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These lectures will …


• explain main theoretical and experimental results leading to development of 
quantum chromodynamics (QCD) and outline its concepts


• teach you how to calculate scaling violations for parton distribution 
functions (PDFs) 


• give a taste of rich phenomenology of PDFs



Plan of lectures:    
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• Lecture 1: The quark model, deep inelastic scattering (DIS), the parton 
model, main concepts of quantum chromodynamics (QCD)  


• Lecture 2: Scaling violations in QCD, DGLAP evolution equations, 
factorization theorem


• Lecture 3: Phenomenology of proton, nucleus and photon PDFs

Literature:    

• Lecture 1: Halzen, Martin, Quarks and Leptons: An Introductory Course in Modern Particle Physics (1984); 
Kronfeld. Quigg, “Resource Letter: Quantum Chromodynamics”, arXiv:1002.5032 [hep-ph]; Gross, Klempt et al. “50 Years 
of Quantum Chromodynamics”, Eur. Phys. J C (2023) 1125


• Lecture 2: Dokshitzer, Diakonov, Troian, “Hard Processes in Quantum Chromodynamics”, Phys. Rept. 58 (1980) 
269; Sterman et al., “Handbook of perturbative QCD”, Rev. Mod. Phys. 67 (1995) 157-248


• Lecture 3: Aschenauer, Thorne, Yoshida, “Structure functions”, Review of Particle Physics, Particle Data Group; 
Nisius, Phys. Rept. 332 (2000) 165-317 [arXiv:hep-ex/9912049]. 
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• Collinear factorization in perturbative QCD has been proven for many 
hard (large scale) processes in lepton-hadron (Jefferson Lab, HERA, EIC, 
FCC-eh) and hadron-hadron (Tevatron, RHIC, LHC) scattering
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bution to the proton structure, F2. These results are
reviewed in detail elsewhere (Klein and Yoshida, 2008;
Perez and Rizvi, 2013). Measurements of photoproduc-
tion are also sensitive to the structure of the photon and
the data can in principle be used in fits to constrain the
parton densities in the photon. A more detailed review of
photoproduction and its constraints on photon structure
can also be found elsewhere (Butterworth and Wing,
2005); however, new results since that review are dis-
cussed here.

A. Perturbative QCD Theory of the Hadronic Final State

A brief description of perturbative QCD related to
the hadronic final state is given in this section. Fuller
accounts can be found elsewhere (Brock et al., 1995;
Dissertori et al., 2003; Ellis et al., 1996).
Given that the lowest-order DIS process, a quark-

parton model (QPM) event (see Fig. 1), contains a scat-
tered electron recoiling against a jet, it may seem trivial
to describe jet cross sections in DIS. However, once the
sizeable phase space for parton radiation is considered in
the context of the wide range of possible jet algorithms,
the situation becomes far more subtle. Jet cross sections
are generally presented in the Breit frame (Feynman,
1972; Streng et al., 1979) in which the exchanged vir-
tual boson is purely space-like, with 3-momentum q =
(0, 0, Q), and is collinear with the incoming parton, such
that QPM events do not contribute at large transverse
energies. Therefore leading-order (LO) QCD processes,
Fig. 8, dominate jet cross sections in DIS.
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FIG. 8 Illustrations of the (a) boson–gluon-fusion and (b)
u-channel QCD Compton processes. Along with s-channel
QCD Compton scattering, these are the LO QCD processes in
DIS and direct photoproduction, i.e. the lowest-order process
involving at least one power (or vertex) of αs.

From the diagrams, it can be seen that the boson–
gluon-fusion process is related to the gluon density in the
proton. This is dominant at low Q2, where low-x partons
are most important, whereas the QCD Compton process
becomes more important with increasing Q2 since it is

related to the quark density in the proton. Measurements
of jet cross sections are therefore sensitive to the strong
coupling constant, αs. When combined with inclusive
DIS cross-section measurements, they allow its precise
extraction simultaneously with the parton densities in
the proton, as discussed in Section III.C. This can be
seen from a general schematic formula for perturbative
QCD calculations of DIS jet processes :

dσep→e+jets+X =
∑

a

∫ 1

0
dσ̂ea→cd(x,αs(µR), µF , µR)

fa/P (x, µF ) dx , (1)

where the sum is over the possible partons, a, in the pro-
ton given by the parton density function (PDF), fa/P .
The factorisation and renormalisation scales are denoted
by µF and µR and may be given by

√
Q2, the jet trans-

verse energy, or a combination of the two. The short-
distance cross section, dσ̂ea→cd, depends on x, the strong
coupling, αs, µF and µR.
In photoproduction, where the electron escapes detec-

tion and continues down the beam-pipe, the virtuality,
Q2, is low and the hard scale is given instead by the
transverse energy of the jets. The diagrams shown in
Fig. 8 also apply to the LO direct jet photoproduction
process where direct-photon events are classified as those
in which all of the photon’s momentum participates in the
hard interaction. Equation 1 is modified to the general
formula :

dσep→e+jets+X =
∑

a

∫ 1

0
dσ̂γa→cd(x,αs(µR), µF , µR)

fγ/e fa/P (x, µF ) dx , (2)

where the term fγ/e represents the probability of the elec-
tron radiating a photon and is given by the Weizsäcker-
Williams formula (Frixione et al., 1993; von Weizsacker,
1934; Williams, 1934). Another class of events, resolved-
photon processes, also contribute to the photoproduc-
tion cross section. At LO, such processes are classified as
those in which only a fraction of the photon’s momentum
participates in the hard interaction. For such events, the
photon can be considered as developing a structure, the
parton densities of which are probed by the hard scale
of the interaction. This means that the ep collision can
be viewed as a hadron–hadron collision in which partons
from both the photon and the proton participate in the
hard process. Therefore many extra diagrams contribute
in LO QCD to the photoproduction cross section; an ex-
ample is shown in Fig. 9, in which a quark from the
photon collides with a gluon from the proton.
A general schematic formula for perturbative QCD cal-

culations of photoproduction processes is given by :

Inclusive DIS Drell-Yan processJet electroproduction

Dijet hadroproduction 
in pp → jet + jet + X

CHAPTER 5. ANALYSIS OF W+C PRODUCTION
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Figure 5.1: Leading order diagrams for the associated production of a W boson and
a charm quark. The electric charges of the W boson and c quark have opposite sign.

cross sections �(W + c) ⌘ �(pp ! W+c+X)B(W ! `⌫) and the cross section ratio
R±

c ⌘ �(W+ + c̄)/�(W� + c) are measured. Inclusive and di↵erential cross sections
are measured as functions of the transverse momentum (p`

T
) and pseudorapidity (⌘`)

of the lepton from the W boson decay.

The first step of the analysis consists on the selection of W+c events. We will
identify the W boson through its leptonic decay into an electron or a muon, and
a neutrino. We do not consider the channel where the W boson decays to a tau
lepton. The electrons or muons with enough transverse momentum and within the
acceptance of the detector will fire the online trigger selection of the event. Events
with an electron or muon coming from the decay of a tau lepton, which in turn comes
from the decay of a W boson, are considered as a background. This contribution is
small, around 1%, given the relatively small leptonic decay fraction of the tau lepton
(⇠17%) and the lower transverse momentum of the resulting electron or muon that
in most cases is below the trigger threshold.

Electrons are detected at the ECAL, muons are reconstructed using the muon
chambers and the escaping neutrinos will be estimated as missing transverse mo-
mentum. Since the W boson is quite massive, the resulting electron or muon will
carry high momentum. In addition, the lepton from the W decay will be isolated
from surrounding particles, contrary to leptons produced inside jets. The c quark
cannot be measured directly but can be inferred through the reconstruction of the
jet of particles coming from its fragmentation and hadronization.

The signal signature, an isolated, high-momentum lepton and a heavy flavour
jet, can also be mimicked by other processes, the so-called backgrounds, that will
be suppressed through the selection process described below, and their remaining
contributions will be evaluated. Backgrounds include top quark-antiquark pair pro-
duction (tt̄, Fig. 5.2a), single top production (Fig. 5.2b), diboson processes (WW,
WZ, and ZZ, Figures 5.4), the production of a Z boson (or a virtual photon) in
association with jets (Z+jets, Fig. 5.3a), W+cc̄ or W+bb̄ events, and events com-
posed uniquely of jets produced through the strong interaction, referred to as QCD
multijet events (Fig. 5.3b).

54

Gauge boson hadroproduction 
in pp → W + c + X

29

Heavy particle production
For instance to make a bottom quark and an antiquark,

The VFN scheme can keep 𝑚𝑚𝑏𝑏 ≠ 0 and introduce a 𝑏𝑏-quark PDF at 𝜇𝜇𝐹𝐹 > 𝑚𝑚𝑏𝑏.

The quark mass 𝑚𝑚𝑏𝑏 ≈ 4.75 GeV is a large scale, in addition to other large scales.
The virtuality of the exchanged quark is at least 𝑚𝑚𝑏𝑏

2 ≫ 1 GeV2.

2022-07-09 P. Nadolsky, 2022 CTEQ Summer School

Heavy quark production in 
pp → bb̄(tt̄ ) + X

Z0, W±

Q

Q̄
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• Structure functions and cross sections are convolutions of PDFs with the 
coefficient functions or partonic cross sections.


• DIS: 


• Hadroproduction: 


• The coefficient functions are process-specific and can be calculated order-
by-order in perturbative QCD.


• Parton distribution functions (PDFs) are non-perturbative quantities:





• → cannot be calculated from first principles (except for several first Mellin 
momenta calculated in lattice QCD, no access to interesting small-x region)


• can only be extracted from data taking advantage of universality of PDFs.

F2(x, Q2) = ∑
i=q,q̄,g

∫
1

x
dξCi ( x

ξ
,

Q2

μ2
, αs(μ2)) fi(ξ, μ2)

dσ(pp → …) = ∑
i=q,q̄,g

∫ dξA ∫ dξB fA/p(ξA, μ2) fB/p(ξB, μ2) d ̂σAB→…

fq(x, Q2) =
1
2 ∫

dz−

2π
e−ixz−p+⟨p | ψ̄(x)γ+ψ(0) |p⟩z+=z⊥=0
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• Different processes access different combinations of PDFs.
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bution to the proton structure, F2. These results are
reviewed in detail elsewhere (Klein and Yoshida, 2008;
Perez and Rizvi, 2013). Measurements of photoproduc-
tion are also sensitive to the structure of the photon and
the data can in principle be used in fits to constrain the
parton densities in the photon. A more detailed review of
photoproduction and its constraints on photon structure
can also be found elsewhere (Butterworth and Wing,
2005); however, new results since that review are dis-
cussed here.

A. Perturbative QCD Theory of the Hadronic Final State

A brief description of perturbative QCD related to
the hadronic final state is given in this section. Fuller
accounts can be found elsewhere (Brock et al., 1995;
Dissertori et al., 2003; Ellis et al., 1996).
Given that the lowest-order DIS process, a quark-

parton model (QPM) event (see Fig. 1), contains a scat-
tered electron recoiling against a jet, it may seem trivial
to describe jet cross sections in DIS. However, once the
sizeable phase space for parton radiation is considered in
the context of the wide range of possible jet algorithms,
the situation becomes far more subtle. Jet cross sections
are generally presented in the Breit frame (Feynman,
1972; Streng et al., 1979) in which the exchanged vir-
tual boson is purely space-like, with 3-momentum q =
(0, 0, Q), and is collinear with the incoming parton, such
that QPM events do not contribute at large transverse
energies. Therefore leading-order (LO) QCD processes,
Fig. 8, dominate jet cross sections in DIS.
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FIG. 8 Illustrations of the (a) boson–gluon-fusion and (b)
u-channel QCD Compton processes. Along with s-channel
QCD Compton scattering, these are the LO QCD processes in
DIS and direct photoproduction, i.e. the lowest-order process
involving at least one power (or vertex) of αs.

From the diagrams, it can be seen that the boson–
gluon-fusion process is related to the gluon density in the
proton. This is dominant at low Q2, where low-x partons
are most important, whereas the QCD Compton process
becomes more important with increasing Q2 since it is

related to the quark density in the proton. Measurements
of jet cross sections are therefore sensitive to the strong
coupling constant, αs. When combined with inclusive
DIS cross-section measurements, they allow its precise
extraction simultaneously with the parton densities in
the proton, as discussed in Section III.C. This can be
seen from a general schematic formula for perturbative
QCD calculations of DIS jet processes :

dσep→e+jets+X =
∑

a

∫ 1

0
dσ̂ea→cd(x,αs(µR), µF , µR)

fa/P (x, µF ) dx , (1)

where the sum is over the possible partons, a, in the pro-
ton given by the parton density function (PDF), fa/P .
The factorisation and renormalisation scales are denoted
by µF and µR and may be given by

√
Q2, the jet trans-

verse energy, or a combination of the two. The short-
distance cross section, dσ̂ea→cd, depends on x, the strong
coupling, αs, µF and µR.
In photoproduction, where the electron escapes detec-

tion and continues down the beam-pipe, the virtuality,
Q2, is low and the hard scale is given instead by the
transverse energy of the jets. The diagrams shown in
Fig. 8 also apply to the LO direct jet photoproduction
process where direct-photon events are classified as those
in which all of the photon’s momentum participates in the
hard interaction. Equation 1 is modified to the general
formula :

dσep→e+jets+X =
∑

a

∫ 1

0
dσ̂γa→cd(x,αs(µR), µF , µR)

fγ/e fa/P (x, µF ) dx , (2)

where the term fγ/e represents the probability of the elec-
tron radiating a photon and is given by the Weizsäcker-
Williams formula (Frixione et al., 1993; von Weizsacker,
1934; Williams, 1934). Another class of events, resolved-
photon processes, also contribute to the photoproduc-
tion cross section. At LO, such processes are classified as
those in which only a fraction of the photon’s momentum
participates in the hard interaction. For such events, the
photon can be considered as developing a structure, the
parton densities of which are probed by the hard scale
of the interaction. This means that the ep collision can
be viewed as a hadron–hadron collision in which partons
from both the photon and the proton participate in the
hard process. Therefore many extra diagrams contribute
in LO QCD to the photoproduction cross section; an ex-
ample is shown in Fig. 9, in which a quark from the
photon collides with a gluon from the proton.
A general schematic formula for perturbative QCD cal-

culations of photoproduction processes is given by :

Inclusive DIS: probes , 
gluons are via  scaling 
violations of  + from 
longitudinal sf 

q + q̄
Q2

F2(x, Q2)
FL(x, Q2)

Drell-Yan process: 
probes q̄

Jet production: probes 
both quarks and gluons at 
the same order of pQCD 
→ sensitivity to gluons

• Neutral current and charged current (neutrino)  DIS access different 
combinations of quarks → can be used for flavor-separation of quark PDFs.
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10 18. Structure Functions

Table 18.1: The main processes relevant to global PDF analyses, ordered
in three groups: fixed-target experiments, HERA and the pp̄ Tevatron / pp
LHC. For each process we give an indication of their dominant partonic
subprocesses, the primary partons which are probed and the approximate
range of x constrained by the data. This list expands as more processes
are measured and calculated with su�cient precision.

Process Subprocess Partons x range

¸±
{p, n} æ ¸± X “úq æ q q, q̄, g x & 0.01

¸± n/p æ ¸± X “ú d/u æ d/u d/u x & 0.01

pp æ µ+µ≠ X uū, dd̄ æ “ú q̄ 0.015 . x . 0.35

pn/pp æ µ+µ≠ X (ud̄)/(uū) æ “ú d̄/ū 0.015 . x . 0.35

‹(‹̄) N æ µ≠(µ+) X W úq æ qÕ q, q̄ 0.01 . x . 0.5

‹ N æ µ≠µ+ X W ús æ c s 0.01 . x . 0.2

‹̄ N æ µ+µ≠ X W ús̄ æ c̄ s̄ 0.01 . x . 0.2

e± p æ e± X “úq æ q g, q, q̄ 10≠4 . x . 0.1

e+ p æ ‹̄ X W +
{d, s} æ {u, c} d, s x & 0.01

e±p æ e± cc̄X, e± bb̄X “úc æ c, “úg æ cc̄ c, b, g 10≠4 . x . 0.01

e±p æ jet+X “úg æ qq̄ g 0.01 . x . 0.1

pp̄, pp æ jet(dijet)+X gg, qg, qq æ 2j g, q 0.00005 . x . 0.5

pp̄ æ (W ±
æ ¸±‹) X ud æ W +, ūd̄ æ W ≠ u, d, s, ū, d̄, s̄ x & 0.05

pp æ (W ±
æ ¸±‹) X ud̄ æ W +, dū æ W ≠ u, d, s, ū, d̄, s̄, g x & 0.001

pp̄(pp) æ (Z æ ¸+¸≠)X uu, dd, ..(uū, ..) æ Z u, d, s, ..(g) x & 0.001

pp æ W ≠c, W +c̄ gs æ W ≠c s, s̄ x ≥ 0.01

pp æ (“ú
æ ¸+¸≠)X uū, dd̄, .. æ “ú q̄, g x & 10≠5

pp æ (“ú
æ ¸+¸≠)X u“, d“, .. æ “ú “ x & 10≠2

pp æ bb̄ X, tt̄X gg æ bb̄, tt̄ g x & 10≠5, 10≠2

pp æ t(t̄) X, bu(b̄d) æ td(t̄u) b, d/u x & 10≠2

pp æ exclusive J/Â, Ã “ú(gg) æ J/Â, Ã g x & 10≠5, 10≠4

pp æ “ X gq æ “q, gq̄ æ “q̄ g x & 0.005

and the large-x gluon PDF at large Q2 are both significantly smaller in the FFNS. It has been
argued [52, 53, 85] that the di�erence is due to the slow convergence of the lnn(Q2/m2

Q) terms in
certain regions in a FFNS. The final HERA combination of heavy flavour structure function data
has been published [87], and the evolution of these measurements and their interpretation may be

1st December, 2023

• Different processes access 
different combinations of PDFs.


• Scattering with fixed targets and 
in collider mode → different 
regions of x.

Fixed targets

 HERAe±p

 at Tevatron and 
 at LHC

pp̄
pp
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11 18. Structure Functions

Figure 18.3: Kinematic domains in x and Q2 probed by fixed-target and collider experiments,
where here Q2 can refer either the literal Q2 for deep inelastic scattering, or the hard scale of
the process in hadron-hadron collisions, e.g. invariant mass or transverse momentum p2

T . Some
of the final states accessible at the LHC are indicated in the appropriate regions, where y is the
rapidity. The incoming partons have x1,2 = (Q/14 TeV)e±y where Q is the hard scale of the process
shown in blue in the figure. For example, open charm production [64] and exclusive J/Â and Ã
production [65] at high |y| at the LHC may probe the gluon PDF down to x ≥ 10≠5.

traced in [88].

1st December, 2023

• These processes cover wide region on  plane → sensitive to different 
combinations of PDFs: valence quarks at low  and sea quarks and gluons 
at large  → DGLAP  evolution connects low  and  regions.

(x, Q2)
Q2

0
Q2 Q2 Q2

0 Q2
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• Parton distributions (PDFs) are determined from statistical fitting of the 
available data → called global QCD fits.


• State-of-the-art is NNLO accuracy → ongoing work toward N3LO.


• Assume a form of PDFs at input scale  GeV: 
 , where  are free parameters 

(typically, 14-32 free parameters). 


• Use DGLAP evolution equation to calculate  at  of the 
experiment.


• Using the evolved , calculate observables, e.g., the structure 
function , the Drell-Yan and dijet cross section, …

Q0 ≈ 1 − 2
xfi(x, Q2

0) = xai(1 − x)biF(ci, di, …) ai, bi, …

xfi(x, Q2 > Q2
0) Q2

xfi(x, Q2)
F2(x, Q2)

• Compare to the data and find the free 
parameters by minimizing the  function:         χ2

χ2 = ∑
i, j

(Di − Ti)(C−1)ij(Dj − Tj)
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• Example: MSHT20 PDFs fitting ~5000 data points with , Bailey, 
Cridge, Harland-Lang, Martin, Thorn, Eur. Phys. J. C 81 (2021) 4, 341. 


• The uncertainty bands from error PDFs using the Hessian method.


• Uncertainties decrease as  increases → consequence of DGLAP 
evolution from large x to low x due parton splitting.

χ2/Npoints ≈ 1.2

Q2
13 18. Structure Functions
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dependent on the strange quark; the ratios of Z and tt̄ cross sections at 8 TeV and 13 TeV

at ATLAS [30]; the CMS measurements of single-top production [31, 32]; the potential impact

of LHCb exclusive J/ production data [33, 34], as accounted for in the analysis of [35], and

LHCb data on D meson production [33, 36, 37], as accounted for in the analysis of [38]. In

Section 11 we compare our MSHT PDFs with those of the other most recent global analyses of

PDFs – NNPDF3.1 [2] and CT18 [3], and also with older sets of PDFs of other collaborations.

In Section 12 we summarise the availability of the MSHT20 PDF sets and their delivery. In

Section 13 we present our conclusions.

2 Changes in the theoretical procedures

As in the case of MMHT14, we present PDF sets at LO, NLO and NNLO in ↵S. In the latter

case we use the splitting functions calculated in [39, 40] and for structure function data, the

massless coe�cient functions calculated in [41–46]. There are however, a significant number

of changes in our theoretical description of the data, compared to that used in the MMHT14

analysis. We present these in this section, and when appropriate we also mention some of the

main e↵ects on the PDFs resulting from these improvements.

2.1 Input distributions

In MMHT14 we began to use parameterisations for the input distributions based on Chebyshev

polynomials. Following the detailed study in [47], we take for most PDFs a parameterisation
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Figure 18.4: The bands are x times the unpolarized parton distributions f(x) (where f =
uv, dv, u, d, s ƒ s̄, c = c̄, b = b̄, g) obtained in the NNLO MSHT20 global analysis [63] (top) at
scales µ2 = 10 GeV2 (left) and µ2 = 104 GeV2 (right), with –s(M2

Z) = 0.118. The polarized parton
distributions f(x) obtained in the NLO NNPDFpol1.1 fit [92] (bottom).

Comprehensive sets of PDFs are available from the LHAPDF library [118], which can be linked
directly into a user’s programme to provide access to recent PDFs in a standard format. This also
includes many nuclear and polarized PDFs.

1st December, 2023

• Alternative fitting strategy to avoid input bias → use neural networks (NNPDFs).
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• Similarly to proton case, global QCD fits for nuclear PDFs, Klasen, Paukkunen, 
arXiv:2311.00450 [hep-ph]

Table 1: Key features of recent global analyses of nuclear PDFs.

Analysis nCTEQ15HQ (50) EPPS21 (51) nNNPDF3.0 (52) TUJU21 (78) KSASG20 (79)

Theoretical input:

Perturbative order NLO NLO NLO NNLO NNLO

Heavy-quark scheme SACOT�� SACOT�� FONLL FONLL FONLL

Value of ↵s(MZ) 0.118 0.118 0.118 0.118 0.118

Charm mass mc 1.3GeV 1.3GeV 1.51GeV 1.43GeV 1.3GeV

Bottom mass mb 4.5GeV 4.75GeV 4.92GeV 4.5GeV 4.75GeV

Input scale Q0 1.3GeV 1.3GeV 1.0GeV 1.3GeV 1.3GeV

Data points 1484 2077 2188 2410 4353

Independent flavors 5 6 6 4 3

Parameterization Analytic Analytic Neural network Analytic Analytic

Free parameters 19 24 256 16 18

Error analysis Hessian Hessian Monte Carlo Hessian Hessian

Tolerance ��2 = 35 ��2 = 33 N/A ��2 = 50 ��2 = 20

Proton PDF ⇠CTEQ6.1 CT18A ⇠NNPDF4.0 ⇠HERAPDF2.0 CT18

Proton PDF correlations X X
Deuteron corrections (X)a,b Xc X X X

Fixed-target data:

SLAC/EMC/NMC NC DIS X X X X X
– Cut on Q2 4 GeV2 1.69 GeV2 3.5 GeV2 3.5 GeV2 1.2 GeV2

– Cut on W 2 12.25 GeV2 3.24 GeV2 12.5 GeV2 12.0 GeV2

JLab NC DIS (X)a X X
CHORUS/CDHSW CC DIS (X/-)b X/- X/- X/X X/X
NuTeV/CCFR 2µ CC DIS (X/X)b X/-

pA DY X X X X
⇡A DY X

Collider data:

Z bosons X X X X
W± bosons X X X X
Light hadrons X Xd

– Cut on pT 3 GeV 3 GeV

Jets X X
Prompt photons X
Prompt D0 X X Xe

– Cut on pT 3 GeV 3 GeV 0 GeV

Quarkonia (J/ ,  0, ⌥) X
a
nCTEQ15HIX (26);

b
nCTEQ15⌫ (112);

c
through CT18A;

d
only ⇡0

in DAu;
e
only forward (y > 0).

where the x dependence at the starting scale is not parametric. In the case of ū and d̄, the

fit nCTEQ15HQ comes with the smallest uncertainties, which could, however, be due to

not fitting ū and d̄ separately. Thanks to the LHC data, the gluon uncertainties are now

much better constrained than in the previous rounds of global fits down to x ⇠ 10�5, and

they also impact the sea (anti)quarks and their uncertainties at higher Q2. Below x ⇠ 10�3,

the nCTEQ15HQ and nNNPDF3.0 gluon uncertainty bands do not overlap, which will be

reflected in some of the plots comparing theoretical predictions and LHC data in Sec. 5. The

14 Klasen and Paukkunen
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14 18. Structure Functions

Nuclear PDFs: The study of the parton distributions for nucleons within nuclei, so-called nuclear
parton distribution functions (nPDFs), is now reaching a level of maturity and sophistication similar
to nucleon PDFs (and some nuclear target data is often included in determinations of nucleon PDFs),
though they are still typically performed at NLO in perturbative QCD. The PDFs are also a function
of the nucleon number of the nucleus, A. The nPDFs are obtained via fits to deep inelastic scattering
data and dilepton (Drell-Yan) and pion production from proton-nucleus, and most recently also
from jet and heavy flavour production data. There are a number of recent examples of NLO
analyses, TUJU21 [119], nCTEQ15HQ(HiX) [120, 121], EPPS21 [122],nNNPDF3.0 [123], while
NNLO analyses with a smaller selection of data types now also exist [119,124,125]. A comparison
of the nuclear modification factors for nCTEQ15HQ [120], EPPS21 [122] and nNNPDF3.0 [123] is
shown in Fig. 18.5 where, for example, for the up quark RPb

u = ( ZP buP b+( AP b! ZP b)dP b)/ (ZP bup+
(AP b ! ZP b)dp) i.e. it involves “physical” nuclear PDFs and is normalised such that RPb

u = 1
corresponds to no nuclear e! ects.
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Figure 18.5: Comparison of the nNNPDF3.0, nCTEQ15HQ and EPPS21 nuclear PDFs. The
curves shown are ratios to the result in the limit of no nuclear corrections. Plot from NNPDF
collaboration (Juan Rojo – private communication).

Much of the heavy-nucleus data included are in the form of ratios to proton or deuteron mea-
surements. Initially most nuclear PDFs were related to a particular proton PDF via a nuclear
modification factor, i.e.

f p/A
i (x, Q2) = RA

i (x, Q2)f p
i (x, Q2). (18.30)

However, it is now common to parameterise the nuclear PDFs directly but so that they become
equal to proton PDFs in the limit A = 1 , and this approch has been adopted in [119–121, 123].
There is some variation in whether charged current neutrino DIS data is used as well as neutral
current DIS data since there is no clear compatibility in the modification factors obtained [126,127].
Recently, LHC data from vector boson production [128–131] in proton-lead collisions has been used
along with DIS data in most fits, though the most recent data [132] shows some tendency to
require NNLO corrections. LHC jet data [133] has been included in some fits [122,123] giving extra
constraint on the gluon within nuclei. Further information at smaller x values is also obtained
from heavy meson production at LHCb [134]. Single inclusive hadron production e.g. [135, 136],
is already sometimes used. All the PDF extractions above are based on the Hessian formulation,

1st December, 2023

• While  >> nuclear binding energy,  


• Nuclear modification factor:  


• Nuclear shadowing ( ), nuclear anti-shadowing ( ), EMC effect 
( ), Fermi motion ( ) → there are also quarks with .

Q2 fi/A(x, Q2) ≠ Z fi/p(x, Q2) + (A − Z )fi/n(x, Q2)

RA
i (x, Q2) =

fi/A(x, Q2)
Zfi/p(x, Q2) + (A − Z )fi/n(x, Q2)

x < 0.05 x ≈ 0.1
0.2 < x < 0.7 x > 0.7 xA > 1
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• How can one better determine nuclear PDFs? 


• The planned Electron-Ion Collider at Brookhaven National Lab in USA:

- wide  coverage

- measurements of longitudinal  directly sensitive to nuclear gluons

- first ever measurement of nuclear diffractive structure functions

x − Q2

FA
L (x, Q2)46
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Figure 6.4: The kinematic coverage of the EIC for DIS on nuclei compared to that of previous
experiments. The expected Ósaturation scaleÓQ2

s(x) for non-linear gluon dynamics in a large
nucleus is indicated by a red line [40Ð42].

One of the main goals of the physics program to be pursued at the EIC is to obtain
clear evidence for nonlinear QCD dynamics at a perturbative scale, Qs > 1 GeV,
from the energy dependence of DIS cross-sections, structure functions, and other
observables. This is predicted by the theory in the form of nonlinear evolution
equations. Discovery of saturation requires unambiguous experimental evidence
for these speciÞc nonlinear equations. While various features of the data from
proton-nucleus and heavy-ion collisions at RHIC and the LHC are consistent with
perturbative gluon saturation, there is nevertheless no consensus in the Þeld in
favor of them providing unambiguous evidence for nonlinear effects in the weak-
coupling regime. The EIC is expected to deliver a clean, direct measurement and
characterization of the gluon density in protons and nuclei, and how it depends
on energy and thickness of the target. The high-energy aspects of DIS on nuclei
have been presented more extensively in the White Paper [2], and are addressed in
Secs. 7.3.1 and 7.3.2.

Nuclear PDFs: Nuclear parton distribution functions (nPDF) describe the behavior
of bound partons in the nucleus. Like their free-proton counterparts, nPDFs are as-
sumed to be universal and are essential tools for understanding experimental data
from collider experiments. To date, there is no compelling evidence for violation
of the QCD factorization theorem [43] or violation of universality. Thus, precise
knowledge of PDFs in general, and nPDF in particular, becomes most relevant for
advancing our understanding of strong interactions in a nuclear medium and for
interpreting results from collider experiments. Moreover, nPDFs provide an essen-
tial foundation for understanding the hot Quark-Gluon Plasma (QGP) medium
produced in heavy-ion collisions at RHIC and the LHC, particularly for experi-
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Nuclear parton distributions (4/4)  
• Nuclear PDFs can be constrained in ultraperipheral 
collisions (UPCs) of heavy ions at LHC and RHIC.

• Direct evidence of large gluon 
shadowing down to  !x ≈ 10−5
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b! RA+RB

• Coherent J/𝜓 production probes 
the nuclear gluon distribution: 


σγ+A→J/ψ+A/dt ∝ [xgA(x, μ2)]2
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Fig. 2 Thedottedandcontinuous curvesare the LO and NLO predic-
tions, respectively, of ImA/ W2 for the#p ! J/ " + p amplitude,A, as
a function of the#p centre-of-mass energyW, obtained using CTEQ6.6
partons [8] (with input Q0 = 1.3 GeV) for the optimal scale choice
µ F = µ R = mc. Thetop three curvescorrespond to the NLO predic-
tion for various values of the residual factorisation scaleµ f , namely:
µ 2

f = 2m2
c, m2

c, Q2
0, respectively, wherem2

c " M2
" / 4 = 2.4 GeV2

ÔoptimumÕ scale choiceµ 2
F = µ 2

R = m2
c = M2

" / 4 = 2.4
GeV2.1 The choiceµ R = µ F is justiÞed in Sect.3.1.

1.2 Double counting

So for the QCD prediction to be useful we should search for
some other sizeable physical contribution to the NLO cor-
rection. Here we consider a power correction which may fur-
ther reduce the NLO correction and, moreover, may reduce
the sensitivity to the choice of scale. The correction is
O(Q2

0/ M2
" ) where Q0 denotes the input scale in the par-

ton evolution. It turns out to be important for the relatively
light charm quark,mc # M" / 2. Let us explain the origin of
this ÔQ0 correctionÕ. We begin with the collinear factorisa-
tion approach at LO. Here, we never consider parton distri-

1 Recall that the choicemc = M" / 2 effectively accounts for the rela-
tivistic corrections to theJ/ " wave function, see [6,7].

butions at low virtualities, that is, forQ2 < Q2
0. We start the

PDF evolution from some phenomenological PDF input at
Q2 = Q2

0. In other words, the contribution from|l 2| < Q2
0 of

Fig.3b (which can be considered as the LO diagram, Fig.3a,
supplemented by one step of DGLAP evolution from quark
to gluon, Pgq) is already included in the input gluon GPD
at Q0. That is, to avoid double counting, we must exclude
from the NLO diagram the contribution coming from virtu-
alities less thanQ2

0. At large scales,Q2 $ Q2
0, this double-

counting correction will give small power suppressed terms
of O(Q2

0/ Q2), since there is no infrared divergence in the
corresponding integrals. On the other hand, withQ0 % 1
GeV andµ F = mc (% M" / 2) a correction ofO(Q2

0/ m2
c)

may be crucial.
In the present paper we re-calculate the NLO contribution

for J/ " photoproduction excluding the contribution coming
from the low virtuality domain(< Q2

0). We Þnd that forJ/ "
this procedure substantially reduces the resulting NLO con-
tribution and, moreover, reduces the scale dependence of the
predictions. It indicates the convergence of the perturbative
series.

An outline of the procedure is given in [9], where also the
NLO description of exclusiveJ/ " production in thekT fac-
torisation and collinear factorisation schemes are compared.

2 Avoiding double counting of the low Q2 contribution

2.1 The NLO quark contribution

We start with the NLO quark contribution to the#p !
J/ " + p process. The corresponding Feynman diagrams
are that of Fig.3b together with the diagram where both glu-
ons couple to the same heavy-quark line. Here we will use
the non-relativistic approximation for theJ/ " wave func-
tion. Since the momentum fractions(x + $) and (x & $)
carried by the left and right quarks are different we have
to use the skewed (generalised) parton distribution (GPD),
Fq(x, $, Q2). The skewedness parameter$ = M2

" /( 2W2 &
M2

" ), whereW is the#p energy. We see that the upper part of

123

• Nuclear suppression factor 
 

from UPC data → direct measure of 
nuclear gluon distribution at small x.

SPb(x) = [σγA→J/ψA/σγA→J/ψA
IA ]1/2 = gA(x, μ2)/[Agp(x, μ2)]

16

FIG. 11: The EPPS21, nCTEQ15HQ, nNNPDF3.0, and modiÞed LTA results for Rg(x, Q 2
0) as a function of x at Q2

0 = 3 GeV 2

for 208 Pb and their comparison to the nuclear suppression factor SP b (x), see Fig. 9 for details.

for x ! 10! 3, the combinedd! AA " J/ ! AA /dy and ! " A " J/ ! A (W" p) data allow us to determineSP b(x) in the wide inter-
val 10! 5 < x < 0.05. In particular, the data favor SP b(x), which decreases with a decrease ofx in the 10! 4 < x < 0.01
interval. For x < 10! 4, both constant and decreasingSP b(x) can be accommodated by the data. We illustrate how
predictions based on di! erent Þt solutions described! AA " J/ ! AA /dy and ! " A " J/ ! A (W" p) used in the Þt as well the
experimental values ofSP b(x) derived from ! " A " J/ ! A (W" p).

We identify SP b(x) with Rg(x, Q2
0) = gA (x, Q2

0)/ [Agp(x, Q2
0)], where gA (x, Q2

0) and gp(x, Q2
0) are the gluon distribu-

tions in a nucleus and the proton, respectively, andQ2
0 = 3 GeV2 is the resolution scale set by the charm quark mass,

which allows us to interpret the UPC data in terms of nuclear PDFs. We Þnd that the leading twist approximation
(LTA) for nuclear shadowing provides a good description of all the data ond! AA " J/ ! AA /dy , ! " A " J/ ! A (W" p) and
SP b(x), which further supports the evidence of strong leading-twist gluon nuclear shadowing at smallx [5, 6]. One
should emphasize that the LTA description of SP b(x) at intermediate x " 10! 2 is also fair and demonstrate that it
can be further improved by dynamical modeling of the gluon antishadowing. In the opposite small-x limit, the small
correction for the impact parameter dependence of nuclear shadowing makes the agreement of the LTA predictions
with the experimental values for SP b(x) even more convincing.

Finally, we also show that within large uncertainties of modern state-of-the-art nuclear PDFs, the EPPS21 and
nNNPDF3.0 nuclear PDFs give a reasonable description ofSP b(x) in the entire range of x; the nCTEQ15HQ PDFs
with a weaker gluon shadowing somewhat overestimate the data forx < 10! 4.

Note that we used the ALICE data on the t dependence of coherentJ/ " photonuclear production [62] only indirectly,
as an argument supporting introduction of the R#

P b(x, Q2
0) correction factor, see Eq. (27). The full use of these data

requires a separate dedicated analysis, where the Þtting function contains additional free parameters modeling the#b
dependence of the nuclear suppression factor.
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• In QCD, the photon plays a dual role: 

- interacts directly with charged particles

- interacts through fluctuations into  pairs and vector mesons: qq̄
|γ⟩ = |γ⟩bare + coeff |qq̄⟩ + gρ |ρ⟩ + …

(a) ! (b) ! ! ! (c) ! ! V(J P C = 1"" )

direct resolved

point-like hadron-like

Fig. 2. The di! erent appearances of the photon. Shown are (a) the direct or
bare photon, and (b,c) the resolved photon, which can be either point-like, (b),
or hadron-like, (c).

For the production of quark pairs the situation is more complex, since the
spectrum of ßuctuations is richer, and QCD corrections have to betaken
into account. Therefore, the photon interactions receive several contributions
shown in Figure 2. The leading order contributions are discussed in detail. The
reactions of the photon are usually classiÞed depending on the object which
takes part in the hard interaction. If the photon directly, as a whole, takes part
in the hard interaction, as shown in Figure 2(a), then it does not reveal a struc-
ture. These reactions are called direct interactions and the photon is named
the direct, or the bare photon. If the photon Þrst ßuctuates into a hadronic
state which subsequently interacts, the processes are called resolved photon
processes and structure functions of the photon can be deÞned. The resolved
photon processes are further subdivided into two parts. The Þrst part, shown
in Figure 2(b), is perturbatively calculable, as explained in Section 3.4,and
called the contribution of the point-like, or the anomalousphoton. Here the
photon perturbatively splits into a quark pair of a certain relative transverse
momentum and subsequently one of the quarks takes part in the hard inter-
action, which for deep inelastic electron-photon scattering in leading order is
the process! ! q ! q. The second part, where the photon ßuctuates into a
hadronic state with the same quantum numbers as the photon, as shown in
Figure 2(c), is usually called thehadron-like, or hadronic contribution 4 . The
photon behaves like a hadron, and the hadron-like part of the hadronic pho-
ton structure function F "

2 can successfully be described by the vector meson
dominance model, VMD, considering the low mass vector mesons" , # and $,
as outlined in Section 3.5.

The leading order contributions are subject to QCD corrections due to the
coupling of quarks to gluons. The hadronic photon structure function F "

2 re-
ceives contributions both from the point-like part and from the hadron-like
part of the photon structure, discussed in detail in Section 3.4.

4 In this review the two parts of the resolved photon will be called point-like and
hadron-like to avoid confusion with the term hadronic structure function of the
photon which is used for the full F "

2 .

3

• Hadronic fluctuations in the form of vector mesons → vector meson 
dominance (VMD) model confirmed in  scattering and  annihilation:γp e+e−
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• Similarly to the proton case, the partonic structure of 
the photon hadronic component using DIS on photon in 

 annihilation.


• 

e+e−

d2σ
dx dQ2

=
2πα2

xQ4 [ (1 + (1 − y)2) Fγ
2(x, Q2) − y2Fγ

L(x, Q2)]

e

e

e

e

X

! !

!
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Fig. 53. The Þrst measurement ofF !
2 for

!
see > m Z . The structure function F !

2
is measured for four active ßavours in four bins inQ2 with mean values of (a)
"Q2# = 9 GeV 2, (b) "Q2# = 30 GeV2, (c) "Q2# = 14.5 GeV2, and (d) "Q2# =
59 GeV2. In (e) the measurement for the combined data sets of (a) and (c), and
in (f) the measurement for the combined data sets of (b) and (d) is shown. The
points represent the OPAL data with their statistical (inne r error bars) and total
errors (outer error bars). The tic marks at the top of the Þgures indicate the bin
boundaries. The data are compared to several predictions described in the text.

Bethe-Heitler formula, Eq. (41) forP2 = 0 and mc = 1.5 GeV. The estimate
of the hadron-like part of F !

2 is given by the hadron-like part of the GRV
leading order parametrisation ofF !

2 for four active ßavours, and evolved to
the corresponding values of"Q2#. It is known that the asymptotic solution has
deÞcits in the region of low-x, because of the divergences in the solution which
do not occur in the solution of the full evolution equations, as explained in
Section 3.4. However, the asymptotic solution has the appealing feature that it
is calculable in QCD, even at higher order and for mediumx and with increas-

102

• Very different from the behavior of the proton .F2(x, Q2)



Photon PDFs (3/7)

16

• In the quark parton model (QPM), one calculates  
through the ‘box’ diagram (note we can restore its logarithmic 
term by recalling the gluon-quark splitting function 

Fγ
2(x, Q2)

Pqg(z)
Fγ

2(x)
x

=
Ncαe.m.

π ∑
q

e4
q (x2 + (1 − x)2)ln ( Q2

m2
q

1 − x
x ) + 8x(1 − x) − 1

• In contrast to proton,  manifests strong scaling violations, even without 
gluon radiation → scaling violations are positive for all x.

Fγ
2(x, Q2)

OPAL (0.1 < x < 0.6)

AMY (0.3 < x < 0.8)

JADE (0.1 < x < 1.0)

DELPHI prl. (0.3 < x < 0.8)

TPC (0.3 < x < 0.6)

TOPAZ (0.3 < x < 0.8)

ALEPH (0.1 < x < 0.6)

L3 prl. (0.3 < x < 0.8)

PLUTO (0.3 < x < 0.8)

TASSO (0.2 < x < 0.8)

GRV LO (0.2 < x < 0.9)

GRV LO (0.3 < x < 0.8)

GRV LO (0.1 < x < 0.6)

SaS1D (0.1 < x < 0.6)

HO (0.1 < x < 0.6)

ASYM (0.1 < x < 0.6)

Q2 [GeV2]

F
! 2 

/ "

0
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1
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2
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Fig. 59. The measuredQ2 evolution of F !
2 at medium x. The data with their full

errors are compared to the predictions based on the leading order GRV and SaS1D
parametrisations and to a higher order prediction (HO), as well as to an augmented
asymptotic F !

2 (ASYM), both described in the text, all for the range 0.1 < x < 0.6.
In addition shown are the leading order GRV predictions for two other ranges inx,
0.2 < x < 0.9 and 0.3 < x < 0.8.

of x, 0.01 < x < 0.1 and 0.1 < x < 0.2, using theQ2 range of 1.2! 30 GeV2.
The results for the two regions are

F !
2 (Q2)/ ! = (0 .13± 0.01± 0.02) + (0.080± 0.009± 0.009) ln (Q2/ GeV2),

F !
2 (Q2)/ ! = (0 .04± 0.08± 0.08) + ( 0.13± 0.03± 0.03) ln (Q2/ GeV2),

with " 2/ dof of 0.69 and 0.13 for the central values. The results obtained by
the L3 experiment are consistent with the OPAL result, which is valid for
0.1 < x < 0.6.

112

• Another difference is the x 
dependence:  increases 
and does not go to 0 as .


• No Callan-Gross relation: 

Fγ
2(x, Q2)

x → 1

Fγ
L = Fγ

2(x) − 2xFγ
1(x) ≠ 0
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• Similarly to proton, one can calculate corrections to the quark parton model 
due to parton emission → modified DGLAP evolution equations: 


Q2 ∂
∂Q2 (

f γ
q(x, Q2)

f γ
g(x, Q2)) =

αe.m.

2π (
kq 0
0 kg) ⊗ (

f γ
q(Q2)

f γ
g(Q2)) +

αs

2π (
Pqq Pqg

Pgq Pgg) ⊗ (
f γ

q(Q2)

f γ
g(Q2))

• In addition to , ,  and  splittings, there is a 
 splitting → inhomogeneous term in the 

evolution equations: 


• The gluon 

qq qg gq gg
γ → qq̄

kq = 3nf⟨e2⟩2(x2 + (1 − x)2) + 𝒪(αs)

kg = 𝒪(αs)

• The  splitting also contributes to the  structure function 
calculated in factorization framework: 

, where 

γ → qq̄ Fγ
2(x, Q2)

Fγ
2(x, Q2) = ∑

i=q,q̄,g
∫

1

x
dξCi ( x

ξ
,

Q2

μ2
, αs(μ2)) f γ

i (ξ, μ2) +
αe.m.

4π
3nf⟨e4

q⟩Bγ(x)

Bγ(x) = 4[(x2 + (1 − x)2)ln
(

1 − x
x )

− 1 + 8x(1 − x)]
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• One can present the solution of the evolution equations as 
, but it is impractical because  for large x.


• To avoid numerical instabilities in global QCD analyses of photon PDFs, 
absorb the point-like contribution into the definition of PDFs                             
→ DIS𝛾 factorization scheme: 

     ,                                                           
 


• In this scheme,  has the form of proton  → one can use 
machinery of global QCD fits developed for proton.

f γ
i (x, Q2) = f γ

i,pl(x, Q2) + qγ
i,had(x, Q2) Bγ < 0

(qγ(x) + q̄γ(x))DISγ
= (qγ(x) + q̄γ(x))MS + e2

q
3α
4π

Bγ(x)
gγ(x)DISγ

= gγ(x)MS

Fγ
2(x, Q2) F2(x, Q2)

• Like in proton case, momentum sum rule, but it depends on 

 → 

 

Q2

∫
1

0
dxx ∑

q

f γ
q(x, Q2) + f γ

g(x, Q2) + fγ/γ(x, Q2) = 1

∫
1

0
dxx ∑

q

f γ
q(x, Q2) + f γ

g(x, Q2) =
αe.m.

π ∑
q

e2
q log(Q2/4 GeV2)
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• Global QCD fits to  data → photon PDFs at NLO accuracy, Nisius, Phys. 
Rept. 332 (2000) 165-317 [arXiv:hep-ex/9912049; Cornet, Jankowski, Krawczyk, PRD 70 (2004) 093004.

Fγ
2(x, Q2)

Figure 14: Comparison of the NLO parton densities predicted by CJKNLO and
FFNSCJK 1 NLO models and by GRV NLO [7], GRS NLO [8] and AFG NLO [43]
parametrizations at Q2 = 10 GeV2, as a function ofx.
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Figure 14: Comparison of the NLO parton densities predicted by CJKNLO and
FFNSCJK 1 NLO models and by GRV NLO [7], GRS NLO [8] and AFG NLO [43]
parametrizations at Q2 = 10 GeV2, as a function ofx.
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• Photon PDFs for the resolved-photon contribution for dijet photoproduction in 
 scattering HERA  → also in UPCs at LHC and  scattering at EIC.ep eA

3 The dual nature of the photon

3.1 Resolved and direct

Photoproduction occurs in a lepton-proton collider such as HERA when a quasi-real
photon, emitted from the incoming positron, collides with a parton from the incoming
proton. At HERA, the majority of photoproduction processes are peripheral collisions
at low transverse momentum where the products of the collision continue in the general
direction of travel of the incoming particles. However, as discussed in the previous chapter,
in a subset of events short distance processes occur which involvea hard scatter and the
production of jets. In direct photoproduction, the simplest such process, the photon acts
as a pointlike object and couples to the quarks in the proton. As discussed in Section 2.2,
the photon can also act as a source of partons, one or more of which interacts with a
parton in the proton; this is called theresolvedprocess.

Examples of hard scattering processes are shown in Fig. 3. High transverse momentum
photoproduction process are calculated to next-to-leading order in QCD. The photon
structure describes the probability of Þnding a parton in the photon with a momentum
fraction, x! , at a scaleET . Parametrisations of the photon structure incorporate both
the VDM and anomalous components. At high enough scales, the VDMcomponent is
negligible and the photon structure function can be fully calculated inQCD [41].

!

p

e

g

e

p

!

g

(a) (b)

Figure 3: Examples of direct and resolved dijet photoproduction diagrams in
LO QCD. (a) shows a boson-gluon fusion (BGF) process. The other direct pro-
cess is QCD Compton scattering. (b) shows one of many possible resolved photon
diagrams, which may involve quarks and gluons from the photon and the proton.

To test this perturbative picture, the direct component was searched for in photon-hadron

12

HERA dijet photoproduction
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Figure 11: H1 and ZEUS measurements ofd! /dx obs
! at highE jet

T . The data [55,56]
are compared to the NLO QCD program of Frixione and RidolÞ [30].
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• Direct photon and resolved 
photon contributions → can be 
separated using dependence on

 xγ =
1

2Eey (ET,1e−η1 + ET,2e−η2)



Instead of Summary (1/2)

21

• With these lectures, I just scratched the surface of a vast and active field of 
PDFs in QCD. The field is evolving in three directions:


• Precision: work toward N3LO global QCD fits, use of neural networks, and 
elaborate methods of statistical analysis. 


• Imaging: generalized parton distributions (GPDs) from deeply virtual 
Compton scattering (DVCS) and exclusive meson production → GPDs contain 
info on elastic form factors and PDFs → 3D image of the nucleon/nucleus.

imageof partonsin ahadron.

The usualpartondensitiesare obtainedin this picture by setting ! = 0 and integrating over
the transverseposition b! . Furtheranalysisshows that the ÔblobsÕin Fig. 2 representthe light-cone
wave functionsof theincomingor theoutgoingproton[10]. This highlightsanotherdifferencebetween
GPDsandtheir forwardlimit. Usualpartondensitiesaregivenby squaredwave functionsandtherefore
representprobabilities. In contrast,GPDscorrelatewave functionsfor differentpartonconÞgurations
andthusaregenuinelyquantum-mechanicalinterferenceterms. In region (b) they coherentlyprobeqøq
pairswithin thetarget.

Thereis an increasingamountof effort to betterunderstandthe dynamicsof GPDsby various
strategiesof modellingthem,arecentoverview is givenin Ref.[11]. Amongmany interestingfeaturesis
thepossibility to treatthesequantitieswith methodsof chiral perturbationtheoryandthusto investigate
therole of chiral symmetryandits breakingin nucleonstructure.Much remainsto bedonein this area:
therich physicscontentof GPDsis mirroredin aconsiderablecomplexity of their behaviour onx, ! and
t. Theoreticalideaswill have to betestedagainsttheconstraintsfrom data.

2. HOW TO MEASURE GENERALIZED PARTON DISTRIB UTIONS?

Theappearanceof GPDsin exclusive scatteringprocessesis establishedby factorizationtheorems[12],
which arevery similar to thosefor inclusive processessuchasDIS or DrellÐYan pair production. The
foremostexampleis DVCS shown in Fig. 1. It is the processwhosetheoryis mostadvanced,andthe
one which is probably the cleanestfor extracting information on the unknown distributions. A large
classof otherreactionsis provided by mesonproduction,seeFig. 3. It providesa wealthof different
channelsandthusa handleto disentangleGPDsfor differentquarkßavoursandfor gluonsandto test
theuniversalityof theextractedfunctions.Thecomparatively largecrosssectionsof somechannels(for
instancetheproductionof " 0 mesons)will allow detailedstudiesin severalkinematicalvariables.Onthe
otherhandthecomplexity of theseprocesses,containingnonperturbative informationon boththetarget
andtheproducedmeson,makesthemmoredifÞcult to analyse.Also, thereis reasonto believe that the
valuesof Q2 wherethe simple factorizeddescriptionof Fig. 3 is adequate,are larger thanfor DVCS,
maybe10 GeV2 andmore.

Fortunatelytherearepredictionsof factorizationwhich canbetesteddirectly in thedata,without
previousknowledgeof thenonperturbative functionsoneaimsto extract. In thelimit of largeQ2 atÞxed
Bjorken variablexB and Þxed t, the amplitudefor #" p ! #p shouldbecomeindependentof Q2 up
to logarithmiccorrections;this is thepreciseanalogof Bjorkenscalingfor DIS. Theanalogousscaling
predictedfor the mesonproductionamplitudeis like 1/Q . In practicesuchtestsrequirea sufÞciently
large lever arm in Q2 at Þxed xB : for this the rather high beamenergy of COMPASS presentsan
importantadvantage. A further predictionconcernsthe helicity structureof the process:at large Q2

thedominantamplitudesfor DVCS arefor a transverse#" , whereasfor mesonproductionlongitudinal
#" andlongitudinalmesonpolarizationshoulddominate.Otherpolarizationsaresuppressedby further

(a) (b)

Fig. 3: Diagramsfor mesonleptoproductionwith (a)gluonand(b) quarkexchangewith thetarget.

Õ
Õ

µ
µ
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p pÕ

!
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Fig. 4: Diagramsfor the(a)Comptonand(b) theBetheÐHeitlerprocesses,contributing to leptoproductionµp ! µp! .

powersof 1/Q . Themesonpolarizationis experimentallyaccessiblefrom thedecayangulardistribution
if the mesondecays(for instance! 0 ! " + " ! ). Informationon the polarizationof the virtual photon
is containedin the azimuthalangle# betweenthe hadronandthe leptonplanesin the leptoproduction
processµp ! µp! , µp ! µp$, etc. This anglecorrespondsin fact to a rotationaroundthemomentum
of theexchanged$" andis henceintricatelyrelatedwith theangularmomentumalongthis direction.

Thecleanestandmostdetailedaccessto theexclusive dynamicsat amplitudelevel is possiblein
DVCS. In this casenot only Comptonscattering(Fig. 4a) but alsothe BetheÐHeitlerprocess(Fig. 4b)
contribute to theleptoproductionamplitude.Which mechanismdominatesat givenQ2 andxB depends
mainly on the leptonbeamenergy E! . Largevaluesof 1/y = 2mpE! xB /Q 2 favour DVCS andsmall
valuesof 1/y favourBetheÐHeitler. TheBetheÐHeitlerprocessiscompletelycalculablein QED,together
with our knowledgeof theelasticprotonform factorsat small t.

In kinematicswheretheBetheÐHeitleramplitudeis sizeable,onecanusethe interferenceof the
two processesto gain information aboutthe Comptonamplitude,including its phase. This is highly
valuablesinceGPDsenterthe$" p amplitudethroughintegralsof thetype

!
dx

H (x, %, t)
x " %+ i&

. (2)

SinceGPDsarereal-valueddueto timereversalinvariance,therealandimaginarypartsof thisexpression
containverydistinct informationonH . This informationcanbeaccessedin suitableobservables,which
canbe identiÞedby using the structureof the BetheÐHeitlerandComptonprocessesat large Q2 and
small t, but without knowledgeof theunknown Comptonamplitudes[13]. To seehow this workslet us
consideranunpolarizedtargetanddiscussthedependenceof thecrosssectionon theangle#, andonthe
chargee! andlongitudinalpolarizationP! of themuonbeam.Weschematicallyhave

d' (µp ! µp$)
d#

= ABH (cos(#), cos(2#), cos(3#), cos(4#))

+ AINT (cos(#), cos(2#))
"

e!

#
c1 cos(#) ReA($"

T ) + c2 cos(2#) ReA($"
L ) + . . .

$

+ e! P!

#
s1 sin(#) ImA($"

T ) + s2 sin(2#) ImA($"
L )

$%

+ AVCS(cos(#), cos(2#), P! sin(#)) , (3)

whereABH , AINT , ci , si areknown expressionsandA represents$" p ! $p amplitudesfor different
$" polarization.The. . . in bracketsstandfor a #-independenttermanda termwith cos(3#). Both are
expectedto besmall in the kinematicsunderstudybut canreadily be includedin a full analysis.With
muonbeamsonenaturallyreversesbothchargeandhelicity atonce,but weseehow all four expressions
in the interferencecanbe separated:in the crosssectiondifference' (µ+ ) " ' (µ! ) the BetheÐHeitler

Generalized Parton Distributions

Form Factors GPDs PDFs

Z.Ye, DESY, Jan 25, 2007 Ð p.5
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• Inclusion of elements of BFKL physics. E.g., small-x resummation in 
coefficient functions and parton splitting function in global QCD fits of proton 
PDFs → extension of applicability for low x, Ball, Bertone, Bonvini, Marzani, Rojo, Rottoli, EPJ C 
(2018) 78:321

321 Page 30 of 52 Eur. Phys. J. C (2018) 78 :321

that the uncertainties are gaussian, which is not necessarily
true in a Monte Carlo Þt. Therefore, this comparison must be
interpreted with care.

From this comparison, we see that forx ! 5 ! 10" 4 the
results of the NNLO and NNLO+NLLx Þts are essentially
identical; in both cases, the theoretical predictions under-
shoot the data. The trend changes for values ofx smaller
than 5! 10" 4, where the NNLO and the NNLO+NLLx pre-
dictions start to differ. Around this value, we observe that the
reduced cross-section exhibits a slope change too: the data
stop rising and, after a turnover, the reduced cross-section
starts decreasing. As a result, the NNLO prediction starts to
overshoot the data, whereas the NNLO+NLLx prediction is
in reasonable agreement with the data forx " 10" 4. It is
worth observing that the differences between the NNLO and
NNLO+NLLx predictions are relatively small and concern
only a limited number of points. By looking at the bottom
panels in Fig.20, where we show the ratio to the experimen-
tal data, we see that the two predictions differ by at most 10%
and only for the smallest values ofx. Yet the combined HERA
dataset is so precise that the improvement in the description
provided by small-x resummation is clearly visible at the! 2

level, as was shown in Table4, and will be discussed further
below in Sect.5.2.

The improved description of the inclusive reduced cross-
section data at smallx can be in part traced back to the role
of the longitudinal structure functionFL(x, Q). As reviewed
in Sect.2, FL is particularly sensitive to the effects of small-
x resummation, and in particular to deviations from the
DGLAP framework. The reason is that it vanishes at the Born
level, and therefore it receives gluon-initiated contributions
already at its Þrst non-trivial order. As shown in Fig.5, the
differences between the NNLO and NNLO+NLLx can be as
large as# 30% at the lowestx andQ2 bins for which there are
data available. As a consequence, at smallx and smallQ2 the
contribution ofFL to " r,NC can be signiÞcant, see Eq. (5.1),
thus partly explaining the differences between the NNLO and
NNLO+NLLx predictions observed in Fig.20. Therefore, it
is useful to compare the predictions also for the longitudinal
structure functionFL in the NNLO and NNLO+NLLx Þts.

In Fig.21we compare the latest measurements ofFL from
the H1 collaboration [188]5 with the predictions from the
NNPDF3.1sx NNLO and NNLO+NLLx Þts. Note that our
Þts already include the constraints fromFL, not directly but
rather via its contribution to the NC reduced cross-section,
Eq. (5.1). In this comparison, the experimental uncertainties
have been added in quadrature, and each value ofQ2 cor-
responds to a differentx bin as indicated in the plot. The

5 The FL structure function has also been measured by the ZEUS col-
laboration [189], but with a reduced kinematic coverage of the small-x
region. The ZEUS measurement is in mild tension with the H1 mea-
surement, though it is affected by larger experimental uncertainties.

Fig. 21 The longitudinal structure functionFL(x, Q2) as a function
of Q2 for different x bins for the most recent H1 measurement [188],
comparing the results of the NNLO and NNLO+NLLx Þts

NNPDF3.1sx results are shown down to the smallest scale
for which one can reliably compute a prediction,6 which is
set by the initial parametrization scaleQ2

0 = 2.69 GeV2.
We see that forQ2 " 100 GeV2 there are signiÞcant

differences between the NNLO+NLLx and the NNLO pre-
dictions, which can be traced back to a combination of the
corresponding differences for the input small-x gluon and
those in the splitting and coefÞcient functions (see Fig.5).
The NNLO+NLLx result is larger than the NNLO result by
a signiÞcant amount: atQ2 $ 10 GeV2, the resummed cal-
culation is more than a factor 2 larger than the NNLO result.
Moreover, while at NNLOFL starts becoming negative at
small x and Q2 (below the scale where the positivity con-
straints are imposed in the NNPDF Þts) the NNLO+NLLx
result instead exhibits a ßat behavior even for the smallest
values ofQ2. The larger value ofFL with the NNLO+NLLx
theory leads to a lower reduced cross-section at highy, with
a more pronounced turnover, thus giving a better description
of " r,NC at smallx, as shown in Fig.20.

Finally, in Fig.22we show a similar comparison to that of
Fig. 20, this time for the HERA charm-production reduced
cross-sections. Here we also show the twoQ2 bins about the
lower Q2

min cut, which in this case correspond to theQ2 = 5
and 7 GeV2 bins. We Þnd that especially for the bin with
Q2 = 5 GeV2, the NNLO+NNLx prediction agrees well
with the HERA data while the NNLO one overshoots it. We
remind the reader again that these graphical comparisons do
not take into account the correlations between systematic
uncertainties. The large difference between the! 2 at NNLO
and at NNLO+NLLx is therefore only partially captured by
Fig. 22. As we shall see in greater detail in Sect.5.2, also
in this case the deterioration of the NNLO! 2 with respect

6 The H1 measurement includes three further bins at smallQ2, reaching
down toQ2 = 1.5 GeV2.
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