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Happy Birthday! Dror!

Mar. 2003, Johns Hopkins University, Baltimore, USA,
”Conference on Primes and Knots” —Wearing no shoes.
Jan-Apr. 2013, Newton Institute, Cambridge, UK,
”GT groups, Deformation and Operads” — His nice gifts.
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Stimulated papers

D. Bar-Natan, Non-associative tangles, AMS,
Providence, RI, (1997)
D. Bar-Natan, On associators and the
Grothendieck-Teichmüller group I, Selecta
Mathematica, New Series 4 (1998)
V. G. Drinfel’d, On quasitriangular quasi-Hopf
algebras and a group closely connected with
Gal(Q/Q), Leningrad Math. J. 2 (1991)
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Plan

1 Profinite Knots

2 GT-action

Reference: H. Furusho, Galois action on knots I,
Quantum Topol. 8 (2017)
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Profinite Knots

Section 1:
Profinite Knots
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Profinite Knots

Tangles

Definition: A tangle means smooth embedded
oriented intervals [0, 1] and circles in [0, 1] × C with
endpoints on the bottom and top planes.

knot
link braid tangle
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Profinite Knots

ABC-construction
Definition: A profinite tangle diagram is a consistent
finite sequence of elements of the following sets:

A :=
{
aε

k,l

∣∣∣ ε = (εi)k+l+1
i=1

∈ {↑, ↓}k × {y,x} × {↑, ↓}l, k, l ⩾ 0
}
,

B̂ :=
{
bεn

∣∣∣ bεn =
(
bn, ε = (εi)n

i=1

)
∈ B̂n × {↑, ↓}n, n ⩾ 1

}
,

C :=
{
cε

k,l

∣∣∣ ε = (εi)k+l+1
i=1

∈ {↑, ↓}k × { x, y} × {↑, ↓}l, k, l ⩾ 0
}
.

aε
k,l

k l
bεn

bn

n

n

cε
k,l

k l

A, B and C stand for Annihilations, Braids and Creations.
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Profinite Knots

Example: σ2 ∈ B̂4, λ ∈ Ẑ

c↓↑

y

2,0

c↓↑

y

2,0

c

x

0,0

c↓↑

y

2,0

c

x

0,0

λσλ
2

c↓↑

y

2,0

c

x

0,0

λσλ
2

a↓↑y
2,0

c↓↑

y

2,0

c

x

0,0

λσλ
2

a↓↑y
2,0

ax
0,0

When λ ≡ 0 (mod 2), it is a profinite link diagram
with 2 components.
When λ ≡ 1 (mod 2), it is a profinite knot diagram.
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Profinite Knots

Profinite Turaev moves

Definition: Two profinite tangle diagrams are isotopic,
if they are related by a finite number of the following
profinite Turaev moves (T1)-(T6):

(T1)Trivial braid invariance:

T
m

n

= T
m

n

= T

m

n

(T2) Braids composition:

n
bε1n

bε2n

n

= bε2n · b
ε1
n

n

n
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Profinite Knots

(T3)Independent tangles
relation:

m1

T1

n1

T2

m2

n2

=
T1

m1

n1

m2

T2

n2

(T4) Braid-tangle relations:

k − 1

T
m l − k

b

l − 1 + n
= b

l − 1 + m

T
k′ − 1 n l − k′

Hidekazu Furusho (Nagoya University, Nagoya, Japan) Profinite knots and GT January 21st, 2025 11 / 28



Profinite Knots

(T5) Creation-annihilation relation:

k l

=

k + l
,

k l

=

k + l
.

(T6) Profinite first Reidemeister move: for c ∈ Ẑ,

k

c

l

=

k l
,

k

c

l

=

k l
.
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Profinite Knots

Profinite tangles and knots

Definition:
(1). A profinite tangle is an element of

T̂ := { profinite tangle diagrams }/ isotopy.

(2). A profinite knot is a profinite tangle with a simple
connected component and without endpoints,
which forms a subset K̂ of T̂ .

Theorem: There is a natural map

iT : T → T̂ (and also iK : K → K̂ ).
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Profinite Knots

Definition: For any two profinite knot diagrams K1 = αm · · · α1

and K2 = βn · · · β1 with (αm, α1) = (x, x) and (βn, β1) = (x, x),
their connected sum means the profinite knot diagram defined by

K1]K2 := αm · · · α2 · βn−1 · · · β1.

α2

αm−1

β2

βn−1

=⇒ α2

αm−1

β2

βn−1
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Profinite Knots

Theorem:
(1). K̂ forms a topological commutative monoid with
the unit by the connected sum ].
(2). The map

iK : K → K̂
is a monoid homomorphism with dense image in K̂ .

Recall: The braid group Bn is residually-finite, i.e.
iBn : Bn → B̂n is injective. Then

Conjecture: Is iK injective?

The conjecture holds if Kontsevich invariant is perfect.
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Profinite Knots

Definition: The group of profinite knots FracK̂ is
defined to be the Grothendieck group of the monoid K̂ ,
i.e., the quotient space of K̂2 by the equivalence ≈:

(r, s) ≈ (r′, s′) if r]s′]t = r′]s]t in K̂

for some profinite knot t ∈ K̂ .

Theorem:
FracK̂ forms a topological commutative group, which is
a non-trivial group, actually an infinite group.

Question: Is it a profinite group?
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GT-action

Section 2:
GT-action
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GT-action

Profinite Grothendieck-Teichmüller group

Definiton (Drinfeld, 91): Let F̂2 = F̂(x, y).

ĜT :=
{
σ ∈ AutF̂2

∣∣∣∣∣∣ σ(x) = xλ, σ(y) = f−1yλ f
for some (λ, f ) ∈ Ẑ× × F̂2

satisfying the relations below

}×
(I) f (x, y) f (y, x) = 1 in F̂2,

(II) f (z, x)zm f (y, z)ym f (x, y)xm = 1 in F̂2
with z = (xy)−1 and m = λ−1

2 ,

(III) f1,2,34 f12,3,4 = f2,3,4 f1,23,4 f1,2,3 in P̂4.

Question: Actually (III) implies (I). Does (III) also imply
(II)?
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GT-action

ĜT-action on profinite braid group

The product structure is described by

(λ2, f2) ◦ (λ1, f1) =
(
λ2λ1, f2 · f1(xλ2, f−1

2
yλ2 f2)

)
.

Theorem (Drinfeld, 91): σ = (λ, f ) ∈ ĜT acts on B̂n:

σ1 7→ σλ
1
,

σi 7→ f−1
1···i−1,i,i+1

σλi f1···i−1,i,i+1 (2 ⩽ i < n).

where σi is the standard generators of B̂n.
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GT-action

ĜT-action on profinite knots

For σ = (λ, f ) ∈ ĜT and
r
s
=
γ1,m · · · γ1,2 · γ1,1

γ2,n · · · γ2,2 · γ2,1
∈ FracK̂ ,

define

σ
( r

s

)
:=

{
σ(γ1,m) · · ·σ(γ1,2) · σ(γ1,1)

}
{
σ(γ2,n) · · ·σ(γ2,2) · σ(γ2,1)

} ]Λ]{α(s)−α(r)}
f

∈ FracK̂

When γi, j = bεn ∈ B̂ with bn ∈ B̂n,

σ(γi, j) := σ(bn).
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GT-action

When γi, j = aε
k,l
∈ A,

σ(γi, j) := f ( , )
k l

When γi, j = cε
k,l
∈ C,

σ(γi, j) := f ( , )−1

k l
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GT-action

r
s
=
γ1,m · · · γ1,2 · γ1,1

γ2,n · · · γ2,2 · γ2,1
∈ FracK̂

σ
( r

s

)
:=

{
σ(γ1,m) · · ·σ(γ1,2) · σ(γ1,1)

}
{
σ(γ2,n) · · ·σ(γ2,2) · σ(γ2,1)

} ]Λ]{α(s)−α(r)}
f

∈ FracK̂

where
α(r) :=the number of annihilations in r,
α(s) :=the number of annihilations in s,

Λ f := f
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GT-action

Theorem: It gives a well-defined ĜT -action on FracK̂ :

1 σ( r1
s1

) = σ( r2
s2

) ∈ FracK̂ when r1
s1
=

r2
s2
∈ FracK̂ .

2 σ1(σ2(x)) = (σ1 ◦ σ2)(x) for any σ1, σ2 ∈ ĜT and
x ∈ FracK̂ .

3 the action is compatible with the group structure;

σ(e) = e, σ(x]y) = σ(x)]σ(y), σ(x−1) = σ(x)−1

for any σ ∈ ĜT and x, y ∈ FracK̂ .
4 the action is continuous and non-trivial.

Hidekazu Furusho (Nagoya University, Nagoya, Japan) Profinite knots and GT January 21st, 2025 23 / 28



GT-action

Proof: It can be proven by checking compatibility of the
defined action with (T1)-(T6).
Particularly for (T5), we have

σ

( )
= f = ] Λ f

Here the first equality follows from

σ(ak+1,l−1) · σ(ck,l) = ak+1,l−1 · f1···k+1,k+2,k+3 · f−1
1···k,k+1,k+2

· ck,l

By the pentagon equation for f

=ak+1,l−1 · f−1
1···k,k+1,k+2 k+3

fk+1,k+2,k+3 f1···k,k+1 k+2,k+3 · ck,l

=ak+1,l−1 · fk+1,k+2,k+3 · ck,l □
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GT-action

Remark on framed case

One can also define the framed version of profinite
tangles and knots and ĜT-action on FracF̂K

Remark: Robertson-Singh (’25) gave a nice operadic
reformulation of the GT-action on some profinite framed
tangles.
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GT-action

Galois action

Theorem (Belyi, Drinfeld, Ihara):

GQ := Gal(Q̄/Q) ↪→ ĜT.

Corollary: There is a non-trivial Galois action

GQ → Aut FracK̂ .

Example (Mirror image): Let GQ 3 ρ be the complex
conjugation, then for any usual knot K,

ρ(K) = K

where K means the mirror image of K.
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GT-action

Fact: GQ y B̂n is faithful for n ≥ 3 (follows from the
result of Belyi, 79).

Question: Then GQ y FracK̂ is also faithful?
If not, what is the kernel field of the action?

Remark: Let l be a prime.
GQ ↪→ ĜT → GT(Ql) ↠ Gm(Ql)

(by Kassel-Turaev, etc.)
FracK̂ −→ Q̂l[K] := limnQl[K]/( ���I − @@I� )n

braids knots
absolute Galois group faithful (by Belyi) ?
motivic Galois group faithful (by Brown) Gm-action
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