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Happy Birthday!
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Vogel plane

Dror: What are Jacobi diagrams?

“ ´ (AS)

´ ` “ 0 (IHX)

Pierre Vogel: All quadratic simple Lie
super-algebras have at most three non-trivial
summands in Sym2

pgq:

Sym2
pgq “ 1 ‘ X1 ‘ X2 ‘ X3.

Eigenvalues for the ladder operator on X1,X2,X3 give
parameters α, β, γ.
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Exceptional polynomial (?)

ξp31q “ d
`

´v 60
` v 60w´2

` v 58w 2
´ v 58

` v 56
´ v 56w´2

´ v 54w 2
´ v 52

` v 52w´2

` v 50w 2
´ v 50w´2

` v 50w´4
´ v 48w 2

` 3v 48
´ v 48w´2

` v 46w 4
´ v 46w 2

` v 46
` v 46w´2

` v 44w 2
´ 2v 44

` v 44w´2
` v 42w 2

´ v 42w´2
´ v 40w 2

` v 40
´ v 40w´2

´ v 40w´4
´ v 38w 2

´ v 38
` v 38w´2

´ v 38w´4
´ v 36w 4

` v 36w 2
´ 2v 36

´ v 34w 4
´ v 34w´2

´ v 32w 2
` v 32

` v 30w´2
` v 28w 2

` v 28w´4
` v 26

` v 24w 4
` v 24˘

Symmetry: w Ø v{w
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Exceptional algebras
Deligne, Cvitanović: Exceptional algebras are simple quadratic Lie
algebras. . .

“ D “ 0

“ 6 “ 3

“ “ ´

´ ` “ 0

. . . that only have two non-triv summands in Sym2
pgq:

“ 2
ˆ

`

˙

´2λp1´λq

ˆ

` `

˙

.

Here D “ ´2 pλ`5qp6´λq

λp1´λq
. Normalizations and change of variables gave nice

formulas above.

λ Supergroup

´5 Trivial group
´4 SOSpp1|2q

´3 PSLp2q

´2 PSLp3q ¸ Z{2
´3{2 G2

´1 PSOp8q ¸ S3

´2{3 F4

´1{2 E adj
6 ¸ Z{2

´1{3 E adj
7

´1{5 E8
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Quantized exceptional algebras

A quantized exceptional algebra has n-box spaces of
dimension 1, 0, 1, 1,ď 5 for n “ 0, 1, 2, 3, 4.
Such a ribbon category satisfies

“ d “ 0

“ b “ t

“ v 12
“ ´v 6

v´3
` v ´ v´1

` α

«

` v 4
` v´4

ff

“ 0.
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Quantized exceptional algebras

A quantized exceptional algebra has n-box spaces of
dimension 1, 0, 1, 1,ď 5 for n “ 0, 1, 2, 3, 4.
Such a ribbon category satisfies (for v 10 ‰ 1 and v 12 ‰ 1)

“ d “ 0

“ b “ t

“ v 12
“ ´v 6

v´3
` v ´ v´1

´
rλsrλ ´ 1s

r1s

«

` v 4
` v´4

ff

“ 0.

“w “ vλ”

rkλ ` ns :“ w kvn
´ w´kv´n

d “ ´
r4srλ ` 5srλ ´ 6s

r2srλsrλ ´ 1s

b “
r2λ ` 4sr2λ ´ 6sr3s

rλ ` 2srλ ´ 3sr1s

t “ pv ` v´1
q
`

pv ` v´1
qpw 2v´1

` w´2vq

` v 4
´ v 2

´ 1 ´ v´2
` v´4˘
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Exceptional parameter space
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Symmetries:

w Ø ´w (1)
w Ø v{w (2)
v Ø ´v b Ø ´b (3)

v Ø v´1 w Ø w´1 (4)

(1) is unconditional.
(2) is unconditional, corresponding to λ Ø 1 ´ λ.
(3) rescales trivalent vertices.
(4) reverses orientation.

Dylan Thurston Towards the Quantum Exceptional Series



Decomposition formulae

Classically, we have decompositions:

Sym2 g » 1 ‘ Y2 ‘ Y 1
2

ľ2
g » g ‘ X2

Sym3 g » g ‘ X2 ‘ A ‘ Y3 ‘ Y 1
3 rp2, 1qsg » 2g ‘ X2 ‘ Y2 ‘ Y 1

2 ‘ A ‘ C ‘ C 1

ľ3
g » 1 ‘ X2 ‘ Y2 ‘ Y 1

2 ‘ X3 Y2 b g » g ‘ X2 ‘ Y2 ‘ A ‘ Y3 ‘ C

d “ dimq g “ ´
r4srλ ` 5srλ ´ 6s

r2srλsrλ ´ 1s
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Quantum dimensions
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Conjectures

Conjecture (Classical sufficiency)

So long as a certain finite set of non-zero
polynomials in λ are invertible, the space of
n-boundary point diagrams in ExcR,λ is finitely
generated as an R-module for every n.

Conjecture (Classical consistency)

So long as a certain finite set of non-zero
polynomials in λ are invertible in R , then R injects
into ExcR,λp0q as multiples of the empty diagram.

Let P be

P :“ tv ,w , r4s{r1s, r6s{r1s, rλs, r1 ´ λsu.

Conjecture (Quantum sufficiency)

If the polynomials in P are invertible in R , the space
of n-boundary point diagrams in QExcR,v ,w is finitely
generated as an R-module for every n.

Conjecture (Quantum consistency)

So long as the polynomials in P are invertible, R
injects into QExcR,v ,w as multiples of the empty
diagram.
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