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1. Kontsevich integral 1/4

I stayed MPIM in Bonn from Sep. 1992 to May 1993.

1. Kontsevich integral 2/4

• Chord diagram

Four term relation Framing indep. relation
• Iterated integral
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Quantum Invariants and Low-Dimensional Topology
18-27 July 1995. Aarhus, Denmark

• LMO invariant
(T. Le, J. M., T. Ohtsuki)

• Aarhus integral
(D. Bar-Natan, S. Garoufalidis, L. Rozansky, D.

Thurston)
These are constructed at this occasion. Both are generalization of
the Kontsevich integral to a three manifold invariant, which are
essentially the same.

• Universal for finite type invariants of three manifolds
• Universal for quantum invariants
• Generalized to TQFT
�! representations of mapping class groups of surfaces

Basic tool: Jacobi diagram  � IHX relation, AS relation

3. Complexified tetrahedrons 1/7

Complexify the parameter at edges (angles and lengths) of a
generalized tetrahedron.

• Generalized tetrahedron

(ideal)
tetrahedron

�!

truncated
tetrahedron

�!

ideal
octahedron

�!

doubly truncated
tetrahedron

• Complexified tetrahedron: i ✓ ! `✓ + i ✓, ` ! `+ i ✓`.

�!

Remark. Faces are not flat.

3. Complexified tetrahedron 5/7

Double twist knot Dp,r
• Fundamental group (assume p, r : even)
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• Representation ⇢ : ⇡1(S3 \ B)! SL(2,C)
• Fixed points

p1 = fix(⇢(g1)), p2 = fix(⇢(g2)), p3 = fix(⇢(g3)), p4 = fix(⇢(g4)),

q1, q0
1 = fix(⇢(g23)), q2, q0

2 = fix(⇢(g12)) 2 @H3

• Observaton
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.. . .  !

Half of the fundamental domain.
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Volume conjecture. The following holds.

2⇡ lim
N!1

log (VN�1(K))

N = Vol(K) + i CS(K).◆ ⇣
✓ ⌘
Theorem
Volume conjecture holds for double twist knots and links.

Proof.
Follow Ohtsuki’s strategy.

1 Replace quantum factorials by quantum dilogarithm functions.
2 Convert sum to integral by using Poisson sum formula.
3 Apply the saddle point method (have to check the condition).

Here we use the expression of the colored Jones invariant in terms of
the quantum 6j-symbol instead of the quantum R-matrix.
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Values at the saddle points: (p = 6, r = 2)
m1 = 0, m2 = 0 : 7.3277... (Vol(S3 \ B)),
m1 = 1, m2 = 0 : 6.7847... (Vol(S3 \ W6)), vanish by big cancellation
m1 = 0, m2 = 1 : 3.6638... (Vol(S3 \ W2)),

m1 = 1, m2 = 1 : 3.4272... (Vol(S3 \ K6,2)?). Largest surviving value.

Check the condition for the saddle point method.
Push the integral region along real axes toward the saddle point.
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