr; O(p(r))
17 J —0 J
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Real-time complex Langevin

Complexifying fields: ¢ — ¢X + i’

Scales linear with size of problem

Stable solver Regulator

Get control of the numerics Regulate integral

Real-time complex Langevin = Stiff problem

(0) = | 0# e

4

Complex Langevin equation

dp _.5S[g]

"Sh(0)

| ’7(?@ 7:L)

Convergence problem

Understand convergence problem of the

0.4

complex Langevin

al ! Re(t) :z _
0 5 o1l
% . S E 001 &
o1l

>0 . -0.2 |

E— 0 ; 0 z'o v ; ’ 5
Re[¢] Im(t)
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Real-time complex Langevin: Benchmark problem

2
» Strongly coupled quantum anharmonic oscillator with 1 ( o¢ 1, 4
_ _ - . S=\|dxg4 =\ — | ——m¢p°"——¢
m=1,4A=24, f =1 [Berges, Borsanyi, Sexty, Stamatescu (2007)] ., 2\ ox, 9 41

Extending the real-time

contour

Deviation due to
discretisation or CL?

Berges, Borsanyi, Sexty, Stamatescu (2007)

0.4 . I . .
stochastic: Re - -+- - %1
f Im =--x--- Re
031 = "5 Schrédinger: Re
Im ———
0.2 |
A S
Remove runaway s 9 : 2 G
solutions a-priori T 0k ,
Y ~x _ lﬁ
—0.1 == —~_ |
™~ Im
-0.2 e TR e —
0.3 | | | | | | | Remove forward and
O 01 02 03 04 05 06 07 08 backward tilt
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Stable solver and Regulator



Simple overview of SDE solver

* General Euler-Maruyama Scheme:;

S/1+1

CLE:
dp . 05]g]

ﬂ(xa TL)

¢.’1+1 e ¢/1 -+ 1€ . @
J J J a¢]

« Explicit (¢ = 0.0): Overshooting

* Implicit (@ = 1.0): Undershooting

« Semi-implicit (@ = 0.5): Stable and close to the
exact solution

e Forall @ > 0.5 we get rid of runaways
(Unconditionally stable)

l +
drp, o¢(x)

¢Re

Simulations done with the DifferentialEquations.jl library in Julia @

Daniel Alvestad
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https://diffeq.sciml.ai/stable/tutorials/sde_example/

Regularisation of real-time contour

* Old way: Explicit scheme + tilting (Adaptive step-size)
* Implicit solver: No runaway solutions

* Regularisation; Infinitesimal damping term:

S=S+iR(,e)

R : ¢*
. K =—€
2

 Tilted contour

* |Implicit scheme
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Dynamics in thermal equilibrium

* Strongly coupled quantum anharmonic oscillator \ 1 { a¢ ’ L, A, S
with m = 1, 4 = 24 (same as in Berges, Borsanyi, 5= |dx S\ o ] E””Mb — Zﬁb 2
Sexty, Stamatescu, 2007) “ X | Sk

. Regulator: € = 0.6, Contour: # = 1.0, x)"#* = 0.5 —ifs

G110 = (P(0)p(S)) — (#(0)){(p(£)) for & < 0.5 m

+ G(8) = (@(0)(S)) — ((0))(p(&)) for & = 1

0.3 ’“““\-\.\\ 03} 0.3
02 — Solution )
: B ReG. | (¢ —\'\-\. = Solution
- A ImG, | gﬁ) 02k 02 - Re(9)
(

Solution

; W ReC(o - o
) A ImGg(§) R Re<(b2>
(¢

00} \l\l\l 01k 01l W (o)
_01 »
= . ‘\‘\K\]

—0.2 | , | | 0.0 | . . . . 0.0 [ HHHHHHHHHHH
0.00 0.25 0.50 0.75 1.00 1.00 1.25 1.50 1.75 2.00 0.0 0.5 1.0 15 2.0
§ § §
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Non-Equilibrium dynamics

 Gaussian initial density matrix with | ¢
<¢o> = 1, <¢o> =0, <¢o¢o> = 1, <€bo€bo> — Z l
(Berges, Borsanyi, Sexty, Stamatescu, 2007) ¢2

e Small coupling A = 1 and regulator 8 = 0.6
» Fullaccess to G, _ and G__(xy) = (¢, P(xy)) — () {P(xy))

Sl Re

Berges, Borsanyi, Sexty Stamatesou 2007

1.5 20
Schrodlnger (complex contour)
(real contour) -
1F---_ stochastic:  (t;,5=2) [|
N (tina=1) O 15 F
(’[flnal—0 5) o
A 0.5
s ol 10
Solution
B Re(¢)
-0.5 1 05F A Im(o)
* Re(o)
p , , . - Tm(e’)
0 0.5 1 1.5 2 00 ¢ : : * : :
t 0.00 0.25 0.50 0.75 1.00
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Non-Equilibrium dynamics

 Gaussian initial density matrix with
_ P\ _ Lo\ 1 ¢1 Sl Re
<¢O> — 1’ <¢O> — O’ <¢O¢O> — 1’ <§b0¢0> — Z
(Berges, Borsanyi, Sexty, Stamatescu, 2007) ¢2 S2

e Small coupling A = 1 and regulator 8 = 0.6
» Fullaccess to G, _ and G__(xy) = (¢, P(xy)) — () {P(xy))

20

1-0-IHHHHM .
| —— Solution G| _
08 —— Solution G _ 15

o6 B ReG. (z,)
B ImG,. _(z,)
04 V ReG_, Exog

10 F
V ImG_, (= Solution

02T * B Re(o)

05F A Im(o)

OO - ¥ * Re<¢z>

—0.2  Im(¢)

. . . . . . 0.0 [ , _ — : _
0.0 0.1 02 03 04 05 0.00 0.25 0.50 0.75 1.00
L
0 £
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Real-time complex Langevin

4

Complex Langevin equation

dp _.5S[g]

dt | OPp(x)

| ’7(?@ 7:L)

Numerics now under control

Stable solver Regulator Convergence problem

Get control of the numerics Regulate integral Understand convergence problem of the

@ 1 Db iS[4] complex Langevin
(0) = |08 owe

51

Real-time complex Langevin = Stiff problem

Daniel Alvestad 11/16 Nordic Lattice 2022



Convergence to the wrong
solution problem



Problem of wrong convergence

0.4

« Taking A7 — 0O (Langevin time-step) not solution

0.3
0.2 | mng

* Eigenvalues of Fokker-Planck equation

0.1
S 0.0 r .'

—-0.1F} -

 Fokker-Planck equilibrium distribution not e’

—0.2 |

* Fixing the problem
 Boundary terms, Gauge Cooling, Dynamical stabilisation
—D¢ S[U] - — D SIU] + iapgM
* Modification to CLE
* Coordinate Transformations

e Kernels
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Kernelled complex Langevin

Free theory
No kernel

Additional freedom in Fokker-Planck equation; regain same 15}

equilibrium distribution ol #hr— 4 Do Tt J!!!!!llull.gm -

| Id%-lmr':::” |||||||||||||||:'f;"|II|
| |

op

i mnmm::h ||| Iy ’."
l ’ ,;," '.’I’:;.I A i | _ '||. I
* Free theory propagator: -o5r WY | g K-

oS[¢] oK sl § 0 .
» Kerneled Langevin d¢ = <—K [¢] 2] | agb] ) dr; ++/K[pldW v ;

0.0 | Fia
3 u" 1

08 oS L ¥ . .
ZM¢ K = lM_l, Ki— = — ¢ 0 5 10 15 20
a¢ O t

dp = — p +\iM~1dw
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Kernelled complex Langevin s theory

K=M"!
0.5 |

» Kerneled Langevin d¢ = (—K[(ﬁ] (I aKW])er+\/K[qb]a,’W ool ‘A"‘\

0 \WZAVAVARY,
* Free theory propagator: Rl
a S a S ~-1.0 F - <i((0)):§3((?)>>

= 1M K = lM_l, Ki— = — 0 5 10 15 20
o = M o7 !

* Additional freedom in Fokker-Planck equation; regain same Loy
equilibrium distribution

dp = — ¢ +\iM~'dW
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Kernelled complex Langevin

* Additional freedom in Fokker-Planck equation; regain same
equilibrium distribution

dt; + \/K[¢]dW

oS 0K
» Kerneled Langevin d¢ = <—K[(/5] L | a[d)])

op

Free theory propagator:

()S 05

Free theory
K=M"!

ﬁ\'&'

ZM¢ K = 11\4_1 Ki— = — ¢ 0 5 10 15 20
a¢ ’ 0¢h ty
0.4
[ | :i.:
. _ 0.3} 5
dp = — p+\iM~'dw :
0.2 | mmg
0.1
0.0
-0.1
—-0.2
0 1 3
tp
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Kernelled complex Langevin oo theory

K=M"!

oS[¢] aK[qb]) 'l"‘i“

« Kerneled Langevin d¢ = (—K[(ﬁ] 5 dr; ++/K[p]dW ool

| " . ‘f’ ‘Wf N/
| %3>:c<t>>
aS 0S ~10 ' ((0)a(0)

* Additional freedom in Fokker-Planck equation; regain same Lo
equilibrium distribution

Free theory propagator >
=iM¢p, K=iM"!, Ki—=—¢ ; ; v
"o 0P Interactive theory =~ p
K=M
llllllllllllllllllllllllllllllllllll i
1 0.3
dp = — p +\iM~'dW N N A
0.1
o R ATE—— _
— Solution
n v . {ie(a:)
I = RI2<<;63>
.'. = Eﬁfﬁéw»
-0.2 | “a B Im(z(0)z(t))
0 1 2 3
tp
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Kernelled complex Langevin

* Additional freedom in Fokker-Planck equation; regain same
equilibrium distribution

oS[¢] aK[¢]>
0

Kerneled Langevin d¢ = (—K[(ﬁ] 5

dt; + \/K[¢]dW

Free theory propagator:

()S 05

1.0

0.5

0.0

_05 »

_10 »

Free theory
K=M"!

I!A'A\'

a¢ =iM¢p, K=iM"", Ki£=—¢ :
. p
Interactive theory K = M-10.8.18)
03 ™™ EEpEEEEE SppeEEEEEENEEEE.
— ‘17— 1
dp = — p +\iM~'dW
0.1
0.0 , :
— Solution
VAWET
—-0.1r¢ = Re(<x2>>
Im(z?
Systematic scheme to construct kernels 02} B oo
0 1 2 3
tp
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Construct kernel

* Can we find a kernel by using prior knowledge about the Complex

. 0.3
Langevin and the model (@°) \/
0.2
* Known information (POP0)Eucl,
0.1
. L3Y™M: Symmetries of the model, ex. (") = const. (known from -
Euclidean simulation)

_Ol »

. LEUCl: Eyclidean part of real-time contour oal (P OD)RT Unlaonn

. LBT: There should be no boundary terms ty

de

. Minimising using the above loss functions require the derivative —

dK
which includes propagating through the whole simulation.

* Possible due to auto-differentiation and sensitivity analysis

* Currently too expensive due to highly stiff problem (real-time)




Local loss function

4

Updating the kernel

 Boundary terms accumulate with too slow falloff in the

e _ Make configuration using K, = I {qﬁl.o}
distribution.

dp = Ky 04S[p] +1/KoydW
L . ” 05
. M|n|m|s|ng the drift out from origin (D — K—) Update kernel based on gradient of the loss
N 5¢ function VL, ({gbo})
1 2 -
L, = ~ Z ‘D(¢i) (=) — | D() || ;] ‘ , Loop N times (index k
i Make configuration using K;: {qbik}
» Evaluate the gradient VL,({¢}) using auto- A = K 04S19] +/KidW
differentiation
S = | BT Update kernel based on gradient of the loss
e e : k
« Use L=YM, LFYC P to test result from minimising L, function VL ({°1)
i T .7BT Sym rEucl ;BT
« Minimising L, same as minimising boundary terms: L Measure L>Y™, LFUC [,
o Holomorphic: COrreCtneSS criterion Pick out the iteration with the smallest

LSym, LEUC|’ LBT
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0.3F

0.2

0.1

0.0 1

_01 L

—-0.2

Real-time interactive theory results

Form of the kernel K = ¢

A+iB

Critical points away from the origin:

X' =1.0 K=1I
T ii!iii
L !EE i! % jii! ...Illlll....

* ¥ . : " ii
iii%ii B Ei :Ii [T7] l-..... iii!ii
i, ; ; 1

N
ii E T E igiiiiiii
] 7 ' LU iiii!
i Solution
B Re(z)
o Im(z)
B Re(s?
- Im(z?)
© Re(xz(0)x(1))
B Im(z(0)x(t))

where A and B are real matrices

Optimisation using L, selecting iteration with best SYym 4 fEucl.

0

dslp) _
d

o
|_I
w.—
N

Strongly coupled quantum AHO withm = 1, A = 24, f = 1 on a real-time contour

0.3
0.2 |
0.1F
0.0
—0.1F
—-0.2

—0.3 .

Lj* T
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Real-time interactive theory results

» Strongly coupled quantum AHO withm = 1, A = 24, f = 1 on a real-time contour il il
« Form of the kernel K = e¢2*® where A and B are real matrices SE 2

« Optimisation using L, selecting iteration with best LSYm 4 Fucl. :

 Critical points away from the origin: Blel _ 0 _l,IBm

x(r)nax = 1.0 Learned kernel

0.3

0.2

0.1r

0.0

_01 L

—-0.2

SSUT:

JITTIIIIIL

Solution

w F

0.3
0.2 |
0.1F
0.0
—0.1F
—-0.2

—0.3 .

rl+ T
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Real-time interactive theory results

. . 5 |
» Strongly coupled quantum AHO withm = 1, 4 = 24, / = 1 on a real-time contour S He
. 2
 Form of the kernel K = 18 where A and B are real matrices S
E
 Optimisation using L, selecting iteration with best LSym 4 Fucl .
dS[¢] —ip
» Critical points away from the origin: =0 m
x(r)nax = 1.0 Learned kernel X(r)nax =1.5 Learned kernel :
. TR T T
; ; _ ; |
: , 0.2 \ Y 0.2 F il L
| | 0.1} o s
0.0 | ¥ LLLLL, 0.0
Solution Solution |
= {E@ ~0.1} %ﬁ(@ —~0.1
I Re(z?) Re{z?)
= Egéﬁg))x(t» 02y E?fgff%)x(t» Rl
B Im(z(0)z(t)) oal Tm(z(0)z(t)) 03} :
0 1 2 3 5 ] 5 3 4 0 1 2 3 4 5
tp tp tp
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Real-time interactive theory results

. . 5 1
» Strongly coupled quantum AHO withm = 1, 4 = 24, / = 1 on a real-time contour S He
: 2
» Form of the kernel K = ¢4+ where A and B are real matrices S
E
 Optimisation using L, selecting iteration with best LSym 4 Fucl .
dS[] —if
» Critical points away from the origin: = 0 m
X' =1.0 Learned kernel xp ' = 1.5 Learned kernel xp ' =2.0 Learned kernel
1 LIz [L1]]] :
- TTTTIITIIL i w 03 L & T e . 03l
R i _ 7 gw N -
/ ' 0.21 \ 0.2 f )
| 0.1 o1 L
0.0 | & Sl ol
Solution Solution XTho
R o Refz) 01}
B Re(z? Re(x?)
B Relr e e () oal
B Im(z(0)x(?)) . {{;gggggggg |
’ ' t, ’ ’ 0 1 té 3 4 7 0 1 2 t 3 4 5
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onnection with thimbles

d dS[¢] K, _ iy ke Ly
. Lefschetz thimbles: —¢ — ¢ - _ d¢ - " de l Noise coelfficient
dT d¢ | \/?: — same as
Optimisi [0 | slope of thimble
. IMISIin = 1r
. Simplest model: § = —ix? ’ i |

2
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Connection with thim

do dS[gb] K, _ iy ke Ly

N
dg l Noise coefficient

3F _1
\/?: —— same as
l
2t

slope of thimble

Lefschetz thimbles: —

' dr ~ do

o Optimising Lp=0 1}
>

Simplest model: § = Eix

. Models with more than one critical point § = 21¢2 + — ¢4

3. Ry e ',"l ¢ a‘ PSS o'. :0\. .’.”‘ ':' ’,
) h ".. J .,tv Osh./q‘i '# t o }>* . ‘. : *, '
XS w( s

: /;'.:': - . .
"'..“.... f"’\ 4 h .. '|";’! \' ? ( ‘\ 5\ -“":'
2 1k \I' / '<":.".¢' (4 )' rre ./\ % l" f' \0- ’; u? lu )¢ ;‘i/ b
' ' .;u ; In « l. ;s
q';'.‘:: i .‘r'- '“ ' ‘.' ' ' Y. s'.-.'_\' & .. ' ‘ . .. .“ "e
1 . \"“
O b
5 3 "l. Puy ' \ "
-1 -*"-.p’-‘.. {f g o
L ' ' (” :. ' \ '
. Fox ) .‘:.. I\
. ) : W
_2 -\.'\.co ."\‘ o\‘ \ b o'\ y a A1) |\"‘ lj" ll’ .5 V ’%$ ." .
\ Ny ot \f f b ‘ )‘“.‘J‘%s‘*‘ N 4‘0;? l.l'\ ”'."0.',;.'
ATt *'%- B
-3 F N | 'I.. 7 .\ ,‘ .~\..-ﬂ::.|, 1.1, v(\:.-k,.' ;..,,' v - ,
-3 -2 1 0 ] 2 3

asl¢l . 3
i = 4ip + 2¢

LTrye = 0.218 £ 0.004

Ko———
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LTrye = 10 = Oruel + 107 = &) rye

Connection with thimbl

do dS[qb] K, _ iy ke Ly

. Lefschetz thimbles: — ! dep ! Noise cielfficient
dT d¢ | \/? =4 /—— same as
2t l

slope of thimble

o Optimising Lp=0 1}
>

Simplest model: § = —ix

2 °|
. Models with more than one critical point § = 21¢2 + — ¢4
3F, " AR IR " :.\ T TS e Converges to correct solution Converges to wrong solution
PR LT, "Ms""wi il }’*, Bt L
2 ., DG TGN ‘?4 : Qi ’|
.'..".:.-- 2 SO0 A o R ;:"\1: J\\’;\” :
1| v’g- « VAL . ?"{',‘-‘" » ...“.&
Optimising L, for a
’ .L bt .\ nn constant kernel
1 .{-<.3.§;:'%~'.,' -‘ | " o A K = e
i . . " ALY e °,‘, > And
2 ) .f-'-""a",'- ",?‘. .. .3" '- .%l\:;;:. 4 é'b.}ﬁ-,’ Two minimas
-3 ".t ot .‘s e .n""':-'f V(\ r” " - -' ” -_3 —2 -1 0 1 2 3
-3 -2 —1 0 1 2 3 dS[¢] dS[¢]
. Ky——— el L = 4igp + 2¢° Fokker-Planck KNW = ¢~'5(4igp + 2¢°) KNW eI (4igh + 2¢°)
de eigenvalues
LTrye = 0.218 £ 0.004 LTrye = 0.0057 +0.0061 Lyye = 0.3086 %+ 0.0059
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1 A

Boundary terms and kernels | 2™ "%

c=—1+4i,1=2

« Minimising L; minimise the boundary terms:

o Bi(Y) = (LO(x+iy) = ((V,+ VKV, 0(x+1iy)) LTrue = 1 ) = 0 Truel + 12 = 62
* No boundary terms # true solution when using a kernel?

K=1 K:e_%

Field dependent kernel

o5l " 0.2 } _. -
- Lo | e - _
B Re(Le ) S C 10 .-
QN 10} " Im(L. z%) D -04f | r Q
- y B Re(L, ) 03T -
—15F n —0.6 F [} —.—Im(LC ZE> [ | —-0.15
) [ITTILIE . i B | -
| | T\.ll-l!—iiii?iiiiiiiii?ii # | | | | | | m< cX > | 0.0 : : I@W —0.20 . . . . .
0 1 2 3 4 5 1 2 3 4 1 2 3 0 1 2 3 4
QX,Y), X=Y QX,Y), X=Y QX,Y), X=Y QX,Y), X=Y
— =+ = — — -+
LTrye = 0.888 £ 0.008 LTrye = 0.486 = 0.002 LTrye = 2.15£0.11 LTrye = 0.023 £ 0.024
Daniel Alvestad
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Summary and outlook

* Implicit scheme; Stabilise and regularise real-time CL

* Goal: extending real-time convergence CL
» Kernel controlled complex Langevin

 No convergence problem for free scalar theory

* Learning kernel in thermal gb4 theory

» Kernel as appropriately parameterised function
* Field dependent kernel
* Generalise to any real-time

* Improved loss function including more than one of the critical points
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Re

Tilted contour

« Follow real axis up to x(r)nax = 2.0

e Usingf=10,m=1,1=24

: Im
« Form of the kernel K = ¢41iB

KS KlO

).4 ol iﬁﬂiﬁ e i*iiiﬁi 3 ahiiange M aanatasa iy, .3 [ R ¥ LI T R *
m t iy Eﬁﬁﬁi g Wy, id TR |
i ﬁi% iggi D.2 |
2.2 0.2 | iﬁi #E
EE w. D1t
.0 F s T ( B A ).0 F
O X Lt .o / * N
# ﬁgolution ; ~— Solution Solution
. Re(z) Y B Relz) .1 | W Re)
Im(x) B Im(x) Im(zx)
)2 Re(x?) B Re(z?) Re(x?)
Im(z?) .2 b o Im(z?) D.2 | Im(z?)
Re(z(0)z(t)) o Re(z(0)x(2)) Re(x(0)z(1))
Im{z(0)x(t)) B Tm(z(0)z(2)) Tn(z(0)x(t))
1 1 1 1 1 1 1 1 1 1 )'3 C 1 1 1 1 1
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
tp tp tp
K5 Ky K5,
)4 | pENESEEEny,
=% F3 I ! CLLLL LT L L ' r
:iﬁ L] [T L[ LT ol S S i:iiiiiiji!i'i'!l!ﬁuﬁﬁifiiiiiiﬂiﬂ'll“' Z
Lo - - |
LY 3 .2 V.2 b
)2
.1 p ..llll. .1 ~
- SantEEEg
ol : .0 | - e e LI T L] il N MO T — B
Solution Solution Solution Solution
?e(x) D.1 ?e(x) ?e(x} D.1 | ?e(w)
el el el Relo)
12 b Im(x?) .2 | Im(x?) D.2 | Im(x?) .2 | Im(z?)
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Learning free theory kernel

* Able to find kernel when only one critical point at the origin

. Kernel form K = 418
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Field dependent kernel

c=—14+Bi,1=12

0.5}

- no Kernel Re

—0.5F 4 FnoKernelIm

—— const. Kernel Re N
const. Kernel Im

= field Kernel Re

—1.0}F ~Hfield Kernel Im ’

0 1 2 3 4

Need to add extra derivative term

dg

—— = K[g)]
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c=4i, =2

c=—1+4i.1=2
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Construct kernel

 Can we find a kernel by using prior knowledge about the Complex Langevin
and the model

- In thermal ¢* we know:

. (x) =0and (x*) = Re(x?) = const.
 Euclidean correlation G(&) for & > 2 Zz \/
_ Minimize L(K) = Z || O; — (O(K)) | k :: \/ o
: oul ok evon
« Matrix kernel, starting out with Ky = / —0'2_0 ; : : 0 1 KSE 2 3
 Update K, based on VL(K)) oaT“HHEHE

0.2

« Contour: f = 1.0, x(r)nax = 1.0 o1l
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Construct kernel

 Can we find a kernel by using prior knowledge about the Complex Langevin
and the model

- In thermal ¢* we know:

. (x) =0and (x*) = Re(x?) = const.
« Euclidean correlation G(&) for & > 2 Zz N | ‘
. Minimize L(K) = Z 11O, — (O(K)Y| | :: \/ — R
» Matrix kernel, starting out with K, = 1 L ; ; ; : . Ksé 5 3
 Update K, based on VL(K)) o.3-j”““HH+i
. Contour: f = 1.0, x)"®* = 1.0 Zi

* Field dependent kernel
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K =e¢ i3

) (x*) = 0.154 = 0.005 —i(0.306 + 0.005)
S = —ox? 1 |

2

(Ptrye = 0.150077 — i0.307646

.2
K =e '3

(x?) = — 0.160 % 0.004 — i(0.314 = 0.004)
3f T
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More info about simple model results
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