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`preserves important 
features of the solution’

ODE evolution in time of
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A little more intelligently…

use ideas of algebraic topology
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Time-dependent differential form

    *d d
dt

form Differential Graded Algebra( , , )A d

• Graded commutative
• Associative
• Leibniz
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According to folklore, it is impossible to construct a homologically faithful finite 
dimensional algebraic model of differential forms which preserves all three properties of 
(graded) commutativity, associativity and the Leibniz rule.



Aim

Typically to produce a `quantisation of spatial algebra’ suitable for our 
purposes one starts with a finite model which lacks one of these three 
properties and then completes it using an algebraic procedure of 
adding corrections.  

The resulting object is equivalently

• some type of ∞-algebra

• a sequence of finite dimensional models with quantitative 
estimates/structure in the `error’ terms.



Aim

Typically to produce a `quantisation of spatial algebra’ suitable for our 
purposes one starts with a finite model which lacks one of these three 
properties and then completes it using an algebraic procedure of 
adding corrections.  

The resulting object is equivalently

• some type of ∞-algebra

• a sequence of finite dimensional models with quantitative 
estimates/structure in the `error’ terms.

We want to have it all ways – (graded) commutative, associative and 
Leibniz while keeping finiteness.
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Sullivan (2018) Lattice model of hydrodynamics

h

Uses a bi-coloured lattice, that is, a basis for chains is 

{0,1,2,3-dimensional cubes of edge length 2h}

Advantage: Centre of 
cell of a lattice point

Easy to define *,
symmetric product



Commutative, associative, no Leibniz

a copy of the exterior algebra of TM
at each lattice point 

 
3

2
hL

Nh


* 3( )
a L
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Discretization

Sullivan (2018) Lattice model of hydrodynamics

Momentum discretization of fluid flow equation (equality of scalar-valued 1-chains)

= vector-valued 0-chain,           = vector-valued 2-chain

Vorticity model discretization: (equality of scalar-valued 1-cochains)

LV FV

``the vorticity is transported by the flow”

One can also prove exact energy conservation in this model.



Discretization

Numerical simulations of the two models behave very differently 
Sullivan, An, Kwon:

momentum model blows up
vorticity model more stable (energy conservation)



Commutative, associative, no Leibniz

L.-Ranade-Sullivan (2021) Quart. J. Math., Atiyah Memorial Volume
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Second cumulant: error from BV
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structure approaches the DGA of differential forms  
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Higher-dimensional situation

2h-edges                        Multiplication pointwise at centre

h-edges                          Alexander-Whitney cup product
OR         

opposite product

AVERAGE

Equivalently:  On chains
shift grading

Commutative, associative, not Leibniz
m

m’

m”

Not commutative, associative, Leibniz

Not commutative, associative, Leibniz

Commutative, not associative, Leibniz

Cochains

 ,C C C Differential Graded Lie Algebra
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DGLA

Cell complex X free DGLA, one generator for each cell in X

grading = (geometric dimension) – 1

= no-bracket component of d  = geometric boundary

On points a:                                         (Maurer-Cartan)

Sullivan: There exists a (non-unique) local d with square zero and Leibniz

The proof is iterative, start from       and chain map                   

1
2
[ , ]da a a 

1d

1d 2 : [ , ]d m C C C 



DGLA

One dimensional example: L.-Sullivan interval

where         are Bernoulli numbers
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DGLA

One dimensional example: L.-Sullivan interval      UNIQUE

where         are Bernoulli numbers
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Disc:

Bi-gon:

NOT symmetric                                         
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DGLA

Disc:

Bi-gon: (Gadish-Griniasty,L. 2019) SYMMETRIC (not unique)

is a symmetric point
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DGLA

Symmetric triangle (Griniasty-L. 2019)

flat realization

Iterative construction of symmetric model



DGLA

Symmetric models of 3-cells (Griniasty-L. 2021)

Banana shaped 3-cell

Construct central point (using universal average)

Translate model based at a to symmetric one

Functorial nature of construction allows one to construct a symmetric model of a 
cube (with marked diagonal)

See related work of Buijs, Félix, Murillo, Tanré on the general structure of DGLA models, their uniqueness up 
to DGLA isomorphism and relations to rational homotopy theory in the non-simply connected setting.
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We want to try to have it all ways! And keep finiteness.
At least enough for our purposes, namely modeling Euler’s equation.

periodic boundary conditions 

Fluid algebra formulation
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A fluid algebra is a vector space V with
• positive definite inner product

(metric)
• non-degenerate symmetric bilinear form

(linking form)
• alternating trilinear form

(triple intersection form)

CLASSICAL EXAMPLE:

symmetry uses 
Leibniz, Stokes’ thm

alternating uses 
associative, graded 
commutative
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Im d* part of the Hodge decomposition
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Commutative, associative, Leibniz

A fluid algebra is a vector space V with
• positive definite inner product

(metric)
• non-degenerate symmetric bilinear form

(linking form)
• alternating trilinear form

(triple intersection form)

CLASSICAL EXAMPLE: coexact 1-forms

Rather than differential forms with   ,
we will work in the dual picture
on chains with boundary and transverse intersection.

differential form

foliation + transverse measure



Commutative, associative, Leibniz

Transverse intersection

Leibniz:
Grading is by codimension.

Linking number is defined by                                   whenever 

Symmetry follows from
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The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.

Cuboid:                                                = Cartesian product of intervals and singletons
labelled by type 

and minimum, maximum vertices

Two cuboids                              intersect transversely if their closures have a non-empty 
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The aim is to make a transverse intersection product on cuboids on the periodic h-lattice.
At the level of algebra, we need

= sum of h-cells                                         (for rectangles 
and sticks too)

Transverse intersection of h-cells which are not in general position requires the 
introduction of ideal elements

three types of infinitesimal 3-cell:
face-like, stick-like and point-like

two types of infinitesimal 2-cell: 
stick-like and point-like

infinitesimal sticks
(in two ways)
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Commutative, associative, Leibniz

Theorem (An-L.-Sullivan 2024) There exists a chain complex          enlarging the
usual periodic cubical h-complex       on which there is a local transverse intersection 
product (on basis elements                                                               ) such that

when the period of the lattice is odd in all three directions
Proof of existence is by taking a tensor product of three copies of a one-dimensional 
solution.
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Commutative, associative, Leibniz: 1d transverse intersection product

One dimensional periodic h-lattice

Generating cells
Boundary map: 

Intersections in general position

Intersections of generators not in general position

Unique solution (up to rescaling):                                                                                           
New generator:
Infinitesimal stick
has zero boundary

Check Leibniz

We have a problem!
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Theorem (An-L.-Sullivan 2024) There exists a chain complex          enlarging the
usual periodic cubical h-complex       on which there is a local transverse intersection 
product (on basis elements                                                               ) such that

when the period of the lattice is odd in all three directions
Furthermore, the structure commutes with the crumbling map to a finer cubical 
complex so long as the subdivision is odd.
On the subalgebra generated by 2h-squares, Leibniz holds without reservation.
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Commutative, associative, Leibniz

Thus there is a (unique) commutative associative Leibniz algebra based on the 
transverse intersection

:  points in the h-lattice
:  directed sticks parallel to one of the axes of length 0 or h
:  2h-squares parallel to one of the coordinate planes



Commutative, associative, Leibniz:  transverse intersection product

One dimensional periodic h-lattice

Generating cells
Boundary map: 

Intersections in general position

Intersections of generators not in general position
Unique solution (up to rescaling): 

The tensor product of three copies gives 3d transverse intersection product.
FC* is the subalgebra generated by 2h squares.  F for Fluids
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A fluid algebra is a vector space V with
• positive definite inner product

(metric)
• non-degenerate symmetric bilinear form

(linking form)
• alternating trilinear form
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Conclusions

We have discussed different algebraic structures which may provide 
`discretisations of spatial algebra’ suitable for various purposes. 



Higher-dimensional situation

2h-edges                        Multiplication pointwise at centre

h-edges                          Alexander-Whitney cup product
OR         

opposite product

AVERAGE

Equivalently:  On chains
shift grading

Commutative, associative, not Leibniz
m

m’

m”

Not commutative, associative, Leibniz

Not commutative, associative, Leibniz

Commutative, not associative, Leibniz

Cochains

 ,C C C Differential Graded Lie Algebra

Problem either with 
inequivalence of different 
models or infinite dimensional 
structure.



Commutative, associative, Leibniz

Thus there is a (unique) commutative associative Leibniz algebra based on the 
transverse intersection

:  points in the h-lattice
:  directed sticks parallel to one of the axes of length 0 or h
:  2h-squares parallel to one of the coordinate planes

Needed to add ideal 
elements (infinitesimal 
sticks).



Commutative, associative, Leibniz: using combinatorial TIA

A fluid algebra is a vector space V with
• positive definite inner product

(metric)
• non-degenerate symmetric bilinear form

(linking form)
• alternating trilinear form

(triple intersection form)

Discrete example:

The associated Euler equation is the implicit 
evolution equation for

for all Z ∈ V

where                                                     is the projection onto boundary 1-chains 
and                            is determined by                                    for all   

Note that intersection 
numbers and linking 
numbers may be fractional.



Conclusions

We have discussed different algebraic structures which may provide 
`discretisations of spatial algebra’ suitable for various purposes. 

The last one gave a finite dimensional fluid algebra whose associated 
Euler equation may be considered as the most geometrically natural 
discretization of Euler’s equation so far. It is already under numerical 
testing.

Because the model comes through a fluid algebra it comes naturally 
with (exact) conservation of energy as well as the vorticity moving with 
the flow, despite being a finite dimensional model.    
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