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Asymptotic Jet

• Theorem: for any A ⊂ SpX, there is a unique algebra homomorphism

æ : ÕX,A −→ ÔX,p

called asymptotic jet map, extending the Taylor jet map J : OX,p
∼−→ Ôconv

X,p

from germs to asymptotic germs:

ÕX,A ÔX,p

OX,p Ôconv
X,p

æ

J

∼

• ÕX,A is a local ring with maximal ideal of asymptotically vanishing functions

m̃A :=
{
f
∣∣∣ lim

x→A
f = 0

}
⊂ ÕX,A and ÔX,A = lim←−

(
ÕX,A/m̃

n+1
A

)
∼= ÔX,p

• æ : f 7→ f̂ = (Sn)
∞
n=0 where Sn := f + m̃n+1

A

◦ If x(p) = 0, then f̂(x) =
∞∑

k=0

akx
k ∈ CJxK and Sn(x) =

n∑
k=0

akx
k where

ak = 1
k!

lim
x→A

f (k)(x)

1



Asymptotic Jet

• Theorem: for any A ⊂ SpX, there is a unique algebra homomorphism

æ : ÕX,A −→ ÔX,p
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ÕX,A/m̃

n+1
A

)
∼= ÔX,p
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Borel-Ritt Sequence and Resummation Methods

• Borel-Ritt Lemma: for any A ⊂ SpX, there is a short exact sequence of
differential algebras

0 m̃∞
A ÕX,A ÔX,p 0

æ

• Fact: m̃∞
A =

∞⋂
k=0

m̃k
A ̸= {0} for any A ⊂ SpX (asymptotically flat functions)

◦ e.g.: (X, p) = (C, 0) and A = (−π
2
,+π

2
), then e−1/x ∈ m̃∞

A

⇒ ÕX,A is a non-Noetherian ring

• Definition: A resummation method is a splitting of the Borel-Ritt sequence;
i.e., a map s : ÔX,p → ÕX,A such that æ ◦ s = id:

0 m̃∞
A ÕX,A ÔX,p 0

æ

s

(1)

• (weak) resummation method := splitting as C-vector spaces
• (strong) resummation method := splitting as differential algebras

• Fact: there are infinitely-many (distinct) weak resummation methods
• But: a strong resummation method may not exist (this is not known)
• Way out: restrict æ to subalgebras of ÕX,A and ÔX,A
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Factorial Asymptotics

• Little Technical Fact: any f ∈ ÕX,A is bounded over proper subarcs A0 ⋐ A;
i.e., A0 ⊂ A such that A0 ⊂ A.

That is, for any representative f : U0 → C over a sector U0 with opening A0,
there is some C = CA0 > 0 such that |f(q)| < C for all q ∈ U0.

◦ e.g.: f = x−1e−1/x is bounded over any A0 ⋐ A = (−π
2
,+π

2
) but not A

• For any f ∈ ÕX,A, let f̂ = æ(f) = (Sn)
∞
n=0, and consider the n-th remainder

Rn := f − Sn−1 ∈ m̃n
A

◦ If x(p) = 0, take h(x) = x, so Rn(x) = f(x)−
n−1∑
k=0

akx
k

⇒ For any generator h ∈ m̃A, get Rn/h
n ∈ ÕX,A, hence bounded over all A0 ⋐ A.
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Factorial Asymptotics

• Definition: for any k ⩾ 0, say f ∈ ÕX,A is of factorial type of level k if for any
generator h ∈ m̃A and any A0 ⋐ A, there are some C,M > 0 such that∣∣Rn/h

n
∣∣ ⩽ CMn(n!)k ∀n

⇒ differential subalgebra F kÕX,A ⊂ ÕX,A

⇒ OX,p = F 0ÕX,A ⊂ F 1ÕX,A ⊂ F 2ÕX,A ⊂ · · · ⊂ F∞ÕX,A ⊂ ÕX,A

◦ e.g.: if A ⊂ (−π
4
,+π

4
), then e−1/x ∈ F 1ÕX,A but e−1/x2

∈ F 2ÕX,A ∖ F 1ÕX,A

◦ e.g.: Eu(x) =
∫
Γx

1
1+t

e−t/x dt ∈ F 1ÕX,A for A = (−π,+π)

• Definition: for any k ⩾ 0, say f̂ = (Sn) ∈ ÔX,p is of factorial type of level k if
for any generator h ∈ m̂p, there are some C,M > 0 such that

|an| =
∣∣∣∣Sn − Sn−1

hn

∣∣∣∣ ⩽ CMn(n!)k ∀n

⇒ differential subalgebra F kÔX,p ⊂ ÔX,p

⇒ Ôconv
X,p = F 0ÔX,p ⊂ F 1ÔX,p ⊂ F 2ÔX,p ⊂ · · · ⊂ F∞ÔX,p ⊂ ÔX,p

◦ e.g.: Êu(x) =
∞∑

k=0

(−1)kk!xk+1 ∈ F 1ÔX,p
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for any generator h ∈ m̂p, there are some C,M > 0 such that

|an| =
∣∣∣∣Sn − Sn−1

hn

∣∣∣∣ ⩽ CMn(n!)k ∀n

⇒ differential subalgebra F kÔX,p ⊂ ÔX,p
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Borel Resummation

• Borel-Ritt-Watson: for any A ⊂ SpX, there is a short exact sequence

0 −→ F km̃∞
A −→ F kÕX,A

æ−−→ F kÔX,p

• Theorem (Watson): If A is open, then
1 If |A| ⩽ π/k, then æ is surjective but not injective; i.e., Fkm̃∞

A ̸= {0}

2 If |A| > π/k, then æ is injective but not surjective; i.e, Fkm̃∞
A = {0}

⇒ æ is isomorphism onto its image =: F k
A ÔX,p ⊂ F kÔX,p whenever |A| > π/k

• Definition: If |A| > π/k, then the Borel resummation method along A is the
inverse differential algebra isomorphism

F kÕX,A F k
A ÔX,p

æ
∼

s

5
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Borel-Laplace Correspondence

If A = (α−, α+) with |A| > π/k, let Θ := (α− + π
2k
, α+ − π

2k
).

• Theorem (Watson-Nevanlinna): f̂ ∈ F k
A ÔX,p if and only if the Borel

transform φ̂(t) := B[f̂ ] ∈ C{t} admits analytic continuation φ(t) to the
infinite sector RΘ ⊂ Ct dominated by eL|t|k for some L as t→∞ in RΘ.
Moreover, the Borel resummation of f̂ along A (or in the direction Θ) is

f := sA(f̂) = LΘ

[
φ
]
∈ F kÕX,A
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