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1 Warm-up: the Wigner surmise

Consider the 2 × 2 GOE ensemble, that is 2 × 2 real Hermitian matrices H
sampled according to the following probability density function (pdf):

P (H) =

√
2

(2π)3/2
e−

1
2 trH

2

(1)

The level spacing is the difference λ2−λ1, where λ2 > λ1 are the two eigenvalues.

1. Find the level spacing s̄(x1, x2, x3) as a function of the independent entries
x1, x2, x3 of the matrices.

2. Compute the pdf of the level spacing p(s), that is, by definition:

p(s) =

∫
dHP (H)δ(s− s̄(x1, x2, x3)), where dH = dx1dx2dx3 (2)

3. Compute the mean level spacing ⟨s⟩ ≡
∫∞
0

sdsp(s). Then define a rescaled
variable s′ ≡ s/⟨s⟩, and compute p̄(s′) ≡ ⟨s⟩p(s(s′)). This rescaled distri-
bution is called the Wigner surmise.

2 Deriving the semicircle law

Consider N × N complex Hermitian matrices H, sampled according to some
potential V (H). We can define the partition function of this model as:

Z =
1

N !

∫ ∏
i

dλi

2π
e−

1
2gs

∑N
i=1 V (λi)∆(λ)2, (3)

where ∆(λ)2 =
∏

i<j(λi − λj)
2 is the Vandermonde determinant for the GOE

ensemble.
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1. Find the appropriate Seff , so that the partition function is in the form:

Z =
1

N !

∫ ∏
dλie

−N2Seff (4)

2. Consider the double-scaling limit gs → 0, N → ∞ with gsN fixed. In this
limit, the integral in (4) localizes on the configurations extremizing the
effective action Seff . Find the saddle point equations determining such
configurations.

3. The resolvent is defined as:

w0(p) =

∫
dλ

ρ(λ)

p− λ
where ρ(λ) =

1

N

N∑
i=1

δ(λ− λi). (5)

Start by multiplying the saddle point equations by 1/(λi − p) and sum
over i, then find the resolvent, in the large N limit, as a function of the
potential V (λ).

4. The resolvent and eigenvalue density are related via the following identity:

ρ(λ) = − 1

π
Imw0(λ) (6)

Now specialize to the Gaussian matrix potential V (λ) = λ2/2, and use the
relation above, together with the results of the previous point, to find the
eigenvalue density and its support for this model. This is the semicircle
distribution.
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