Matrix Models & Low D Quantum Gravity

1ste Lecture

Quantum Chaos
Matrix Model Basics
Spectral Curve

Loop Equations
Topological Recursion

2nd Lecture

Jackiw-Teitelboim Gravity (2D)
Liouville/Minimal Virasoro Gravity (2D)

Witten-Chern-Simons Gravity (3D)



Quantum Chaos

chaotic (= random) distribution of eigenvalues.

Prob(s) = probality to find two eigenvalues with difference equal to s.

Wigner: Prob(s) _ Cg (%>Be_(%)2

E;, = eigenvalues of
Hamiltonian



Matrix Models
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Integration measure in terms of eigenvalues

M =UTAU A:diag()\l,...,)\N)

The integration measure becomes

dM = A({)\@'})g Hd)\z' AU

where

AN =TT = A) - Vandormonde

. . determinant
1<J



Integration measure in terms of eigenvalues

M =UTAU A:diag()\l,...,)\N)

, , _ ot }
The integration measure becomes dM = U'(dA + [A, dUU"))U

(A, dUUT],; = (X — \)(dUU");

Haar

AM = A({\:})* [[ X [dU]

Vandermonde determinant A({)\Z}) — H(A’L o )\])

1<J



Effective Action
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1<J



Eigenvalue Distribution
1 N
pla) = 3y 320 = )
i=1

Lepslp) = = [ deda’ p(x)p(a’) log(w — )* + [dz p(2)V ()



Resolvent




Eigenvalues as charges
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* Saddle Point Equation
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Wigner Semi-Circle Law (on Black Board)
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Spectral Curve

y* = V'(z)y+ P(z) =0

2-sheeted riemann surface




Observables




‘t Hooft’s 1/N Expansion
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Potential with couplings

1

00 t
V(M) — §M2 - EM’C Euler Number

k=3

X(X)=2-29—-n

Combinatorics of Feynmann diagrams

#k-gons
NX(E) Lk tk i

W= B A

otin=12ED oo | 1—1 %5

‘t Hooft, Brezin, ltzykson, Zuber



Matrix Model A /dM(. ) e NIV

Resolvent

W(x) =%<Tr (:U—lM>> Zx_" 1<TrM”>

n-fold generalization

1 1 1
Wz, ..., x,) = N”<Tr(x1—M)'“Tr(a: —M)>

_ ZNQ 29— ntn(xla N, ) Asymptotic

expansion
g=0




Asymptotic Topological Expansion

F = Z N*"%9F, W, = i N2y
g=0
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Loop Equation
0
dM ( M*) —NTYVU‘/”) — 0
ZJ: /F oM, (M7),; €

ki <Tr M Ty M’“"‘1> — N< Tv M"”’V’(M)> =0
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: : V(M)
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Wa(z, ) + Wi(z)* = N (V'(z)Wi(z) — Ry(z))



Loop Equations

0 1
M —NTrV(M)) — 0
/ 8MU (33 — M c ij

implies

<Tr(x—1M)Tr(x—1M)>_<Tr(3:—1MNV,(M))>:0

which leads to

Wa(z, z) + Wi(z)? = NV'(2)Wi(z) — Py(x)



This equation can be generalized to

Wiie(z,2, 1) + Y Wig(@, J) Wign—s(z, 1\J)

JCI

Z 0 Wiz, I\{z:}) — Wn(I) — N(V'(:U)Wn+1(il3, I) —Pn($31))

ox; T — I;

where




Spectral curve

or after shifting y

Note that

General spectral curve



Volume of Moduli space
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Mirzakhani recursion for the volume of moduli space of Riemann surfaces
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- - N 1 i
Wg,n(zla Ry e ,Zn) o ]z;{—e>8 (Z% — 22) sin (271'25)

+ Y Whasr(z, ) Wi aesr (— 2, I')] dz

IWI'=J;h+h'=g

|:Wg—1,n+1(za —Z, J)

(2.1)

where ' means that we exclude from the sum the two cases (I = J h = g) and
(I'=J,h = g), and we have denoted:

1

W0,2(21; 22) = (Z1 — 22)2-

(2:2)



Won(21y. - 2n) =Wyn(21,...,2,)d21 ... d2,

Bergmann kernel

w0,1(2) = y(z)dx(z) wo2 = B (z, J) = (jicif;z

Topological Recursion

Wyn (21, 2n) = Z fz{:es K(21,2) |wg-1,n11(2, 2, 22, * * 2n)
U

/

+ Z Wh,1+|1|(2a I)Wh’,1+\f’\ (2, 1)

] h+h'=g
Recursion kernel IUI'={z22,zn}

%f; B(Zl, z) Eynard, Orantin

K(z1,2) = wo1(2) —wo1(Z)




Two Matrix Model / dM, dMye=N tr(Vi(Mi)+Va(Mz) =My Ms)
H(N)?
Hermitian N x N matrices M and M.
Diagonalizing the two matrices M; = U@-DZ-U;r
N
/ dUldUQ / HdAiduiAQ(A)AQ(M)e_Ntr(VI(Dl)—l—VZ(DQ)—UlDlUIUQDQU;)
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Harish- Ckhz;ndra—itzvkson— Zuber forr’nula‘
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Two Matrix Model in terms of eigenvalues
/ H dAidﬂiezlgi<3‘§N log(Ai—=Aj)+> 1 <icjenlog(i—ps) =N 32, (Vi(Xi)+Va(ps)—Aipi)
R2N

Saddle point equations

1 1 , 1 1
MzZVf()\i)——Z — Ai:‘/Q(Ui)__Z —
Nz =N Nz = H
Resolvents
1
= 1
AL, ;x—)\i VVz(?J):Zy_M_

In large N limit the saddle point equations become

y=V/(z) - W,(z) z=V'(y) — W,(z)



Minimal models = CFT’s with central charge

_ _6(p—q)2 1 21y
c=1 .y 1 6(b b)

Degeneratie rimary operators with conformal dimensions

2 2
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2D Liouville Theory

sulél = 5, f /5 (590,09, + QR6 + Amp.e™)

‘CFT’ with central charge
1 2
_ 2 _
cL—1+6Q—1+6(b+E) Q="b+
Vertex operators with conformal dimension
V, = e?*¢ he = a(@Q — a)

Vertex operators with degenerate Virasoro representations

1
200,09, —(1—7) +b(1—s)
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General form of the spectral curve
z = x(2) y = y(2)

We will consider the following family of special curves

(p, ¢)-minimal model + Liouville timelike Liouville + Liouville Liouville 4+ (Liouville)*
x(z) = —T4(2) x(z) = —22 x(z) = —cos(mb~1/z)
y(z) = Tp(2) y(z) = 2z~ sin(2mbz) sin(27b~ 1 2) y(z) = cos(mby/2)
= be /1R

Liouville Theory

b— o0 )

Weil-Peterson
Volume



Virasoro Minimal String Collier, Eberhardt, Muehlmann, Rodriguez

2

spacelike Liouville CFT: c¢=1+4+6Q*, Q=b+b"', hp= e + P?%
A .
timelike Liouville CFT: é=1-6Q°, Q=b"'-b, hp= -7+ P?.
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(p.¢)-Minimal string (MS, ;)

Virasoro minimal string (VMS)

Complex Liouville string (CLS)

Setup

(p, ¢)-minimal model + Liouville

timelike Liouville - Liouville

Liouville 4 (Liouville)*

Central charges

cp = 1+6(b+lrl)2
em=1-06(b—b1)"

b= \/g, p.q > 2 coprime

cr, = 1+ 6(b+ bil)Q
Cer, = 1-— G(b — b_l)2

beR

et =1+6(b+b1)2
c”=1-06(b—0b"1)2

b e /AR

‘Standard form’ of matriz model

two-matrix? 1]

=
o~

[
~—

I

—Ty(2)

one-matrix [3]

y(z) = 271 sin(27bz) sin(?wb‘lz)

two-matrix [4]
z(z) = —cos(mb™1y/z)
y(z) = cos(mhy/z)

Nodal singularities (values of z that give the same x and y)

~+ ,
“m,n COo8 pq

7(mgtnp)

2k, = (mb+nb1)?




Spectral curve

F(z,y) =Ty(z) — Tp(y) =0
T,(cosf) = cos(p0)

Chebyshev (1st kind)

Nodal Points

0 F(x,y)=qU,_1(x) =0 '
(z,9) = qUq_1(x) Up_l(cosﬁ):smpg

0,F(z,y) =pU,_1(y) =0 sin0

Chebyshev (2nd kind)

(p-1)(g-1) solutions

(Tmn, Ymn) = ((—1)m COS W—mj, (—1)" cos 77mq)




ZZ-branes

Z|lm,n)zz = Tmn|m,n)zz

FZTT-branes

Matrix model interpretation

Y(z) = <e_%v(‘”) det(x

adds one eigenvalue



