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divergent series: their analytic and geometric content

Q: How to promote formal data to analytic data in a natural way?
Brief Plan for the Course:
@® Example: resurgence of the Euler series
® Geometric asymptotics
® Borel-Laplace Correspondence and Borel Resummation

@ The Stokes phenomenon and resurgent series
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Resurgence of the Euler Series

Problem: find all solutions on the real line of the ODE

Pf +f=z ()

® Aside: actually easy to solve using the integrating factor method:

fla)=Ce'/™ + el/z/

0 u

T 671/u

du for x > 0, C = const

® But let’s pretend we don’t know this, and use the power series ansatz:

F@) =" ara® = ao + a1z + aza® + - -
k=0

substitute into (x) to get a recursion:

a0 =0, a1 =1, and agy1 = —kar ie. app1 = (—1)"K! fork > 1

® Obtain a power series solution called the Euler series:

oo
ﬁl(l}) = Z(—l)kk!mk'H = —2° +22° — 62" + 242 — 1202° 4 - -
k=0
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The Euler series:

oo

> (-1

k=0

ﬁl(m) = )kk!:vk+1 =z

— 2 + 223

— 6z + 242° — 1202° + - -

Historical Aside: why “Euler series”? Clippings from Leonhard Euler’s 1760 paper
in Novi Commentarii academiae scientiarum Petropolitanae:
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quae eft feries a Wallifio hypergeometrica dicta, fignis
alternantibus  inftructa. Hlec (eues autem €0 magis

Wallis Hypergeometric Series

Eu(l)=1—114+20—314+41 —5l .-

=1-14+2-64+24-120+---
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Resurgence of the Euler Series

Problem: find all solutions on the real line of the ODE

?f +f=a )

Answer: the Euler series,

El\l(l') B= z:(—l)kk!:rk+1 =z — 2 +22° — 62" + 242° — 1202° + - ..
k=0

This answer is exceptionally simple and beautiful, but comes with two major
drawbacks:

o ﬁl(x) is divergent and therefore not a true solution!

(2} ﬁl(m) is at best only a particular solution!
Where are all the homogenous solutions!?
The power series method has missed most solutions to our ODE!
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illegal trick -
Eu(z) ANNANANNANASS Bu() = /
0
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But! Eu(x) is a perfectly well-defined analytic function for z > 0, and

> Ed(z) + Eu(z) = = and Eu(z) ~ Eﬁ(m) asz — +0
In fact, doing a change of variable t — ¢ — 1, get
z —1/u
Eu(z) = el/z/ € du
0o U

so Eu(z) is the particular solution we encountered before!

e Borel Resummation
Eu(z) ANANANANANNANNNASS  Eu(z)
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e oo oo o] oo —t/x
Eu(z) = Z(_l)kk!£k+1 “= / < (—1)ktk)e_t/‘” dt “=” / el ; dt = Eu(z)
= 0 k 0 +

k=0 =0
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oo oo o] oo —t/x
k" E+1 w«_» / _1 t —t/:c dt “=> / € dt = E
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k=0
R B~ kK
@ Borel transform: Eu(x) —— eu(t) := (=1)"t

k=0
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1
1+1¢
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oo oo oo —t/x
Z k|xk+1 «_» / t et qp “=n € dt = Eu(z)
= o = 0 1+t
@ Borel transform: ﬁﬁ( ) eu(t Z
k=0

me l—> ZakH = o(x)

1
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® Laplace transform: eu(t) ,L} Eu(z) = / eu(t)e_t/z dt

0

©® analytic continuation to all t € R : eu(t) ~ eu(t):=

olt) — / " o(t)e " dt

~~ Borel resummation of f(x)

~

f(z) :S(f(m)) = ao+2[<p(t)] =ao+20AnC0nto%[ (x)]
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Resurgence of the Euler Series

What about = < 0?

oo eft/z
Eu(z) :/ dt
o 1+t

has an obvious problem for x < 0: integrand is exponentially growing as ¢ — +oo

expand our worldview: go complex!

from now on, = € C is a complex variable
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Resurgence of the Euler Series
* L[t)(z) = / te”"/"dt is well-defined for x € H := { Re(z) > 0}
Ry
o Solt](z) = / te”"/*dt s well-defined for z € Hy := {Re(e™"z) > 0}

® Calt] {29 } assembles into a holomorphic function on J Hy
0EA
A := (a—, a4 ) = arc of directions
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—t/x
® Bu(z) := / 61 T dt is a holomorphic solution for x € C \ R_
Iy

—t/x
® For z € R_, two possibilities: Eui(m) = / ¢ dt
r+£ 1+1¢

—t/z —t/x

Euf(z) — Eu (z) = f{ c

dt = 2w Res ¢
-1 141 t=—1

dt) = 2miet/®
1+1¢

! Eut(z) # Eu (x) !!‘

;= Rarg(m)

~
\
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Stokes Phenomenon

The holomorphic solution Eu(z) obtained from the divergent solution Eﬁ(x)
has a discontinuous jump across a ray.

! Eut(z) — Eu™ (z) = 2mie/® 1!

Notice: Eu't(z) — Eu™ (z) is the missing homogenous solution!

Resurgence

The missing solutions have resurged as residues of the Borel transform!

(A letter 1o the Editor)
By

G. G. STOKES

of CAMBMIDGE.

Dear Sir,

ON THE DISCONTINUITY OF ARBITRARY CONSTANTS THAT APPEAR
AS MULTIPLIERS OF SEMI-CONVERGENT SERIES.

Cambridge, 23 April, 1902,

396 G. G. Stokes.

ponential is real the vagueness of the superior function becomes sufficient
to swallow up the inferior function. As @ passes through the critical
value, the inferior term enters as it were into a mist, is hidden for a
little from view, and comes out with its coefficient changed. The range
during which the inferior term remains in a mist decreases indefinitely as

the modulus » increases indefinitely.
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Resurgence of the Euler Series

Problem: find all solutions on the real line of the ODE

2 +f=a )

Answer: General solution is the multivalued holomorphic functions

f(z) = Eu(z)+Ce'/® = Eu(z)+C2ri tli{(zsl (e_t/ac eu(t) dt) CeCzeC”

Notice: Borel resummation has selected a preferred family with C' € Z
® powerful selection criterion based on asymptotic behaviour as z — +0
® “space of ‘admissible’ solutions is not continuous but discrete” +» quantisation!
® discrete family of solutions = different sheets of the same multivalued solution!

e Example [Bender-Wu]: quartic anharmonic oscillator

2
(—h2% +12% + i)\x4><b(x) = E(\)®(z)
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Real-Oriented Blowup (a.k.a. polar coordinates done right)

Let X = Riemann surface, p € X a point.

Definition. The circle of tangent rays at p € X or tangent circle:

SpX = (T,X)* /R

® There is a coordinate-dependent isomorphism
S,X = §' sending a =R}« (e"?9,) — ¢ = z(a)
= no privileged ray “0 = 0” at p € X; but angle makes sense

TX

oly 04

3 0=6,-8,

® A tangential arc at p is a nonempty interval A C S, X (open/closed/half-open)

® The angle between the bounding rays a1, as € SpX is |A] := 62 — 6.
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Real-Oriented Blowup (a.k.a. polar coordinates done right)

Definition. Let X* := X \ {p}. The real-oriented blowup of X at p is the
bordered Riemann surface

X =BIl, X =[X:p]:=X"US,X  withboundary X =S, X
with a holomorphic surjective map, called the blowdown map,
B:X —X

which is identity on X* and constant on S, X equal to p.

[X:¢]

S,X




Sectors and Germs

Definition. A sector at p € X is any simply connected open subset U C X (in
the sense of manifolds-with-boundary) such that

A:=U0NS,X
is a tangential arc (necessarily open) called the opening arc. Also
U:=0nXx*

is called the interior of the sector U.




Sectors and Germs

® Let A C S,X any arc (open/closed/half-open/point)

® Definition: A sectorial germ along A := germ of holomorphic functions
f : U — C defined on (interior of) a sector U C X whose opening contains A:

OX,A = %in Ox(U)
UDA
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— example: e'/* ¢ Ox, but e'/* € Op for any A; e.g. A = (—71/2, +7/2)



Sectors and Germs

Let A C S,X any arc (open/closed/half-open/point)

Definition: A sectorial germ along A := germ of holomorphic functions

f : U — C defined on (interior of) a sector U C X whose opening contains A:

OX,A = %in Ox(U)
UDA

Ox,a is a differential algebra and Ox , € Oa

example: e'/® & Ox , but e!/® € Oa for any A; e.g. A = (—7/2,+7/2)

Remark: Any Ox-module £ gives rise to an Ox a-module

En =€ ®oy Ox,a = ](El E(U)
UDA

of sectorial section-germs of £ along A.



Sectors and Germs

® Let A C S,X any arc (open/closed/half-open/point)

® Definition: A sectorial germ along A := germ of holomorphic functions

f : U — C defined on (interior of) a sector U C X whose opening contains A:

OX,A = %in Ox(U)
UDA

® (O a is a differential algebra and Ox , C Oa

— example: e'/* ¢ Ox, but e'/* € Op for any A; e.g. A = (—71/2, +7/2)

® Remark: Any Ox-module £ gives rise to an Ox a-module

En =€ ®oy Ox,a = ](El E(U)
UDA

of sectorial section-germs of £ along A.
® Trouble: O, is not a local ring!
— Infact, (z) = {f € Oxa | f(z) = 0asz — A } is not even an ideal!

— example: ze'/® 4 0asz — 0 along A = (—7/2, +7/2)



Asymptotics

e Let U=UUA C X sector at p

® Definition: A holomorphic function f : U — C is asymptotically continuous
if it admits a (necessarily unique) continuous extension f : U — C:

C°Oxa C Oxa

® Lemma: if f exists, then f|a is constant
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sectorial section-germs with continuous extension over A.



Asymptotics

e Let U=UUA C X sector at p

® Definition: A holomorphic function f : U — C is asymptotically continuous
if it admits a (necessarily unique) continuous extension f : U — C:

C°Oxa C Oxa

® Lemma: if f exists, then f|a is constant

¢ Remark: Any Ox-module £ gives rise to a C°Ox a-module C°Ex C &a of
sectorial section-germs with continuous extension over A.

® Definition: A holomorphic function f : U — C is asymptotically continuously
differentiable if the first jet j' f € J*Ox(U) is asymptotically continuous along
A. Equivalently, if f' = 9, f € C°Ox a for any local coordinate z(p) = 0.
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Asymptotics

e Let U=UUA C X sector at p

® Definition: A holomorphic function f : U — C is asymptotically continuous
if it admits a (necessarily unique) continuous extension f : U — C:

C°Oxa C Oxa

® Lemma: if f exists, then f|a is constant

¢ Remark: Any Ox-module £ gives rise to a C°Ox a-module C°Ex C &a of
sectorial section-germs with continuous extension over A.

® Definition: A holomorphic function f : U — C is asymptotically continuously
differentiable if the first jet j' f € J*Ox(U) is asymptotically continuous along
A. Equivalently, if f' = 9, f € C°Ox a for any local coordinate z(p) = 0.

® ...CCmMOxACCM 1 Oxa C - CC'OxA CC'Oxa C Oxa

¢ Definition: holomorphic function f : U — C is asymptotically smooth if it
extends to a (necessarily unique) smooth function f U—C:

Oxp:=C®0xp = ﬂ C"Ox A

n=0

e Remark: £ gives rise to Ox a-module Ea C Ea



Asymptotic Jet



