
HOMEWORK FOR LECTURE 3

Problems marked * will be discussed during the Exercise session on Thursday.

1. (a*) Verify that the map Φ: U+
q (g) → F given by

Φ(x) =
k∈N∑

i1,...,ik∈I

[
k∏

a=1

(q−1
ia

− qia)

]〈
x, fi1 . . . fik

〉
· [i1 . . . ik]

is indeed an algebra homomorphism, and deduce that it is actually an embedding.

(b) Show that the image of the embedding Φ consists of all

k∈N∑
i1,...,ik∈I

γ(i1 . . . ik) · [i1 . . . ik]

where the constants γ(i1 . . . ik) ∈ C(q) vanish for all but finitely many values of k and satisfy

1−aij∑
s=0

(−1)s
(
1− aij

s

)
i

γ

w i . . . i︸ ︷︷ ︸
1−aij−s symbols

j i . . . i︸ ︷︷ ︸
s symbols

w′

 = 0

for any i ̸= j ∈ I and any words w,w′.

2*. Verify that the map ι : S+ → FL given by

ι(R) =

k∈N∑
i1,...,ik∈I
d1,...,dk∈Z

[
k∏

a=1

(q−1
ia

− qia)

]〈
R, fi1,−d1 . . . fik,−dk

〉
·
[
i
(d1)
1 . . . i

(dk)
k

]

=

k∈N∑
i1,...,ik∈I
d1,...,dk∈Z

[
i
(d1)
1 . . . i

(dk)
k

]
·
∫
|z1|≪···≪|zk|

R(z1, . . . , zk)z
−d1
1 . . . z−dk

k∏
1≤a<b≤k ζiaib(za/zb)

is indeed an algebra homomorphism, and deduce that it is actually an embedding.

3. (a) Compute standard Lyndon words for type An (as well as Bn, Cn, Dn) with the order
1 < 2 < . . . < n on the underlying alphabet I = {1, . . . , n}.

(b) Compute standard Lyndon loop words for type A
(1)
2 (more generally A

(1)
n ) with the order

i(d) < j(e) ⇐⇒ d > e or d = e and i < j.

on the underlying alphabet I = {1(d), 2(d)}d∈Z (resp. I = {i(d)}d∈Z1≤i≤n).

(c) Compute standard Lyndon affine words for type A
(1)
1 (resp. A

(1)
2 ) with the order 1 < 0

(resp. 1 < 2 < 0) on the underlying alphabet Î = {0, 1} (resp. Î = {0, 1, 2}).
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