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Let A C RY be a lattice.
We define rimin(A) := mingep foy [|4]]-
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Lattice packings

We consider the standard Euclidean space RY.
Let A € RY be a lattice.
We define rimin(A) := mingep foy [|4]]-

We denote by B(x, r) the ball with centre x € R?
and radius r > 0.

The union of open balls Py := [J,cp B(4, %(/\))
is a lattice sphere packing.

We denote by A(A) the density of this packing.

For each dimension d we would like to know
L._
Ag = SUp |attice acre A(N)-
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Lattice packings

The densest lattice packing is known in dimensions:

1,2,3,4,5,6,7,8,24.



Asymptotic bounds for the sphere packing constant

Theorem (Minkowski 1905, Hlawka 1920s)
AL > o=d+1,
Theorem (Rogers 1947)
AL > c279 1 d(14+0(1)), d— oo
Theorem (Venkatesh 2013)

AL > 279 d loglog(d)

for a sequence of dimensions d (d = 2¢(n) and n = p; - p2 - - - px has many prime factors.)



Asymptotic bounds for the sphere packing constant

Theorem (M.Campos, M. Jensen, M. Michelin, and J. Sahasrabudhe 2023)
Ag>2"91d log(d) (1 +0(1)), d— .
Theorem (B. Klartag 2025)
AL > c27d 42,

Theorem (E. B. Abuya, N. Gargava, Y. Zhao 2026)

There exists a universal constant ¢ > 0 and a finite sequence of dimensions d in which

AL > c279d? loglog(d).



Random lattices

The space of random unimodular lattices in R¢:
Ly :={N CRY | vol(R?/A) = 1} ~ SL4(R)/SLy(Z).
td = Haar measure normalized so that
pd(SLa(R)/SLq(Z)) = 1.
Consider a random variable on L4:
N, (A) :=#(AnB(0,r))—1, r > 0.

What is the expected value of N,?



Random lattices

Theorem(Siegel)
Let f : R — R be a compactly supported bounded integrable function. Then

/Ed( > f(e )dud ):/Rdf(x)dx.

teN\{0}

Corollary

E(N, /E ( > IteBOr )) dug(N) = vol(B(0, r)).

LeN\{0}
Corollary(Minkowski-Hlawka)

As > 2—d+1.



Geometry of numbers

Let K be a number field and let Ok denote its ring of integers.
Suppose that K has r; real embeddings and 2r, complex embeddings.

Then rn +2n = [K : Q).
Minkowski embedding;:
KR =K ®Q R
K — Kg, x = (0(x))e,

where o runs over r; real and r, complex (one for each pair of complex conjugates) embeddings of K.



Geometry of numbers. Lattices constructed from number fields

Let K be a number field and let Ok denote its ring of integers. Let Krp = K ®g R denote the
[K : Q]-dimensional Euclidean space associated to K, the Minkowski space.

=2
The scalar product is defined by (x,y) = A @ tr(xy).
Here Ak is the absolute value of the discriminant of the number field K. The normalization in the above
equation ensures that Ok C Kg is a lattice with unit covolume.

Examples:

K=Q,0k="7 K = Q(V5),0x = Z + 157,




Geometry of numbers. Lattices constructed from number fields

Let K be a number field and let Ok denote its ring of integers. Let Krp = K ®g R denote the
[K : Q]-dimensional Euclidean space associated to K, the Minkowski space.

=2
The scalar product is defined by (x,y) = A @ tr(xy).
Here Ak is the absolute value of the discriminant of the number field K. The normalization in the above
equation ensures that Ok C Kg is a lattice with unit covolume.

Examples:

K=Q,0k="7 K = Q(V5),0x = Z + 157,

The lattice obtained by embedding of Ok
is invariant under the action of Uk, o
the units in O. .




Lattices with the symmetry of a number field

We consider the space of rank t free unimodular Ok -lattices
»CK,t = SLt(KR)/SLt(OK)
SLt(KR) =~ SLt(R)rl X SLt(C)r2.

When K does not have class number one and O is not a principal ideal domain, one may consider more
general Ok-modules.



Random lattices with the symmetry of a number field
Obviously, Lk can be seen as a subset of Lik.qj;-

Each lattice A C Lk ¢ is invariant under the action of uk, the finite units in Ok. Therefore
#(ANN B(0,r)) — 1 is divisible by wx := #uk.

Theorem (Siegel-Weil)
Fort > 2

E(#(ANB(0,r))) = vol(B(0,r)) + 1.
Corollary (Venkatesh)

AL > 279 d loglog(d).

What about t =17



Arakelow class group
The Arakelov class group CI(K) is defined as the set of ideal lattices (g,Z) where T C K is a finitely
generated Ok-module and g € K. We identify two ideal lattices as per the rule
(g1,7h) = (&2, 12) < g171 = ¢ - g2 for some ¢ > 0.

Here the equality on the right is the equality of sublattices in Kg.
The following sequence of topological abelian groups is exact.

0— KM /0% — CI(K) = CI(K) — 0

Here KH(J) is the group
KUY = {a e Kg | [N(a)| = 1}.

The map N : Kg — R* is the norm map. Dirichlet’s unit theorem tells us that Kﬂ(;)/(’)f< is a compact
torus.
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Lattices constructed from number fields
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Lattices constructed from number fields
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Lattices constructed from number fields
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Lattices constructed from number fields
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Random ideal lattices

Theorem(Gargava, V. 2024)

Let K be a cyclotomic number field. For each K, choose B C K ® R to be a ball of volume V with
respect to the trace form. Then, as deg K — oo, we have for some np > 0

E(#BNA) =1+ V +¢(V,K) for a Haar-random unit covolume A € CI(K),
where (V/, K) is an error term, that behaves like
e(V,K)| < VVA," as deg K — .

The discriminant Ak of a cyclotomic field K with deg K = d is at least e“@'°89 for some constant ¢ > 0.

Therefore, there exist constants c1, ¢o > 0 chosen uniformly for all cyclotomic number fields K such that

le(V, K)| < VY2 exp (—cy d log(d) + 2 d) .



Random ideal lattices

Theorem(Gargava, V. 2024)

Let K be a cyclotomic number field. For each K, choose B C K ® R to be a ball of volume V with
respect to the trace form. Then, as deg K — oo, we have for some 1 > 0

E(#BNA) =1+ V +¢(V,K) for a Haar-random unit covolume A € CI(K).
There exist constants c;, ¢ > 0 chosen uniformly for all cyclotomic number fields K such that
le(V, K)| < VY2 exp (—cy d log(d) + 2 d) .

Corollary
Improvement on the result by Venkatesh by a factor of 1/2.



|dea of the proof: Hecke’s integration formula

Theorem
Let f, : Rsg — R be a compactly supported smooth function and f : Kg — R be f(x) = f,(||x||). Then

/Aea(x) ( GAZ\‘?O} f(v)) dA = /XGKR f(x) dx + (K, f),

where
_(emr e r3)rs)”
(. f)_vo|(€|(K))m/;,-oo Bk Chls) Mitsd) ( 221 (%) ) ®



|dea of the proof: Hecke's integration formula + Subconvexity bounds for Dirichlet zeta
function

Corollary
Let K be a totally imaginary number field, that is 1 = 0. Let B C Kgr be an origin-centered ball of radius

R. Then we have that if r» > 4, then
/ ~ #(BrNA) dA =1+ vol(Br) + ¢(R, K).
AeCI(K)

" (R K)= 2T / N AL c(s) B < e ) *
; vol(CI(K))i S =K K s, \ 22T (sn) '

Here the 3 5 may be replaced by any other real in the interval (% 1).



|dea of the proof: Hecke's integration formula + Subconvexity bounds
A
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|dea of the proof: Hecke's integration formula + Subconvexity bounds

Theorem (Petrov-Young, 2023)
For any Dirichlet character x with conductor ¢ = g(x), for t € R and any ¢ > 0

. 1 1
IL(3 +it,x)| <. gote(|t| +1)5e. (1)

Corollary
There exist positive numbers 71,72 such that for cyclotomic number fields K and for all t € R

1_
Che (3 +it) <y D (] 4+ )08 ),

Here Ak is the discriminant and deg K is the degree of a number field K. The positive numbers 71,7, can
be choosen arbitrarily close to %



Conclusion for Part 1
Random ideal lattices for cyclotomic fields are almost as good as random lattices.



Conclusion for Part 1
Random ideal lattices for cyclotomic fields are almost as good as random lattices.

Part 2
Let us look closer at modular lattices over number fields.



Moments of the number of lattice points in a bounded set

Theorem (Rogers, 1956)

Let A C R* be a random unit covolume lattice and let S be a centrally symmetric Borel set of volume V.
Consider the random variable

p(N) = # (SN (A\{0})). (2)
Then, provided t > [%nz + 3], it follows that the n-th moment of the number of non-zero lattice points in
S satisfies
2" my(¥) < E[p(N)"] < 2" ma(¥) + Ene- (V +1)",
where

— - >\r n n
mp(\) = e A Z F’ = EXNP(A)(X )
r=0 "~

is the nth moment of a Poisson distribution with parameter A\ and where E, ; is an error term decaying
exponentially as t increases:



Poisson distribution on Wikipedia

Chewing gum on a sidewalk. The =
number of chewing gums on a single
tile is approximately Poisson
distributed.



Random lattices with the symmetry of a number field

Let K be a number field and let Ok denote its ring of integers. Let Kp = K ®g R denote the
[K : Q]-dimensional Euclidean space associated to K, the Minkowski space. The scalar product is defined
by

=2
(x,y) = DT tr(xy).
Here Ak is the absolute value of the discriminant of the number field K. The normalization in the above
equation ensures that Ok C Kg is a lattice with unit covolume.
We consider the space of rank t free unimodular Ok -lattices
LK,t = SLt(KR)/SLt(OK)
SLt(KK) =~ SLt(R)rl X SLt(C)rQ.

When K does not have class number one and Ok is not a principal ideal domain, one may consider more
general Ox-modules.



Random lattices with the symmetry of a number field

Obviously, Lk can be seen as a subset of Lik.qj;-

Each lattice A C Lk ¢ is invariant under the action of uk, the finite units in Ok. Therefore
#(AN B(0,r)) — 1is divisible by wk := #uk.

What is the distribution of
#(ANB(0,r)\ {0})

H#uk

7A€£K,t ?

Is it close to the Poisson distribution?



Lattices constructed from number fields

Theorem (Gargava, Serban, Viazovska 2023)

Let K be any number field of fixed degree d. There is an explicit constant to(K, n) = O(n?loglog n/+/d)
for large n, as well as constants Ck,cx > 0, such that the n-th moment E[p(A)"] of the number of
nonzero Ok-lattice points in an origin-centered sphere of volume V over the probability space of
Ok-lattices of rank t and unit covolume satisfies

Wi - M) < Elp(N)] < wie - ma(3) + Cie - e <m0t (v 1),

WK

provided t > to(K, n).



Cyclotomic fields

Theorem (Gargava, Serban, Viazovska 2024)

Consider a sequence of cyclotomic number fields given by Kj = Q((x,) of degree d; = ¢(k;) and let

to = 27. There then exist uniform constants C,e > 0 such that for any t > tp and for any degree

di > (%2)?2 the second moment E[p(A)?] of the number of nonzero Ok-lattice points in an origin-centered
sphere of volume V over the space of Ok-lattices of rank t and unit covolume satisfies:

V24 Vowk <E[p(N)] < V24V wg - (14 C- e =dlt-orl)y



Mahler measures and the Bogomolov property

For an algebraic number o € K*, recall that the Mahler measure (or unnormalised exponential Weil
height) is given by the product over the set of places My of K:

Hu(e) == [] max{Llel.}.

veMy

We also define, keeping only the infinite places, the closely related

Hw (o) = H max{1, |o(c)[}

o:K—C

which will be more directly relevant for estimates in the Euclidean space associated to K. The two coincide
for algebraic integers and in general differ by a denominator. We also recall that the absolute Mahler
measure (or exponential Weil height) of an algebraic integer « is given by Hpy ()Y 9¢8(®) and we shall
denote by

() = log(Huw () %&(€))

the Weil height of an algebraic integer. More generally for non-integers, we shall write hps(«) for the Weil
height log(Hpm () 9e8(®)) and keep h(cr) = log(Hw ()Y de8(®)).



Note that the absolute Mahler measure and Weil heights are independent of the subfield over which one is
considering an algebraic integer. That is, if 5 € K we have deg 8 = #{o : Q(8) — C} and

08 ([ e max(L lo(A)}) _ 128 (Tloarc max(L.o(9)1})

[K - Q] [Q(5) : Q]

Lehmer's famous problem asks for a uniform lower bound for hy(«) deg(c). We shall consider algebraic
numbers related to the stronger property:

Definition
A subset S C Q is said to satisfy the Bogomolov property if there exists a constant C > 0 such that

h/\/](a) > C

provided o € S has infinite multiplicative order.



Hypothesis
As K varies among the number fields considered, there exist uniform constants ¢y > ¢; > 0 such that the
absolute (logarithmic) Weil heights satisfy

h(a) > cg for a € Ok \ puk

and
hp(a) > ¢p for a € KX\ pk.
We now recall some important examples from the literature when the Bogomolov property is satisfied:

Theorem (Schinzel 1973)

Assume that an algebraic number « of infinite multiplicative order is contained in a totally real field. Then,
denoting by ¢ = 14“2—‘/5 the golden ratio, we have

log v ~ 0.2406. ...

N

hv(a) >

Moreover, the same is true for a in a CM field provided one (and equivalently, all) of its Archimedean
embeddings satisfy || # 1.



Theorem (Amoroso—Dvornicich 2000)

Assume that an algebraic number « of infinite multiplicative order is contained in an abelian extension of
Q. Then we have

hm(a) Z

We may therefore record as a special case:

Any tower of cyclotomic fields satisfies Hypothesis with constants ¢y = % log ¢ =~ 0.2406 and
1 = %82 ~0.1341.




Theorem (Gargava, Serban, V. 2023)

Let {Ki}ien denote a sequence of number fields such that the absolute Weil height for infinite order units
in O has a uniform lower bound co > 0. Then, there are explicit constants to(n) = O(n?loglog n) and

do(n) = O(n?) for large n as well as C,e > 0, all uniform in i, such that for any t > t; and for any
d = [Ki : Q] > dp the n-th moment E[p(A)"] of the number of nonzero Ok-lattice points in an
origin-centered sphere of volume V over the space of Ok-lattices of rank t and unit covolume satisfies:

W+ ma(LV) < E[p(N)] <wf - ma(LV)
+Ce e Et (v £ 1) Z(K;, 1, ).

Here wj = wg; are the number of roots of unity in K;, Z(Kj, t, n) denotes a finite product of Dedekind zeta
values (i, at certain real values > 1 and m, is as before.



No limiting Poisson distribution

Proposition (Gargava, Serban, Viazovska 2023)

Let f, be a sequence of irreducible polynomials of degree n such that their Mahler measures are uniformly
bounded from above. Let K, := Q(f,) be the resulting sequence of number fields. Then for any fixed
number of copies t > 2 there exists C; > 0 such that over any number field K, the second moment satisfies

Elp(N)?] = Ce + wi, ma( g,

ory)

There are many sequences satisfying the assumptions of the proposition. For example, one has limiting
results for Mahler measures such as :

lim Hw(anp) =1.3815..., where ] —a, +1=0,

n—oo

so where «, is a root of f,(x) = x" — x + 1.



An application of second moment estimates

Theorem (Jianwei Li, Phong Q Nguyen 2020)

Let A C RY be a Haar-random lattice chosen from the space SLy(R)/SLy(Z). Then, as d — oo, with
probability 1 — o(1) we have
1 log log d - A1(A) <14 log log d

d  ~ ) ~ d

where ~(d) is radius of a ball of unit volume in d dimensions.

Remark
For large d, vy(d) ~ \/%e by Stirling’s approximation.

Theorem (Gargava, Serban, V., Viglino 2024)

Let t > 11 be fixed. Let K = Q(u«) be a cyclotomic number field and let d = t - deg K = tp(k). Consider
a Haar-random unit covolume module lattice A C K* ® R in the moduli space of rank-t module lattices
over K. Then, as k — oo, we have with probability 1 — o(1) that

log log k _1A1(N) log log k
1-—="<k <l4+ —=—=—.
e ) R



