
Matrix Models & Low D Quantum Gravity 

• Quantum Chaos
• Matrix Model Basics
• Spectral Curve
• Loop Equations 
• Topological Recursion

• Jackiw-Teitelboim Gravity    (2D)

•  Liouville/Minimal Virasoro Gravity  (2D)
 
• Witten-Chern-Simons  Gravity (3D)

1ste Lecture 
2nd Lecture 



Quantum Chaos

E
Ei   = eigenvalues of 
Hamiltonian

chaotic (=  random) distribution of eigenvalues. 

Wigner:  

Prob(s) = probality to find two eigenvalues with difference equal to s. 



Matrix Models



Integration measure in terms of eigenvalues

=      Vandermonde 
    determinant

The integration measure becomes 

where 



Integration measure in terms of eigenvalues

Vandermonde determinant

The integration measure becomes 



Effective Action 



Eigenvalue Distribution



Resolvent



Eigenvalues as charges

picture from 
lectures by Eynard



• Saddle Point Equation





Wigner Semi-Circle Law (on Black Board)





Spectral Curve 

2-sheeted riemann surface 



Observables



‘t Hooft’s  1/N Expansion





Potential with couplings

Euler Number

Combinatorics of Feynmann diagrams

‘t Hooft, Brezin, Itzykson, Zuber



Matrix  Model

Resolvent 

n-fold  generalization  

Asymptotic 
expansion  

conn



Asymptotic Topological Expansion  



Loop Equation



Loop Equations

implies

which leads to 



This equation can be generalized to

where 



Spectral curve 

or after shifting  

Note that  

General spectral curve



Volume of Moduli space



Mirzakhani recursion for the volume of moduli space of Riemann surfaces  







Topological Recursion 

Recursion kernel

Bergmann kernel

Eynard, Orantin



Two Matrix Model



Two Matrix Model in terms of eigenvalues

Saddle point equations 

Resolvents 

In large N limit the saddle point equations become 



Minimal models  = CFT’s with central charge 

Degeneratie rimary operators with conformal dimensions

Fusion ring algebra                                                                   is generated by



2D Liouville Theory

‘CFT’ with central charge

Vertex operators with conformal dimension

Vertex operators with degenerate Virasoro representations



General form of the spectral curve 

We will consider the following family of special curves 

Weil-Peterson 
Volume

Liouville Theory



Virasoro Minimal String Collier, Eberhardt, Muehlmann, Rodriguez





Nodal Points  

Chebyshev (1st kind)

Spectral curve

Chebyshev (2nd kind)

(p-1)(q-1) solutions



ZZ-branes 

FZTT-branes

Matrix model interpretation

adds one eigenvalue 


