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® Resummation method := splitting of the Borel-Ritt exact sequence
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¢ Borel resummation := inverse algebra homomorphism s := &' which splits
the Borel-Ritt-Watson exact sequence over large enough arcs
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Slogans
Stokes phenomenon = non-uniqueness of splittings of the Borel-Ritt-Watson
exact sequence over small arcs

Resurgence = study of Borel resummation’s failure and Stokes phenomenon




Example

® Suppose f(m) € F'C[[z] is such that
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Example

® Suppose f(m) € F'C[[z] is such that

B(t) = B[ F(t) = g(t) log(t — &) = (1)
for some ¢ # 0 and some entire function ¢(¢) exponentially bounded at co
® By Watson-Nevanlinna Theorem,

eieivoo

for =50, [f]=Lo,[0] = /0 g(t)log(t — &)e™ /" dt € F'Ocoa,

is a well-defined asymptotic germ along Ay := (0+ — 5,0+ + 3)
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Example

® Butif § = arg(&) then
1600

solfl=salel= [ gle)ton(e— e ar

is not well-defined!
® Yet the lateral Borel resummations
i =171 =5 1e) = [ a01og(t - 9" dre FOcn,
Ty

us

are well-defined asymptotic germs along Ag := (6 — 5,0 + 7).
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Example: Stokes Jump

SolFli= 1§ — fy = / (t)e = dt
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Example: Stokes Jump

SolFli= i — fi = / et
Y - / g(t) (1og., (t — €) — log_(t — €)) e~/ d
¢ 27
%// = /: - 2mi g(t)e /" dt
. 160
° = / 2mi g(€ + t)e” T/ qy (t—E+1)
0

6

=8/ / omig(€+t)e /" dt = e V" Lol e |
0

where ¢ (t) :=2mi g(€ +1) = (€ +tT) — (€ +t7) =: discontinuity of © at &
® Take &¢(t) := Jo[pe](t) € C{t} so that ¢ is the analytic continuation of @

* Let fe(z) € 2C[z] be such that 3, = B[ Je .

® Then f; € Fi,C[z] and | So[ f] = 2mie /% sq[ fe]

e Observe: Sy[ f] € F'my; ie., exponentially small as z — Ag



Stokes Phenomenon

e Theorem: if f € F'Ox, and 6 € S,X are such that (the analytic continuation
of) § = B[ f] € C{t} has isolated singularities at nonzero {1, &2, ... € Ry,
then the Stokes jump across 6 is

oo

SolFl= 1§ = fs = (2miRese, o + 571 Jei])

=1

Stokes phenomenon is expressible in terms of Borel resummation of
new formal power series extracted from singularities of Borel transform

Quasi-Definition: resurgent series := formal series with this property

o Difficulty: Riemann surface of ¢ can get complicated very quickly

e Example: ¢(t) = log (log(t —&1) —log(&2 — §1)) for any distinct £1,&2 # 0
® log-singularity at ¢ = &;; but for ¢ = £, it depends on the branch:

log (1og(t — €1) — log(€2 — €1)) vs log (log(t — &1) + 2mi — log(§2 — &1))

log-singularity at &2 regular at &o
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Definition: A Riemann surface spread over C is a pair (M, ) where M is a
Riemann surface and 7 : M — C is a nonconstant holomorphic map

Examples: branched covers, (C, exp), (C, exposin), ...
Main example: analytic continuation

If Y a Riemann surface, étalé space |Oy| := disjoint union of stalks Oy 4, € Y

If & € Oy, a holomorphic germ, T=p
the Riemann surface of ® is the connected component  (©Oyq?)
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Infinite Riemann Surfaces

Definition: A Riemann surface spread over C is a pair (M, ) where M is a
Riemann surface and 7 : M — C is a nonconstant holomorphic map

Examples: branched covers, (C, exp), (C, exposin), ...
Main example: analytic continuation

If Y a Riemann surface, étalé space |Oy| := disjoint union of stalks Oy 4, € Y

If & € Oy, a holomorphic germ, T=p
the Riemann surface of ® is the connected component  (©Oyq?)
M C |Oy]| passing through ® € Oy 4

Projection |Oy| — Y yields a holomorphic map 7 : M

M has a distinguished point (“origin”) Q4
given by p := ® € Oy q with 7(p) = ¢ /Tr

Regard the germ ® € Ov,q T 4

as the germ ® € Ompvia™ : Oy,g = Omyp *
Then & is the germ at p of a global holomorphic function ® € H°(M, Ou)
If Y = C and ® € C{t}, then (M, 7) is spread over C with ‘origin’ p € M
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Infinite Riemann Surfaces: Singularities

® Singularities Sing(M, 7) are of two types: algebraic and nonalgebraic
® An algebraic singularity over ¢ € C := ramification point of 7 with branch
point &
® To define nonalgebraic singularities: suppose £ € C is in the closure of 7(M)
® Take a neighbourhood U C C of ¢ and consider connected components of 7~ 1(U)
® Let F¢ := set of germs of connected components U C 7 ~!(U) under inclusion

¢ If q € Fg, take total intersection |q := [y, U C M

® If |q| = o, then q is a nonalgebraic singularity over the singular value £ € C

® Any representative U € q is a neighbourhood “around q”

8
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Endless Riemann Surfaces and Observable Singularities

Definition: An endless Riemann surface is a Riemann surface (M, 7) spread
over C with only isolated singularities.

Remark: even if (M, ) is endless, the set = C C of singular values may be dense!
Examples: branched covering maps, (C,exp), (C,exposin), ...

® Apath~v:[0,1] — M is a geodesic if 7 o y is a straight line in C

e If q is isolated, a geodesic can be distorted to go around to go around g on the
left or the right
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Definition: A formal germ fe (ADX,IO is resurgent of level k if
@ its Borel transform 3(t) = B*[ f] € C[t] is convergent

® { has endless meromorphic continuation o € H°(M, M)
:= the Riemann surface M of ¢ is endless

® ¢ is of exponential type of level k in every observable direction
:= exponentially bounded of level k&
along any infinite distorted geodesic

= differential subalgebra R*Ox , C F*Ox,, C Ox,,

e Theorem: If f € R* @x,p, then for any 6 € S, X,

oo

SolFl=1f —fy = Y. (2miResqp+sf[fu))

q€Sing(M,7;6)

e Example: Eu € R'Oc,

Thank you for your attention!



