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Some references: for a more extensive introduction to random matrix theory
(RMT), see [1}, |2]. For more details on the topological recursion you can refer
to [3], and to [4] for the connection with enumerative geometry. For interest-
ing applications of RMT to low-dimensional quantum gravity models, see for
example [5} (6, |7, (8, [9].

1 Warm-up: the Wigner surmise

Consider the 2 x 2 GOE ensemble, that is 2 x 2 real Hermitian matrices H
sampled according to the following probability density function (pdf):
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The level spacing is the difference Ao — A1, where Ay > A1 are the two eigenvalues.

1. Find the level spacing §(x1, x2, z3) as a function of the independent entries
T1,Ta,x3 of the matrices.

2. Compute the pdf of the level spacing p(s), that is, by definition:

p(s) = /dHP(H)é(s — 5(x1,22,23)), where dH = dxidredrs (2)

3. Compute the mean level spacing (s) = fooo sdsp(s). Then define a rescaled
variable s’ = s/(s), and compute p(s’) = (s)p(s(s’)). This rescaled distri-
bution is called the Wigner surmise.

2 Deriving the semicircle law

Consider N x N complex Hermitian matrices H, sampled according to some
potential V(H). We can define the partition function of this model as:
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where A(\)? = [Tic; (N = A;)? is the Vandermonde determinant for the GOE

ensemble.
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1. Find the appropriate S¢¢¢, so that the partition function is in the form:
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2. Consider the double-scaling limit g; — 0, N — oo with g;N fixed. In this

limit, the integral in localizes on the configurations extremizing the
effective action S.fr. Find the saddle point equations determining such
configurations.

. The resolvent is defined as:

N
wo(p) = /d)\ﬂ where p(\) = %26()\ —Xi)- (5)
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Start by multiplying the saddle point equations by 1/(A\; — p) and sum
over ¢, then find the resolvent, in the large N limit, as a function of the
potential V().

. The resolvent and eigenvalue density are related via the following identity:

p(N) = —Tmug () (6)

Now specialize to the Gaussian matrix potential V' (\) = A\?/2, and use the
relation above, together with the results of the previous point, to find the
eigenvalue density and its support for this model. This is the semicircle
distribution.

Examples of topological recursion

A spectral curve (3,wp 1, B) is determined by a (compact) Riemann surface X
(in the single-cut matrix models we consider, ¥ is always a sphere), a meromor-
phic 1-form wp; and the Bergmann kernel B. Determining wg ; is equivalent
to specifying two functions y,z : ¥ — P!, where P! is the complex plane plus
the point at infinity, such that wg ; = ydx.

1. Consider a random matrix model characterized by an energy density p(F) =

VE. This can be described by the spectral curve where y(z) = z, z(z) =
22 =-F and B(Zl,ZQ) = m.
Use the topological recursion to find wg 3, wi,1 and wy » for this model.

sin 27z 2 _

. Consider now the curve with y(z) = 5= and z(z) = 2 = —F, which

is found to describe the physics of a 2D gravity model (JT gravity) [7].
Compute wp 3, wi,1 and w2 in this model.



4 Minimal string theory and matrix models

In the (2, 2p+1) minimal string theory, the 3-point function correlator of tachyon
operators [6]:
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We define N as the fusion rule number given, in the case of 3 insertions on a
genus 0 surface, by (Verlinde formula):
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where b2 = p/q = 2/(2p+1). Consider the following spectral curve on Ms 541,
with B = dzdz'/(z — 2)?:

y(2) = 2Tu(2) = 422 — 2, x(2) = —2Top11(2), 9)

where T,(cos#) = cospf is the Chebyshev polynomial of the first kind. We
define the ‘string amplitude’ as the following transform of the connected corre-
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Compute A9 and verify that reproduces the same fusion rule coefficient of .
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