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feld associater

®: Drinfeld associator (with coup. const. 1) EEN

o & =0(x,y) = exp(L[x.y] + ) € exp(liez)
e O satisfies the pentagon and hexagon equations.

Free and transitive actions of two groups

GT; ~ Assy := {Drinfeld associators} «~ GRT;
Drinfeld associators ~~ a comb. const. of the Kontsevich inv.
Bar-Natan ('98): 3D topological interpretation

Ass; = { “expansion” of the category PaB }
par. braids

3
)] < PaB(s(s(ss)). (s8)(e9))
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Emergent version of Drinfeld—Kohno Lie algebra

Remark. &(t12, ta3) hes O(—t13 — to3, t3)

Hence, the both sides of the pentagon lies in exp(dAkz_z), where

dko o = ()ﬂ ti3, ta, b3, toa, t3a) C dkg

|/
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We see 2-braids on D?\ {2 points}.

The emergent condition: t34 twice vanishes.
Def.—Lem. edka := dkapo/[(t3a), (tsa)] = liex & liex & asso[—1]

The Lie bracket: via “partial derivatives” 0,0, : lie; — ass,. s

Main result

krv, := the set of (a, b) € lie;? satisfying

(LKV1) [x,a] + [y,b] =0

(LKV2) there exists f(s) € Q[[s]] such that

X(0ha) +y(Ob) | = FGcty) = ()~ ()
Thm. For ¢ € grt§™, v°™(y) = (o(y.x), ¢(x.y)) € krva.
Thm. Im(v™) = krvy™ = {(a, b) € krva | b(y.x) = a(x.y)}
In particular, grt{™ = krv3"™ has a graded Lie alg. structure.
(1) Conj. (Deligne-Drinfeld): grt, = lie(o3, 05,07, ...)
(2) Conj. (Alekseev—Torossian): krv, = thl = v(grty)
eg.

(3) open: k™ = = krv, 13/15

Happy birthday!

| first met Dror in 2015, in Les Diablerets.

For me, this project began in the summer of 2023, when Dror
stayed in Tsuda for two months as a visiting professor.

Happy birthday!
CEEBHOTESTTVET.
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Kashiwara—Vergne(KV) problem(/conj./thm.)

: For F € tAut(lie;),

KV equation(Alekseev—Torossian('12))
(KV1) F(x+y) = bch(x.y)(= log(e*e"))
(KV2) j(F) = f(x+y)—f(x)—f(y) (divergence cond.)
KV, ~ SolKV := {solution to (KV1), (KV2)} ~ KRV,

Bar-Natan—Dancso ('16): 4D topological interpretation
SolKV = {“expansion” of wTF°}

weded foams
Alekseev-Kawazumi-K—Naef ('18): 2D topological interp.
SolKV = { “expansion” of the Goldman—Turaev Lie bialg. of Y03}
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Emergent pentagon equation
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The linearized ver. of the pentagon in edk,: for ¢ € liey,

{ H,0) = 4lx +7,0) =0
)+

(9y2)(x.y) + (9y9)(v,0) = (Oy)(x +¥.0) = R(p) =0
Here, R : lie; — ass; is given by R(x) = R(y) =0,

R([u. v]) = [R(u),v] + [u, R(V)]+(Dxv)xTts — (D) xTrv

+ (similar term in y)
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Comments on proof and other related works

The main part of the emergent linearized pentagon eqn.:
(9,9)(x,¥) + (9,9)(y,0) = (D) (x +,0) = R() = 0
o R <« self-intersections of loops (cf. Massuyeau ('18)).
o Use AKKN ('18) to relate KV and loop operations.
Other related works

o Alekseev—Naef-Ren (2409.08894)

o Ren (2504.17416)

o Bar-Natan-Dancso-Hogan-Liu-Scherich (2509.20983)
o Navarro-Betancourt (2512.04091)
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Today: the linearized version.

Associators and Kashiwara—Vergne

Alekseev—Torossian ('12) and A-Enriquez—T (
GT;¢ KV2
Ass;—— SolKV
GRT;"—————————— KRV,

There is also an explicit map
v : grt; = Lie(GRT;) < krv, = Lie(KRV,).

Main result. (1) to introduce grt§™ and decompose v:

em

grt; = grty S krva.

(2) to determine the image of ™.

The category of parenthesized emergent braids

PaMB: a two-colored version of PaB

Y
X A 1><[

Thm. (BNDHKL, in progress) A finite presentation of PaMB.

[0} o

The emergent ver. of PaB:
PaEB = PaMB/? := PaMB /(X )

Remark. The associated graded structure: edk,,, gen. by

| ‘ Hn 11/15

We introduced the graded space grt®™ as solutions € lie, to

@(y.0) = p(x+y,0)=0
(9y0)(x. y) + (9y0)(y:0) = () (x +y,0) — R(y) =0,
oy, )]+ Iy, elx,y)] = 0.
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(krv) sz

?

grty

1°

gty == (")
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Emergent knotted objects

Y an oriented surface

Ky := {knots in ¥ x [0, 1]} #(X) := {loops in L}

“Lift" is ill defined, but it is not meaningless.

It lies behind the Goldman—Turaev loop operations.

Vassiliev filtration:

QKs D Vi DDV, =span{ X — Xiniplaces } D---
QKsy — - = QKy/V, — QK5/Vi = Q#(X)
knots emergent knots non-knots

Bar-Natan: in 3‘\/525 just a bit of knot theory begins to emerge. 4/15

Drinfeld-Kohno Lie algebra and the pentagon eq.

lie(ty = t;, 1 < i< j < n)

dk, ==
" commutation, 4T

Sy
1 Jn
commutation: [t;. tiy] = 0, 4T: [t;, ty + ti] =0
Drinfeld's pentagon equation: In exp(cﬂu),
D(t12, 123)O(t1(23), ta3)a) P(t3, t3a) = D(t12)3, t34) P (12, taaa))-

Here, t1(23) = t1n + t13, etc.
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The emergent Grothendieck—Teichmiiller “space”

I/:/|
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grts™ = the set of p € lie; = edk,; sat. the corresp. 5-gon &
[x. oy, x)] + [y o(x.y)l = 0. (VS)

The source: a certain symmetry assump. and hexagonal eq..

Remarks. (1) the emergent 5-gon implies (VS) in deg < 17.
(2)There are several emergent pentagons.

By construction, we have

grt, — grtt™, = (—x—y,y)

Remark. grt; = grt{™ up to degree 17. 12/18



