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Happy birthday Dror!

We aim to examine the invariant Θ from
Arxiv:2509.18456 (with Bar-Natan) using:

1. Seifert surfaces (this page)

2. Tangles and integration (next page)

Recall from the previous talk that the invariant Θ was obtained by evaluating a polynomial in
the entries gα,β of the inverse G of the Fox matrix A.

Theorem: Given a genus g Seifert surface of knot K we have gα,β =
pα,β(T )

qα,β(T )
with

degT pα,β ≤ degT qα,β. It follows that degT1
Θ(K) ≤ 2g.

Proof sketch: We view an oriented Seifert surface for knot K of genus g
as a thickened 1-vertex graph with 2g edges. Project it onto the plane
and subdivide the edges by adding 2-valent vertices such that we get
a knotted graph diagram D where new edge meets a crossing and a vertex
as shown. All edges are labeled.

Thickening D yields an oriented knot diagram D for K whose labels are determined by the
labels of D as shown:

The equation GA = I implies the following relations between the matrix entries gα,β of G:

gα,σ(i) = T sgα,i + δα,σ(i), gα,σ(j) = gα,j + (1− T s)gα,i + δα,σ(j), gα,x = gα,y + δα,y, gα,1 = δα,1

Define να,x = gα,x − gα,x̄. Ignoring δ’s the above relations yield: να,x = να,y whenever there is a
path along the diagram D only meeting 2-valent vertices. Also

gα,σ(x) = gα,x + c(1− T−1)να,ρ(x), c ∈ Z

These equations allow us to first find the να,x by solving a linear 2g by 2g system whose matrix
entries are linear forms in 1−T−1. Next we find the gα,x from these without making introducing
further powers of T .

We remark that there are likely many generalizations of Θ and other knot invariants that
can be constructed from the gα,β. The above construction leads to a genus bound for (m)any
of those.

Bonus question: This handout is itself a Seifert surface. What knot does it bound?

1



A Gaussian tangle version of Θ

Below we will introduce a version of the invariant Θ that is valid for tangles and does not
depend on rotation numbers. We call it β and is constructed from formal Gaussian integration.
Given a matrix A = (aij) with inverse gij the following is what we mean by a formal Gaussian
integral with potential function V :∫

Gdxe−
1
2

∑
i,j a

ijxixj+V (x) =
e
∑

i,j g
ij∂xi∂xj

√
detA

eV (x)|x=0

To every oriented tangle diagram T without closed components we assign an expression β(T ) =
ceZ , where c ∈ Q(S1, S2) and Q(S1, S2)[pν,ℓ, πν,ℓ, ε]/(ε

2 = 0) and ν ∈ {1, 2, 3} and ℓ runs through
the strands of the tangle. To the crossing Xi,j[s] of strands i and j with sign s we assign:

β(Xi,j[s]) = exp i
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Furthermore we decree that β is multiplicative under disjoint union of diagrams. Denote by
mi,j

k T the result of merging the end of strand i to the start of strand j in tangle T . We then
define

β(mi,j
k T ) =

∫
Gdpν,idπν,jβ(T )e−iπν,iπν,j

Theorem β is invariant under Reidemeister moves.

Presumably β equals Θ on long knots (up to some normalization). Compared to Theta the
invariant β is easier to work with in that it does NOT depend on rotation numbers (and extends
to tangles). The value for the crossing can probably still be simplified.

We computed that β distinguishes the Conway and Kinoshita-Terasaka mutant pair 11n34 and
11n42.

An implementation of β in Mathematica is available at www.rolandvdv.nl/Talks/Dia26
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