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Outline

· General discussion of Quantum Groups and how

they can act as symmetries

· Examples in field theory : non-local currents
and topological defects

· Examples in spin chains : chaos and hydrodynamics
· Spontaneous breaking and Goldstone bosons
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· Why QG ?
-> We have witnessed many times how the notion of symmetry

was generalized .
Most basic symmetries are either discrete,

or continuous Lie groups and act on local objects

- When S upersymmetry was introduced
,
we understood that sym-

-metries do not have to be groups. More recently generalizations
to non-invertible and higher-form symmetries were proposed

-> We would like to know what are the most general
useful symmetries ,

but this question looks very
hard.

-> We take an existing mathematical construction,
deformation of Lie algebras ,

called Quantum Groups,
and study properties of systems with QG as

a global internal symmetries should look like.

-> We consider field theories and lattice models.
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Disclaimer: QG is a very mathematically-heavy subject.
My goal here is

,

instead
,
to give an intuitive

physical picture.-
-> Imagine an experimentalist who discovers a physical system
that has a U(l) charge . Then she linds that many energy
levels are degenerate , with degeneracies 21 + 1

·

In particular , there are triplets with charges +1
,
0
,

-1·

A natural conjecture is that the symmetry is SU(2)

-> A prediction of SU(2) would be that 3-pointfunction
of the triplets is proportional to Eijh

,

in particular,
2000) should vanish ·



-> Next
,

she measures 3-pt . lunctions and linds it does not .
"

20007
--Moreover

,
the ratio

2 + 0 - >
= const

This is exactly what Quantum Group symmetry
SUg(2) would predict , and cost= where

9-1 is the deformation parameter.

· In this talk we will locus on SUg(2) ,
or

Ug(sl(2) - a continues deformation of SU(z)

by a complex parameter 9.



What is Ug(sly) ?
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· Remember st2 (SU/2) commutation relations:

· They can be deformed in the following way :

(9 + 1 : slz]

· What is special about this deformation ? For a physicist an
important point is that representation theory isalmost) intact :
21+ 1 - dimensional representations with UII) charge m = - ...

· What is different ? The action on the tensor product of
representations (coproduct)· Consider a system which consists

of two subsistems V = VQVe
.

We know action on V and Ve :

Pusual ↑ unusual
-
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· Historically ,
QG were discoveredinthe studiesof integrable systeis

· they were developed as a mathematical subject by Drinfeld and Jimbo 185

And then returned to physics in the context of Chern-Simons theories Witten 'go

Rational 2D conformal theories were shown to have a "hidden" &G symmetry (to be explained)
Moore

, Seiberg 18S
,
Alvarez-Gaume et al

.
'89 Felder et al , 189

· Bernard and Leclair 191 understood the role of PG in integrable
scattering ,

which lead to identification of "hidden" &G symmetry in

certain worldsheet sigma-models .

e . g . Thompson 1904 .
11561

· RecenHy QG appeared in DSSYK model and

its holographic duals .

Berkooz et
.

al
.

"19

· QG are used in Quantum computations Zache et al 123

· Nevertheless
,
not much discussion exists on QGs as global

symmetries in QFTs
,
without relation to integrability. Known

examples are limited to ChiralTheories Gaberdid 195 ; Mack ,

Schomerus'92

or BCFTs Pasquier , Saleur 190
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Symmetries in physics
· Physicists think about symmetries in

many different ways.

Hamiltonian : (0 , HT =0 (8
, #1 = 0 & is a sym.

Lagrangian : S = Jdtdy1(y(xiH]
904(x ,H) = Y + 54

,

85 = 0

Noether theorem : 7jM(t) : GrjM =-
q = (dxjo)Q = 0

Q

Topological : "M 8.I

symmetry-topological lines



Example : free complex held

1 = GrYGrp
*

S = (d+dy1 Gary =o

jrayorg
*

-y
*

Are Or ju + o

Q =-yaj Yeeide = Gide

& f(it) = ixy(x, #)

⑧ - counts charges

It is natural that continuous symetries
act locally onfelds and form a lie group
but is it always the case ?



Consequences of symmetries
·(,]

,
&G or RieA = He ( **xx

....
)

-> Hilbert space can be decomposed into

irreps of G or A = Energies within irrep are the same

&

22/002
·Or] +02R10 .. (0) -- On (n) =

211) =0 - vacum is invariant 9
Ward identifies

or co.on =a .0 +
.% .

0
+

(+ for A
, xforG) + .900



Spontaneous Sym . Breaking
Il vacuum is not invariant : Gr> + 0

Symmetry is spontaneously broken - There

is a "vacuum manifold"[2k): 123)

Genericallyalways in relativistic theory) there are

Goldstone bosons - massless particles
= Sidx <+Her =o

Erefeikyjud : Elk) =erIHEIR

E(k)



QG Symmetry : General Construction

· How dowe implementsymmetryin a QFT ? At lisisis
coproduct

In particular , it depends on the order of subsystems .

symmetryon

-+ 3

· Let's consider 2D /Euclidean) Fr
.

We suggest that a natural

object on which a QG can act is a delect-ending operator :

·

ex
topological · Of -> operator
line X

· Operators now can be ordered using their lines :

01 02- -002: ⑨

% O
00:

· Point w is arbitrary.
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· Now let's define QG algebra generators· Usual symmetry generators
are represented by topological lines. For QG we need a generalization :

X

Additional dashed line

from w to x is gH
F(0s02) :D line. Point X is

F-line integrated over the F-line

· For simplicity , we can assume existence of a current jo ,
such

that F = Sdj) then jo is itself a defect-ending operator
2 Bernard

,

Leclair 191

· Let us check that

the coproduct works :
2

·



S

· Applying the F generator to an arbitrary set of
operators with total H-charge + 1 we obtain the Ward

identifies that relate the correlation functions

Mi = -li ... Si

! (mi = 1)

· Dependence of correlationlunctions on the rep .

index (mi)
is fully lixed by symmetries , they are proportional to
the invariant tensors of the grouplas for usual symmetries)

somOn (C) (35- symo
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XXEg 2D CFY

·To illustrate this generall picture let's consider a concrete example ·
We will consider a CF4

,
which is UV-complete by a spin-chain model,

and in which QG symmetry is realized the way we described
.

· It has Ug(s(2) symmetry with

· Porus partition function reads :
-

virasono characters

P
Multiplicities = dimensions of irreps

Dimensions of some spin is generically non-integer &
light operators

· For M =C we get SU(z) WzW model
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Quantum Groups in Minimal Models

· Spectrum of operators in diagonal (generalized) M .M :

consists of operators (hrs
,
Tr

,
s) each with multiplicity one.

· To exhibit a QG structure we first consider an auxiliary extended
model that has four groups :

Orsirs' lives in rxserxs' - dimensional representation.

But to construct a M
.

M
. we need to "conline" all QGs,

similar to the projection we used in our model for two of
the

groups.

So none of the QG acts on the Hilbert space of M.M,
but some consequences of it remain "hidden" &G symmetry)
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For example
, crossing symmetry of XXEg CF4 explains

the appearans of 6j symbols in the crossing kernel

for conformal blocks :

↓
XXzq OPE coefficients

Conformal blocks are the same in /Generalized) MM
,
so

the crossing kerrel still applies , even though there is no symmetry

Ising model as a subsector of XXZa

· For q = e
it

c is equal to I c =ei

and operators of the (fermionic)
Ising CFT belong to the spectrum

· Fermions are particular components of
SUq(2) triplets :



Spin chains related to XXEg CF4.
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· We would like to address the question whether

our non-local operators have a microscopic
definition .No do this we

model and look for operators gotheSpin
chana
in the IR

· Consider open XXZ spin chain : PP PDP

Each spin : <1PX + 116)

Pasquier , Saleur
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Non-integrability = Chaos
· Important point of the talk is that a quantum
linite-dimensional symmetry and hence does not havegroupcana
integrability ,

however, examples considered were in last integrable.
· Let us now present an example which is manifestly not integrable .

We

add to the spin-chain Hamiltonian above a next-to-nearest interaction :

where Ris are elements of Hacke algebra
,

which all commute with SUgR)

· For large enough X or 1 the system becomes chaotic
.

· Chaotic systems cannot be solved
,
but they

can be analyzed in a statistical way



· Exact form of chaotic distribution depends on discrete space-time
symmetries and unitarity. The mainfeature is Eigenvalue repulsion,
abscent for integrable systems ,

which typically exhibit level-crossing.

Integrable Hamiltonian: Poisson statistics

Chaotic Hamiltonian : Universal distribution a la Wigner

As long as we consider a sector of Hilbert space withfixed SUg(2)
quantum numbers (1 , m) .

chaotic symmetry
E E 3E-1 XI IX I-= - -

X
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· We consider distribution of level spacing s = GEix-Ei

of states with loxed SUg12) charges

- Poisson

- Wigher
1 = 16

,

-10 states
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· For large phase ora most eigenvalues
become complex :

· Their statistics is also chaotic

· P4-symmetry gets "spontaneously broken"



Quantum Groups Hydrodynamics
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· In addition to detailed spectral properties
chaotic systems exhibit universal properties &

governed by hydrodynamics - sound waves

· Hydrodynamics transport is related to conserved charges
Isymmetries (

Crossley , Glorioso , Lis 17
Akynz , Goon ,

Penco' 24
· In modern language
hydro modes are Goldstones : 24 147

B K
GX6 - Go

1 /14) - Em14] =
141 -> 14/G3



· Should QG symmetry lead to hydro modes ?

· Goldstones are produced by currents

and we do not have local currents·

Erefeikyjud : Elk) =erIHEIR

E(k)

· It appears that people assumed the answer

is No !?



· We new consider our spin chain at high
"

(infinite) temperature

TreBH(0)(t) -- * Ul hydro
mode

Prep (e) o 1)-
t-D - (gapless)
-e- t ~ (mass gap)

charged operators cannot capte
to neutral 4) or

energy hydro
modes

· At the moment we do not have theoretical

understanding ,

but we can do numerical simulations
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5tsECH-t-Y dipluses
-x x(Hm +

-3

demonstrates "superdiffusion"



Conclusions

· Quantum groups appear to have

much more widespread physical
consequences than one could have thought...

could we be missing some more

non-local symmetries ?


