Transverse intersection algebra and fractional linking

Ruth Lawrence-Naimark
Hebrew University of Jerusalem

“Homological, quantum and computational methods
in low-dimensional topology”
Celebrating Dror Bar-Natan’s 60t birthday
Les Diablerets, SWITZERLAND 20.01.26



Acknowledgements

Motivation: Numerical computations on fluids
* Ongoing long term project of Dennis Sullivan

e Joint with

e Supported by US-Israel Binational Science Foundation



Discretization

PDE e.g. Navier-Stokes
for incompressible fluids
u(x,y,z,t)

Yo Jox

OU; +U;0,U; + 0, p = VAU,
o,u; =0

|



Discretization

_ OU; +U;0,U; + 0, p = VAU,
PDE e.g. Navier-Stokes

o.u =0
for incompressible fluids !

u(x,y,z,t)

%t %X- N Discretization which

‘preserves important
features of the solution’

v

ODE evolution in time of
function on lattice points




o sendaed  Fleahe) - FBO
39(3. dis setisahion h difference

fexehe)- [lx ~he;)

or % symmetrised




QE stardard Flx « he;) - ) divided

- > .
}"(;j dis crebisah’on h difference
fexehe)- [ls ~he;)
or % symmetrised

imr Vo

Dirferent equ J&nfs )thm..') convechve @rm - (3, 4u _?JE +£7}a vy

oﬁ the  onlkinuous e@mah‘o?‘. “
‘ _ i consewahve form Op U + 0; (u_]-u;)-pa')a}: vAu:

Maﬂ olfscrchse, to Ihe%wa(ehl' ,i‘_su}‘gm_;_ V-l

REASON = Vechor c:q|mlux5 idenhties aJ (M_,'MC) - (Qj MJ)M: . C%‘MC‘)

Ao not hold in discrehsed Qrm O



Fundamental poblem is  leibniz (fg)'= Fy+fy
- F(x*k)sfﬂ*]‘)'pfl)__q(“) % F‘[’:{-{ki}*ﬁn) g0) + 6 j(m-{-:)-g(:tj

A{smh’:L In




Fbm@lmmbhhl pmﬂam IS Zel‘bhiz

-~ F(x—e?w)giﬂ*l\) - pf‘*)g (1)
d{smh'sx_ Iﬂ
Correchions (@)

(F) = F'Tg+F. g’

@(ﬂ:])' = Flg + Tp-j’/

Oty - pq < by
+hFg’

(Pg) "= Pig + {—jg’
Flh)~F 1) 3 FE) 3(3%)-—3(»)
% » g b

p(x-&“ —ﬁ[::.) j(’”""\) ""‘ﬁ;t) g‘{ﬁtar-flj -9 {3\.)
h h
Pfx*k: yary ofx> 4 (‘6”0 9&(—{-11)—5 (>)

— h
— Foue h) -ffpt-) 3 S + /I(Di) 9 C‘X*Jq) ~9 f‘-’ﬁ‘)
h h

+) Fbceh)~{ () _ g buth )50
A h

I

)




A little more intelligently...

use ideas of algebraic topology
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PDE e.g. Navier-Stokes OU; +U;0,U; +0;p =vAui}
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u(x,y,z,t) Time-dependent differential form
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Discretization
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+periodic boundary conditions

u(x,y,z,t)

%t y OX;

OU; +U;0,U; + 0, p = VAU,

o.u. =0

Ve

|

N



Discretization

PDE e.g. Navier-Stokes Ol +U;0U; + 0, :VA“i}

+periodic boundary conditions oiu; =0
u(x,y,z,t)
O —
%t OX, %t d A *

(A A,d) form Differential Graded Algebra



Discretization

PDE e.g. Navier-Stokes Ol +U;0U; + 0, :VA“i}

o.u. =0
u(x,y,z,t)
—
%t aaxi %t d AN *

(A A,d) form Differential Graded Algebra

e @Graded commutative
e Associative
e Leibniz



Di mzrcnﬁal forms

Comww\hAHvﬂ:\j :
O\SSOC,MHV!‘U ?

Lei bhi2

DGA A A 4

N

Co N O (F,) TN W4 A )

VR [&h/\ 5‘33) - [w.A wz) /\C'J3

(e).]
0{ (ww /\002) = dw. ANC € (—0 ah A 01“72



'Dhqﬁcrcnﬁa‘ forms DG A A, N, A

N

% (F,)'Q\llwz,
COMMV\)‘D\"\V\U ” o\ N Oy o A CAJ)

associahivily @ (Lnp €x) = (wiacde) AUz

Lei"ph\"l d (9, sz) = dey, NG F [’D(w‘, N\/\U{‘Jl

According to folklore, it is impossible to construct a homologically faithful finite
dimensional algebraic model of differential forms which preserves all three properties of
(graded) commutativity, associativity and the Leibniz rule.



Typically to produce a "quantisation of spatial algebra’ suitable for our
purposes one starts with a finite model which lacks one of these three
properties and then completes it using an algebraic procedure of
adding corrections.

The resulting object is equivalently
* some type of oo-algebra

* a sequence of finite dimensional models with quantitative
estimates/structure in the “error’ terms.



Typically to produce a "quantisation of spatial algebra’ suitable for our
purposes one starts with a finite model which lacks one of these three
properties and then completes it using an algebraic procedure of
adding corrections.

The resulting object is equivalently
* some type of oo-algebra

* a sequence of finite dimensional models with quantitative
estimates/structure in the “error’ terms.

We want to have it all ways — (graded) commutative, associative and
Leibniz while keeping finiteness.
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Discretization

Sullivan (2018) Lattice model of hydrodynamics
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Discretization

Sullivan (2018) Lattice model of hydrodynamics
Momentum discretization of fluid flow equation (equality of scalar-valued 1-chains)
Vi)
at

= {%6(Vp -vp)} + 6P —vA{VL} with d{V; } =0

V| =vector-valued 0-chain, V¢ =vector-valued 2-chain
Vorticity model discretization: (equality of scalar-valued 1-cochains)
ot

— % (nA*0n) + 0P —vAn withdxn =10

. _ Ow - y
vorticity w = #dn » o = dx (nAw)=—0dnAw)

One can also prove exact energy conservation in this model.



Discretization

Numerical simulations of the two models behave very differently
Sullivan, An, Kwon:

momentum model blows up

vorticity model more stable (energy conservation)



L.-Ranade-Sullivan (2021) Quart. J. Math., Atiyah Memorial Volume
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Analyse structure of "errors’ )
Higher infinitesimal cumulants dk STA—> A

d,(a)=da
d,(aab)=d(a-b)—da-b—(-1)*a-db First cumulant: [d,m]= error from Leibniz
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graded vector space commutative, associative multiplication square zero, +1-graded
b-a=(-1)*"a-b d(a-b)=da-b+(-1)%a-db
a-(b-c)=(a-b)-c

Analyse structure of "errors’ )
Higher infinitesimal cumulants dk STA—> A

d,(a)=da
d,(aab)=d(a-b)—da-b—(-1)*a-db First cumulant: [d,m]= error from Leibniz
d,(a~bac)=d(abc)—d(ab)c — (1) d (ac)b - (1) d (bc)a + da - be + (-1)*Fldb - ac + (-1) e - ab

° Second cumulant: error from BV
°
°
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= h*. sum of products of divided differences



Theorem (L.-Ranade-Sullivan 2021)

In the bicoloured lattice model, the higher infinitesimal cumulants
have structure:

| > (cochains, A, 2—1h5 ): dk(k-tuple of cochains)

= h*. sum of products of divided differences

(chains, A, 5= 0 ): dk (k-tuple of cochains) (k>1)

=h*~2. sum of products of divided differences



Theorem (L.-Ranade-Sullivan 2021)

In the bicoloured lattice model, the higher infinitesimal cumulants
have structure:

| > (cochains, A, 2—1h5 ): dk(k-tuple of cochains)

= h*. sum of products of divided differences
As h—0, d=50->V, d,—>0

(chains, A, 5= 0 ): dk (k-tuple of cochains) (k>1)

=h*~2. sum of products of divided differences



Theorem (L.-Ranade-Sullivan 2021)

In the bicoloured lattice model, the higher infinitesimal cumulants
have structure:

| > (cochains, A, 2—1h5 ): dk(k-tuple of cochains)

= h*. sum of products of divided differences
As h—0, d=50->V, d,—>0
structure approaches the DGA of differential forms
.

(chains, A, 5= 0 ): dk (k-tuple of cochains) (k>1)

=h*~2. sum of products of divided differences



Theorem (L.-Ranade-Sullivan 2021)
In the bicoloured lattice model, the higher infinitesimal cumulants

have structure:
(cochains, A, 2—1,15 ): dk(k-tuple of cochains)

= h*. sum of products of divided differences
As h—0, d=50->V, d,—>0
structure approaches the DGA of differential forms
.

(chains, A, 5= 0 ): dk (k-tuple of cochains) (k>1)

=h*2. sum of products of divided differences
As h—0, d,=5-[0,A]— Lie bracket of vector fields, d, —0



Theorem (L.-Ranade-Sullivan 2021)
In the bicoloured lattice model, the higher infinitesimal cumulants

have structure:
(cochains, A, 2—1,15 ): dk(k-tuple of cochains)

= h*. sum of products of divided differences
As h—0, d=50->V, d,—>0
structure approaches the DGA of differential forms
.

(chains, A, 5= 0 ): dk (k-tuple of cochains) (k>1)

=h*2. sum of products of divided differences
As h—0, d,=5-[0,A]— Lie bracket of vector fields, d, —0
structures approaches the BV algebra of polyvector fields



Theorem (L.-Ranade-Sullivan 2021)
In the bicoloured lattice model, the higher infinitesimal cumulants

have structure:
(cochains, A, 2—1h5 ): dk(k-tuple of cochains)

= h*. sum of products of divided differences
As h—0, d=50->V, d,—>0
structure approaches the DGA of differential forms
.

(chains, A, 5= 0 ): dk (k-tuple of cochains) (k>1)

=h*2. sum of products of divided differences
As h—0, d,=5-[0,A]— Lie bracket of vector fields, d, —0
structures approaches the BV algebra of polyvector fields
Schouten-Nijenhuis bracket S*(vector fields)
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Map between scales - renormalisation
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Cochains

2h-edges

h-edges
OR

Multiplication pointwise at centre Commutative, associative, not Leibniz
e
Alexander-Whitney cup product Not commutative, associative, Leibniz ml
opposite product Not commutative, associative, Leibniz
|

. . o V44
AVERAGE Commutative, not associative, Leibniz m

Equivalently: On chains C — [C,C] Differential Graded Lie Algebra
shift grading
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DGLA

Cell complex X

:> free DGLA, one generator for each cell in X

grading = (geometric dimension) — 1

d1= no-bracket component of d = geometric boundary

On pointsa:  da=-1[a,a] (Maurer-Cartan)

Sullivan: There exists a (non-unique) local d with square zero and Leibniz

The proof is iterative, start from dl and chain map d2 =m":C —> [C, C]



DGLA

One dimensional example: L.-Sullivan interval
0 Bn a
ae:(ade)b+2—!(ade) (b—a)
=b—a+i[e,a+b]+4[e[e,b—-a]]-

X = X"
ex—1‘ZB”H

n=0

where B. are Bernoulli numbers

[ |e[eleb- a]]ﬂ



DGLA
One dimensional example: L.-Sullivan interval UNIQUE

de = (ade)b+i8—f;(ade)”(b—a)

~b-a+ife.a+b]+i[eleb-al] - e e[efeb-al]]]+-

: X S X
where B, are Bernoulli numbers =Y B, —
& e*—1 4~ "nl

Loop:
da=-3[a,a]

q e de =[e,a]
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da=-3[a,a]
de =[e,a]
dg =e-[a,g]

da=-3[a,a]
db =—-1[b,b]
dg=BCH (e, f)—[a,qg]




da=-3[a,a]
de =[e,a]
dg =e-[a,g]

da=-3[a,a]
db =—-1[b,b]
dg=BCH (e, f)—[a,qg]

NOT symmetric




DGLA

Disc:

/f da=-3[a,a]
\ de =[e,a]

\ J dg =e~[a, ]

Bi-gon: (Gadish-Griniasty,L. 2019) SYMMETRIC (not unique)

da=-3[a,a] . E E b

< > db=—4b,b N
. dg=q-[eg)  TTet e
=
f
B

=2

-
|

= uz(a) is a symmetric point

= BCH(—1BCH(e, f),e) ¢ = BCH(-



DGLA

Symmetric triangle (Griniasty-L. 2019)

L

¢o = BCH (—1BCH(e, f, g), )

fo = BCH (—=1BCH({,g.e), f)
go = BCH (—~1BCH(g, e, f), 9)

flat realization

Iterative construction of symmetric model



DGLA

Symmetric models of 3-cells (Griniasty-L. 2021)

b

___:_/”7 Banana shaped 3-cell

Construct central point (using universal average)
Translate model based at a to symmetric one

Functorial nature of construction allows one to construct a symmetric model of a
cube (with marked diagonal)

€3

a

g

g1

ilg
) f
. I8
I=

€1

b

& / \\ | .
3 . Oh =g1 + g2+ 83— 91— G2 — g3 — 5la+ b, A
-!';3 -

> 1. . . . . L .
i |\\ o + ;[f: 1g3 — Eaga + E1gi + Ezgs — Eaga + E1gv) + (= 2 brackets)

\,/







We want to try to have it all ways! And keep finiteness.
At least enough for our purposes, namely modeling Euler’s equation.
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We want to try to have it all ways! And keep finiteness.
At least enough for our purposes, namely modeling Euler’s equation.

ﬁ Fluid algebra formulation

Qu; +u;0,u; = Op
03 u; = 0

periodic boundary conditions
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CLASSICAL EXAMPLE: coexact 1-forms
A fluid algebra is a vector space V with V = {d*w|w e (M)} c QM)

e positive definite inner product
(a,b) —/ a A xb
M
* non-degenerate symmetric bilinear form
(linking form) (a,b) = /” andb

e alternating trilinear form by N
(triple intersection form) {a.b.ct = y “ ¢




CLASSICAL EXAMPLE:

A fluid algebra is a vector space V with V = {d*w|w = 02(1[)} C QM)
e positive definite inner product
(a,b) = / a A xb
M

(‘3’-7 b) = a /N db Symmetry uses
M Leibniz, Stokes’ thm

* non-degenerate symmetric bilinear form
(linking form)

e alternating trilinear form

: : : bt = AbA c '
(triple intersection form) ta.b.c} [H ‘ ‘ altem.at'.ng Hoes
i associative, graded

commutative



A fluid algebra is a vector space V with

positive definite inner product

non-degenerate symmetric bilinear form
(linking form)

alternating trilinear form

(triple intersection form)

CLASSICAL EXAMPLE:
V= {dwlwe Q*M)} c Q' (M)

(a,b) —/ a A xb
M

(a,b) = / aAdb= (a,DD)
M

D = xd = curl
{a. b, c} = / alNbAc
M



A fluid algebra is a vector space V with
e positive definite inner product

* non-degenerate symmetric bilinear form
(linking form) {(a,b) = (a, Db)

e alternating trilinear form
(triple intersection form)

The associated Euler equation is the implicit
evolution equation for X (t) e V
(X,Z)={X.DX.Z} forallZ€EV
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A fluid algebra is a vector space V with V = {d*w|w c Qz(ﬂf)} c QY M)
e positive definite inner product
(a,b) = / a A xb
M

* non-degenerate symmetric bilinear form
(linking form) (a,b) = /u aAdb= (a,DD)

e alternating trilinear form Doy N D =xd = cul
(triple intersection form) {a.b.cp = /M “ ‘

The associated Euler equation is the implicit Opu; + u;05u; = O;p

evolution equation for X (t) e V ﬁ Dot — ()
(X.Z)={X.DX,Z} forallZEV e

X = uydr + updy + uzdz periodic boundary conditions



CLASSICAL EXAMPLE: coexact 1-forms

A fluid algebra is a vector space V with V = {d*w|w c Qz(ﬂf)} c QY M)
e positive definite inner product
(a,b) = / a A xb
M

* non-degenerate symmetric bilinear form
(linking form) (a,b) = /u aAdb= (a,DD)
e alternating trilinear form Doy N D =xd = cul
(triple intersection form) {a.b.cp = Iy “ ‘
The associated Euler equation is the implicit Opu; + u;05u; = O;p
evolution equation for X (t) e V ﬁ Dot — ()
(X,Z)={X,DX, 7} forallZeV e N
‘ X = uydz + ugdy + ugdz periodic boundary conditions

X = (3( £ (X A *d_X)) where ¢ : Q! — V'is the projection on the
Im d* part of the Hodge decomposition



A fluid algebra is a vector space V with
e positive definite inner product

* non-degenerate symmetric bilinear form
(linking form) {(a,b) = (a, Db)

e alternating trilinear form
(triple intersection form)

The associated Euler equation is the implicit
evolution equation for X (t) e V
(X,Z)={X.DX.Z} forallZ€EV




A fluid algebra is a vector space V with
e positive definite inner product

* non-degenerate symmetric bilinear form
(linking form) {(a,b) = (a, Db)

e alternating trilinear form
(triple intersection form)

The associated Euler equation is the implicit
evolution equation for X(t) € I/ Tnvariance of eneray (X, X):

(X, Z)={X,DX,Z} forallZzeV %(X,X):2(X,X):2{X;DX,X}:0

Invariance of helicity (X, DX):

%(X, DX)=(X,DX)+ (X,DX)=2(X,DX)=2{X,DX,DX} =0

where the second equality follows from (DX,Y) = (X\Y) = (V. X) = (DY, X) = (X,DY)



CLASSICAL EXAMPLE: coexact 1-forms
A fluid algebra is a vector space V with V = {d*w|w c Qz(ﬂf)} c QY M)

e positive definite inner product
(a,b) —/ a A xb
M
* non-degenerate symmetric bilinear form
(linking form) (a,b) = /M andb

e alternating trilinear form by N
(triple intersection form) {a.b,c} = y “ ¢

Rather than differential forms with d, /A 4 .
. _ _ ifferential form
we will work in the dual picture /

on chains with boundary and transverse intersection.
O A foliation + transverse measure



Transverse intersection M : (M*, N7) — (MhN )74

Leibniz: d(arhb) = ) — P = arhb — arh8 = darhb — arhdb
Grading is by codimension.

Linking number is defined by 1k(a, 3) = #(arhb) whenever db = 3

Symmetry follows from # (arhb) — #(5ha) = #(darhb — dbtha) = #(d(arhb)) = 0



The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.
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The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.

Cuboid:

’

/ I, .= Cartesian product of intervals and singletons

/

labelled by type I C {z,y, z}
and minimum, maximum vertices p, q

Two cuboids X = 1,,, Y = J,,intersect transversely if their closures have a non-empty

intersectionand TU J = {z,y,z} .

Two cuboids X. Y are in general position if for every face X’ of X and Y of Y
either X' NY’ = 0 or X', Y intersect transversally.




The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.

Cuboid:

/|

1
1
1
1
1
| |
1
[ NN N ]
F

;

|

»q= Cartesian product of intervals and singletons

labelled by type I C {z.y, z}
and minimum, maximum vertices p. ¢

Two cuboids X = 1,,, Y = J,, intersect transversely if their closures have a non-empty
intersectionand I U J = {z,y,z} .

Two cuboids X, Y are in general position if for every face X' of X and Y’ of YV
either X' NY’ = or X', Y' intersect transversally.
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The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.
At the level of algebra, we need

= sum of h-cells (for rectangles

A / and sticks too)




The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.
At the level of algebra, we need

= sum of h-cells (for rectangles

A / and sticks too)

Transverse intersection of h-cells which are not in general position requires the
introduction of ideal elements

/

infinitesimal sticks two types of infinitesimal 2-cell: three types of infinitesimal 3-cell:
(in two ways) stick-like and point-like face-like, stick-like and point-like



Theorem (An-L.-Sullivan 2024) There exists a chain complex EC., enlarging the
usual periodic cubical h-complex C. on which there is a local transverse intersection
product (on basis elements Supp(XhY') = Supp(X) N Supp(Y')) such that
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product (on basis elements Supp(XMY') = Supp(X) N Supp(Y')) such that

(A) brha = (—1)%“arhb for a,b € EC,

(B) ah(bhe) = (ahb)he for a,b, e € EC,

(C) r}(arhi’;r} = (Da)hb + (—=1)%arhdb for a,b € C,

(D) rh is invariant under the symmetries of the lattice

(E) arhb # 0 for basis elements a, b with Supp(a) N Supp(b) # 0

(F) arhb = a N'b for cuboids a, b € C, in general position

(G) #(arhb) defines a non-degenerate pairing C; x Cy; — @ 1

when the period of the lattice is odd in all three directions
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usual periodic cubical h-complex C. on which there is a local transverse intersection
product (on basis elements Supp(XhY') = Supp(X) N Supp(Y')) such that
A) bha = (—1)%arhb for a,b € EC,
B) ah(brhe) = (arhb)he for a,b,c € EC,
C) d(arhb) = (Qa)hb + (—1)%“arhdb for a,b € C,
D) rh is invariant under the symmetries of the lattice
E) arhb # 0 for basis elements a, b with Supp(a) N Supp(b) # 0
F) ahb = anb for cuboids a, b € C, in general position
G) #(arhb) defines a non-degenerate pairing C; x Co — Q@
when the period of the lattice is odd in all three directions
Furthermore, the structure commutes with the crumbling map to a finer cubical
complex so long as the subdivision is odd.



Theorem (An-L.-Sullivan 2024) There exists a chain complex EC, enlarging the
usual periodic cubical h-complex C. on which there is a local transverse intersection
product (on basis elements Supp(XhY') = Supp(X) N Supp(Y')) such that
A) bha = (—1)%arhb for a,b € EC,
B) ah(brhe) = (arhb)he for a,b,c € EC,
C) d(arhb) = (Qa)hb + (—1)%“arhdb for a,b € C,
D) rh is invariant under the symmetries of the lattice
E) arhb # 0 for basis elements a, b with Supp(a) N Supp(b) # 0
F) ahb = anb for cuboids a, b € C, in general position
G) #(arhb) defines a non-degenerate pairing C; x Co — Q@
when the period of the lattice is odd in all three directions
Furthermore, the structure commutes with the crumbling map to a finer cubical
complex so long as the subdivision is odd.
On the subalgebra F'C. generated by 2h-squares, Leibniz holds without reservation.



Theorem (An-L.-Sullivan 2024) There exists a chain complex EC', enlarging the
usual periodic cubical h-complex C. on which there is a local transverse intersection
product (on basis elements Supp(XMY') = Supp(X) N Supp(Y')) such that

(A) brha = (—1)%“arhb for a,b € EC.,

(B) ah(bhe) = (ahb)he for a,b, e € EC,

[f‘} d{ad‘]h} = (Qa)hb + (—1)%arhdb for a,b € C.

(D) rh is invariant under the symmetries of the lattice

(E) arhb # 0 for basis elements a, b with Supp(a) N Supp(b) # 0

(F) ahb = a N b for cuboids a,b € C, in general position

(G) #(arhb) defines a non- fngFllFI‘ﬂTF pairing C} x Cy; — @

when the period of the lattice is odd in all three directions

Proof of existence is by taking a tensor product of three copies of a one-dimensional
solution.
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Boundary map: d(z,) =0, —0,

Intersections in general position % . o o o o -~ o o




One dimensional periodic h-lattice h
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Generating cells — o ;
Laa+h "
Boundary map: d(z,) =0, —0, |
1
L L & *——> L ]
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Ta—ha I'-l-u'-|:|,|:|:+ﬁ Taa
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One dimensional periodic h-lattice h
. + I
Generating cells — &;l"’
La.a+h "
Boundary map: d(z,) =0, —0,
. . p . . ® o *—o—» L
Intersections in general position | % ~— o o o o . o o

Intersections of generators not in general position

Unique solution (up to rescaling):

. 1 . 1. . 1
warhfra.a—l—h - Emm wamma—h.a — Ema; w'arl-‘ira,a - Zwa

za—h,amma.a—l—h = Ta.a; Ea,a—l—hmﬂ:a.a—l—h = —Tga + Ia,a—l—h — Tathath; Use aSSOC|at|V|ty
1 1 1
Ta.a -hira.a—l—h — E'Ia.a; Ta.q mIa—h,a — El'a.a; iI-'a_.a mIa,a — EIa,a
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Unique solution (up to rescaling):

. 1 . 1. . 1
warhfra.a—l—h - Emm wamma—h.a — Ema; wamma,a - Zwa

za—h,amma.a—l—h = Taa, Ea,a—l—hmﬂ:a.a—l—h = —Tga + Ia,a—l—h — Tathath; _

1 1 1
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One dimensional periodic h-lattice h
. + I
Generating cells — &;l"’
La.a+h "
Boundary map: d(z,) =0, —0,
. . p . . ® o *—o—» L
Intersections in general position | % ~— o o o o . o o

Intersections of generators not in general position

Unique solution (up to rescaling): has zero boundary

. 1 . 1. . 1
warhfra.a—l—h - Emm wamma—h.a — Ema; wamma,a - Zwa

za—h,amma.a—l—h = Taa, Ea,a—l—hmﬂ:a.a—l—h = —Tga + Ia,a—l—h — Tathath; _

1 1 1
Ia,arhira.a—l—h = ~Ta.a, Ia,amIa—h,a — El'a.a; Ia,aml'a,a — EIa,a
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One dimensional periodic h-lattice h
. +h
Generating cells — &;l"’
La.a+h "
Boundary map: d(z,) =0, —0,
. . p . . ® o *—o—» L
Intersections in general position | % ~— o o o o . o o

Intersections of generators not in general position

Unique solution (up to rescaling): has zero boundary

. 1 . 1. . 1
wamma.a—l—h - Emm wamma—h.a — Ema; wamma,a - Zwa

$a—h,arh:ra:l',..:r,—l—h = Taa, $a,a+hrh$a.a+h = —Tga + Ia,a—l—h — Tathath; _

1 1 1

Ia,amma.a—l—h — Eﬂ:a.a; Ia,amIa—h,a = ~Ta.a, Ia,aml'a,a — EIa,a

2

We have a problem!



Theorem (An-L.-Sullivan 2024) There exists a chain complex EC, enlarging the
usual periodic cubical h-complex C. on which there is a local transverse intersection
product (on basis elements Supp(XhY') = Supp(X) N Supp(Y')) such that
(A) brha = (—1)%“arhb for a,b € EC,
(B) ah(brhe) = (arhb)rhe for a,b,c € EC,
(C) d(ahb) = (Qa)thb + (—1)“arhdb for a,b € {?d
(D)  is invariant under the symmetries of the lattice
(E) arhb # 0 for basis elements a, b with Supp(a) N Supp(b) # 0
(F) arhb = a N'b for cuboids a, b € C, in general position
(G) #(arhb) defines a non-degenerate pairing C; x Cy; — @ 1
when the period of the lattice is odd in all three directions
Furthermore, the structure commutes with the crumbling map to a finer cubical
complex so long as the subdivision is odd.




One dimensional periodic h-lattice h
. + I
Generating cells — &;l"’
La.a+h "
Boundary map: d(z,) =0, —0,
. . p . . ® o *—o—» L
Intersections in general position | % ~— o o o o . o o

Intersections of generators not in general position
Unique solution (up to rescaling):

. 1 . 1. . 1
warhfra.a—l—h - Emm wamma—h.a — Ema; w'arhira,a - Zwa

za—h,amma.a—l—h = Ta.a; Ea,a—l—hmﬂ:a.a—l—h = —Tga + Ia,a—l—h — Tathath;
1 1 1
Ia,arhira.a—l—h — E'Ia.a; Ia,amIa—h,a — El'a.a; Ia,aml'a,a — EIa,a



One dimensional periodic h-lattice h
. +h
Generating cells — &;l"’
La.a+h "
Boundary map: d(z,) =0, —0,
. . p . . ® o *—o—» L
Intersections in general position | % ~— o o o o . o o

Intersections of generators not in general position
Unique solution (up to rescaling):

. 1 . 1. . 1
wamma.a—l—h - Emm wamma—h.a — Ema; wamma,a - Zwa

$a—h,arh:ra:l',..:r,—l—h = Ta.a; $a,a+hrh$a.a+h = —Tga + Ia,a—l—h — Tathath;
1 1 1
Ia,amma.a—l—h — Eﬂ:a.a; Ia,amIa—h,a — El'a.a; Ia,aml'a,a — EIa,a

The tensor product of three copies gives 3d transverse intersection product.



Theorem (An-L.-Sullivan 2024) There exists a chain complex EC, enlarging the
usual periodic cubical h-complex C. on which there is a local transverse intersection
product (on basis elements Supp(XhY') = Supp(X) N Supp(Y')) such that

(A) brha = (—1)%“arhb for a,b € EC,

(B) ah(bhe) = (ahb)he for a,b, e € EC,

(C) r}(arhi’;r) = (Da)hb + (—=1)%arhdb for a,b € C,

(D) rh is invariant under the symmetries of the lattice

(E) arhb # 0 for basis elements a, b with Supp(a) N Supp(b) # 0

(F) arhb = a N'b for cuboids a, b € C, in general position

(G) #(arhb) defines a non-degenerate pairing C; x Cy; — @ 1

when the period of the lattice is odd in all three directions

Furthermore, the structure commutes with the crumbling map to a finer cubical
complex so long as the subdivision is odd.
On the subalgebra F'C. generated by 2h-squares, Leibniz holds without reservation.




Thus there is a (unique) commutative associative Leibniz algebra based on the
transverse intersection

C,: points in the h-lattice
FC', . directed sticks parallel to one of the axes of length O or h
C,: 2h-squares parallel to one of the coordinate planes



Thus there is a (unique) commutative associative Leibniz algebra based on the
transverse intersection

C,: points in the h-lattice
FC', . directed sticks parallel to one of the axes of length O or h

C,: 2h-squares parallel to one of the coordinate planes

Grading is by codimension. The boundary is the geometric boundary.



Thus there is a (unique) commutative associative Leibniz algebra based on the
transverse intersection

C,: points in the h-lattice
FC', . directed sticks parallel to one of the axes of length O or h
C,: 2h-squares parallel to one of the coordinate planes

1 1

16 3

i : FCYy = FFCy = FOy

GO =
i

A=
| =



Thus there is a (unique) commutative associative Leibniz algebra based on the
transverse intersection

F'(’y . points in the h-lattice

F(C, : directed sticks parallel to one of the axes of length 0 or h

FCy: 2h-squares parallel to one of the coordinate planes

1

1
16 8

i : FCYy = FFCy = FOy

GO =
i

| =
o] =

m:FCQXFCQ%FCH —1 —1

/[ / / /Y




One dimensional periodic h-lattice h
. + I
Generating cells — &;l"’
La.a+h "
Boundary map: d(z,) =0, —0,
. . p . . ® o *—o—» L
Intersections in general position | % ~— o o o o . o o

Intersections of generators not in general position
Unique solution (up to rescaling):

. 1 . 1. . 1
warhfra.a—l—h - Emm wamma—h.a — Ema; wamma,a - Zwa

za—h,amma.a—l—h = Ta.a; Ea,a—l—hmﬂ:a.a—l—h = —Tga + Ia,a—l—h — Tathath;
1 1 1
Ia,arhira.a—l—h — E'Ia.a; Ia,amIa—h,a — El'a.a; Ia,aml'a,a — EIa,a

The tensor product of three copies gives 3d transverse intersection product.
FC* is the subalgebra generated by 2h squares. F for Fluids



A fluid algebra is a vector space V with
e positive definite inner product

* non-degenerate symmetric bilinear form
(linking form)

e alternating trilinear form
(triple intersection form)

Discrete example:
V = { #E;}:r:|:r: C F(?g}

(a,b) = #(arh * b)
(a, b) = #(ahob)
la,b, c} = #(arhbhe)



Discrete example:

A fluid algebra is a vector space V with V={x Or|z € FCs}
e positive definite inner product {ﬂ.._ b) = #(arh . h)

* non-degenerate symmetric bilinear form _ :
(linking form) (a, b) = #(arhdb)

e alternating trilinear form .
(triple intersection form) 1a, b, c} = #(arhbrhc}

The associated Euler equation is the implicit

evolution equation for X (t) e V
(X,Z)={X,DX,Z} forallZeV

where 7 : Cf" — Im (9 : C3" — C7")is the projection onto boundary 1-chains
and i : FC, — C?" is determined by #(xy) = #(i(z)hy) for all y € FC,

X = 7 (i(Xrh* 0X))



Finally we get the following formula

for the coefficient of (x). in i((XMoX),

Z (1 2 or 4)(U7x V:‘Ey,y _ JTEWY 1EesE )

ai,cz,c3’ byeo.ca b1,ca,ea ¥ ay,c2,ca
(a1,b1)

— Uzﬂ:!'" Ifxysy Umy’y szw L nye-y nysy L.
C—

c—hi" e+hi c+hi ct+hi’ e— c—hi" c+hi
+ 2Uz:r:,zlfc.?_5&.ff,f:f _ ZU:CE;E,:I/N:L‘,,? _I_ 2U°m,zV$y,y :‘y;;yl FEL.Z
S QUFTEVIIY _ QUESIVERE 4 QPRI _ QU muy R
HAUZPIVEY — AUVERE + Ul Vil — UediiVerns + Ul Voo — USiVeli

where U and V' are smeared versions of u.v in the directions indicated by the
indices, that is

T T 1 1 T
Uay, =u y+ 9 ayhl + QUQihi

1 1
Uﬂxy,y _u:cy + Zu yh_] 4 _uxy

2 a— 2 (I.+h_|
4 4 zZr 1 1
U"" =ug” + 2“0. hk T 2“a+hk
[J78T l zT l zr
a U + 2ua—hi+ 5 Yathi
UPFY =ul* + lu + 1u
a 9 a— hj 2 a+hj
UYs =¥ 1 Ly
=y + 2% Rk T 5 Ya+hk

while for example V%% = ¢7¥ + ; T %’L‘:ihi so that
v;my, g~ hi a+h_] + u’a—l—hl - u;ihi
1 . .
+ 2( Ul i hj — uy” hithj T ua+h1 hj — glhwfu + Ugt ok — Yo oni)
Vit =g g — g g+ uglng — ualp;
1

ag T zT T . EE Yz yz
+ E(U*a+hi+hj — Uo_hivhj T Yayrhi—hj — Ua—_hi—hj T Ug_onj — ua+2hj)

2z __ TY ry y= bz
Vam % =u,” gy — g + U — U pi

2Tl Iy Ty Ty yz yz
+ E(U‘a—hi—hk — Ut i hke T o hichk — Yathishk T Uaronk — Yo onk)

ZT,T Ty yz

a = U = Uy T UG e~ Ug
1
3:” yz =z Yz Ty Ty
+ 2( arhishk — Yarhioik T Ya_nishk — Ya_nionk T Uaohi — Yatoni)

Va5 =gl gy — Uopj + Uppi — Uy g
.- oz - _zx Y TY
+ E(U*a—hj—hk — Uy hjrhk T Yo rhj—hk — UYathjrhk T Ugion) — ua—zhj)

yz,z ___ ZT - oy Ty
Vo =ug” Ug ke T Ugihj = Ug

fﬂy :r:y 2y TY 2Ty zT zT
+ 2( arhiihk — Yo hjihk T Yathink = Yo hj_nk T Yo onk — Unionk)

Notice that a cancellation occurs when evaluating V' leaving it as a sum of
ten terms rather than the expected twelve; for example u." appears in V¥*
with both a negative and positive sign. The final formula for the coefficients
in (XMAX) is a sum of 18 terms, each of which is a product of a sum of
three evaluations of v with a sum of ten evaluations of u; in total 540 terms
of which a number cancel leaving Dan’s formula of a sum of 428 terms.



We have discussed different algebraic structures which may provide
‘discretisations of spatial algebra’ suitable for various purposes.



Cochains

2h-edges

h-edges
OR

m

Multiplication pointwise at centre Commutative, associative, not Leibniz
e
Alexander-Whitney cup product Not commutative, associative, Leibniz ml
opposite product Not commutative, associative, Leibniz
|

. . o V44
AVERAGE Commutative, not associative, Leibniz m

Equivalently: On chains C — [C,C] Differential Graded Lie Algebra
shift grading

Problem either with
inequivalence of different
models or infinite dimensional
structure.



Thus there is a (unique) commutative associative Leibniz algebra based on the
transverse intersection

F'(’y . points in the h-lattice

F(C, : directed sticks parallel to one of the axes of length 0 or h

FCy: 2h-squares parallel to one of the coordinate planes

1

1
16 8

i : FCYy = FFCy = FOy

GO =
i

| =
o] =

m:FCQXFCQ%FCH —1 —1

/[ / / /Y




Discrete example:

A fluid algebra is a vector space V with V={x Or|z € FCs}
e positive definite inner product {ﬂ.._ b) = #(mrﬁ . h)

* non-degenerate symmetric bilinear form _ :
(linking form) (a, b) = #(arhdb)

e alternating trilinear form .
(triple intersection form) 1@, b, c} = #(arhbrhe)

The associated Euler equation is the implicit

evolution equation for X (t) e V
(X,Z)={X,DX,Z} forallZeV

where 7 : Cf" — Im (9 : C3" — C7")is the projection onto boundary 1-chains
and i : FC, — C?" is determined by #(xy) = #(i(z)hy) for all y € FC,

X = 7 (i(Xrh* 0X))



We have discussed different algebraic structures which may provide
"discretisations of spatial algebra’ suitable for various purposes.

The last one gave a finite dimensional fluid algebra whose associated
Euler equation may be considered as the most geometrically natural
discretization of Euler’s equation so far. It is already under numerical
testing.

Because the model comes through a fluid algebra it comes naturally
with (exact) conservation of energy as well as the vorticity moving with
the flow, despite being a finite dimensional model.



* D. An, R. Lawrence, D. Sullivan, The combinatorial transverse
intersection algebra’, arXiv:2502.05856v1

* D. An, R. Lawrence, D. Sullivan, 'Infinite-order combinatorial
intersection algebra TIA via the probabilistic wiggling model’,
arXiv:2504.01021v1

e O. Aharoni, D. An, A. Kwon, R. Lawrence, Coding for fluids with the
transverse intersection algebra’, with an appendix by D. Sullivan
arXiv:2504.06047v1



HAPPY BIRTHDAY, Dror!
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