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BV-BFV: Connection Gravity and BF Theory

o G. Canepa & A. Cattaneo showed in BV-BFV, the corner description of Gravity «—
4-dimensional BF theory [CC23]

! Choice of polarization.
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BV-BFV: Connection Gravity and BF Theory

o G. Canepa & A. Cattaneo showed in BV-BFV, the corner description of Gravity «—
4-dimensional BF theory [CC23]

@ Corner structure of BF in BV-BFV formalism described by P.-algebra P
o P reduces! to linear Poisson algebra — equivalent to Lie algebra dual EAJ}"\ = P, where

G = Q%0%,g) ® QHO%,g) @ C

with bracket

Foaorg®sosl, = [f.e® (b -adsa)e o7 [ (a.dg) - (5,4F) + A, )
ox

(2m)?
[CC23]

Choice of polarization.
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BV-BFV: Connection Gravity and BF Theory

o G. Canepa & A. Cattaneo showed in BV-BFV, the corner description of Gravity «—
4-dimensional BF theory [CC23]

@ Corner structure of BF in BV-BFV formalism described by P.-algebra P

o P reduces! to linear Poisson algebra — equivalent to Lie algebra dual EAJ}"\ = P, where
9/\ = Qo(azv g) @ Ql(azv g) ®C

with bracket

Foaorg®sosl, = [f.e® (b -adsa)e o7 [ (a.dg) - (5,4F) + A, )
ox

(2m)
[CC23]
o Quantization of 5 — Modules of U(5p) [Gut83]

Choice of polarization.
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Lie Algebra of Fourier Modes

e Choose 9T = T2, g = su(2) and expand in Fourier modes: J,mp ==
(tu ® e”"ee’"‘P) v Kyumn = (t,, ® e”"ee’”‘f’) do,Pumn = (tu ® e”"ee’”‘p) df . and central
charge Z
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Lie Algebra of Fourier Modes

e Choose 9T = T2, g = su(2) and expand in Fourier modes: J,mp ==
(tu ® e”"ee’"‘P) v Kyumn = (t,, ® e”"ee’”‘f’) do,Pumn = (tu ® e”"ee’”‘p) df . and central
charge Z

@ Yields the bracket relations:

[Jpusts Tumn] = €puI\(km) (1)

[Jyukts Kumnl = €0, Kn(kpm)(1-6m) + i56m0 0 —m01,—nZ,
[Jyukts Pumn] = €3, P r(kt-m)(in) — 15000k, —m61,—nZ,
[Kuk/,P,,m,,] = kN0 Ok, —m0 —nZ .

A

— Ga(su(2)) = i/g\cd(3)[z,z_1, w, w™ ], i.e. non-semisimple "affine Lie algebra”
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Lie Algebra of Fourier Modes

e Choose 9T = T2, g = su(2) and expand in Fourier modes: J,mp ==
(tu ® e”"ee’"‘P) v Kyumn = (t,, ® e”"ee’”‘f’) do,Pumn = (tu ® e”"ee’”‘p) df . and central
charge Z

@ Yields the bracket relations:

[Jpusts Tumn] = €puI\(km) (1)

[Jyukts Kumnl = €0, Kn(kpm)(1-6m) + i56m0 0 —m01,—nZ,
[Jyukts Pumn] = €3, P r(kt-m)(in) — 15000k, —m61,—nZ,
[Kuk/,P,,m,,] = kN0 Ok, —m0 —nZ .

— Ga(su(2)) = i/g\cd(3)[z,z_1, w, w™ ], i.e. non-semisimple "affine Lie algebra”

e Goal: explicit representations of G, (su(2))
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Modified Triangular Decomposition

e Modifying Verma module construction, e.g. Kac [KR87]: A modified triangular
decomposition (MTD) of gis g =n~ @ h @ n™, such that the following relations hold
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Modified Triangular Decomposition

e Modifying Verma module construction, e.g. Kac [KR87]: A modified triangular
decomposition (MTD) of gis g =n~ @ h @ n™, such that the following relations hold

e Fix (V, ) be a rep. of b, set
h-v:=mn(h)v YhehVWeV,x-vi=0 ¥Yxent VveV.
— Define induced module M3 = U(g) @y(pgnt) V

o For suitable V, MF has some nice properties
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G\ Admits a MTD

° g/\(su( 2)) admits an MTD given by b := spanc({J%,,K%,,, P%, Z}),
- Span(C({Jklv mn?Pi )

@ One can show: h = heis ® a, where a abelian
— Take Fock space rep. (V, ) of b and define induced module M

2W.l.o.g. focus on M.
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G\ Admits a MTD

o Ga(su(2)) admits an MTD given by § := spanc.({J%, KZ,,, P%, Z}),
nt = Span(C({Ji(tvi;tvn?P;E )

@ One can show: h = heis ® a, where a abelian
— Take Fock space rep. (V, ) of b and define induced module M

@ By Poincaré-Birkhoff-Witt, the set

{J;Flll .. .JtlaKjF ...KT PT ...PisC ®u(he9ni) Vp}a

mym mpnp™ ISy

where {vp}pez basis of V.
They commute! — Polynomial space spanned by monomials

. . 2
Jkih *  Jkal, km1n1 T kmbnb Prisy * " PrescVp

2W.l.o.g. focus on M.
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Action of Generators on M

@ Z is central with charge xz =1
e Contains vacuum vector [0) =1 € M+

@ Action on vacuum:

Timon Leupp (Institute of Theoretical Physics at ETH ZSCGCS Talk - Quantized Corner Structure of 4-Dimensio



Action of Generators on M

@ Z is central with charge xz =1

e Contains vacuum vector [0) =1 € M+
@ Action on vacuum:

J% 10) = —2ix§0k,0010 |0)

—2ikvig + 2ixp_ [0), for k # 0,/ #0

T 10) = ji, Jhloy=o, 0 10) = —2ikvio, for k £0,/1 =0
K, 0) = Kk, K} |0) =0, —2ixg,0), fork=0,lcZ
P 10) = pu . P/ |0) =0.

2ilvyy + 2’.sz |0y, for k#0,/#0
% 10) = 1 2ilvgy, for k=0,/#0
—2ixe, |0), forkeZ,1=0.
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Explicit Free Field Realization of G(su(2)) for A =

@ Systematically acting on higher monomials to get coefficient of
differential operators:

Z —1
I~k
K; —> kg
P —Pu
. ) ) )
Ty — @+ 2xg — 2)8k,001,0) = + D (—2i(ksm)(14n) =—
OV_k_| mn Ojmn
e} 15}
+ Z =2kt my(tn) 7, T D (2P m)(n)) 5
Okmn  mn APmn
z . . o
K§y — = 2ikvig — 2ixg, 81,0810 + > (2Kt (i) =
mon Ojmn
z . . o
Pl —2ilviy — 2ixg dk,001,0 + > (=2 my(1n)) =
m,n Ojmn

1] ]

Ta — 2.2+ Cxg — D0ktm,0014n0) ——————————— —

- OV (ktm)—(1+n) Odmn
a
+ Z —2i(k + MViieq my(r+n) — 21X, + MOktm,0014n,0) 5 — Ey.

. X 1o]
+ D200+ M)V m)(14n) — 2'(Xé0 — M)8k+m,0014n,0) =

o Opmn

+ 30> (2K rm) ,+s+,,)) + 30D (=2t m)(1sm)) =

m,nr,s Okrs Bjm,, m,n'r,s
2] 15}
+ ( 2j(k ) )
mzz Ut mEt07 3 Bjomn
N 8
Ky — > (=2i(k + MYk my(in) — 2i(xgy + MSk+m,0814n 0)87
o jmn
15} o
+ (2Kt m)(1+54+n) 57~ 57—
mz;erS: (hebr+m)(is+n) Ojrs Ojmn
Py — > (2"(’ FMVkm)(n) — 2i(Xg, ~ n)5k+m,o5/+n,o) Y
m,n "Jmn
o 0
+ ( 2p(k ( ) =
22 PR 5

[

9
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@ Works for A # 0 and in paticular g = so(1, 3) = su(2) & su(2)

@ Need to impoAse on-shell constraint F4 + AB = 0 — two-sided ideal
Je,ans C U(Ga(su(2)) 3. Reps. can be modified s.t. they descend to the quotient

@ More physical to take 0¥ = 52, however integrals of derivatives of spherical harmonics
are hard

@ To connect to gravity need Pf(B) = 0, unclear how to resolve

3Actually, in some appropriate completion of U(G(su(2)).
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P, structure on the corner

@ We get a Poisson manifold

o)+ o
aa, By = [ (adaf + [a,f]a) (2)
YR A
B, | gBy = [ [f.glB (3)
e Lo s
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Induced Module Representation M=

o Let and set

h-v:i=mx(h)v VhebhVveV,
x-vi=0 Vx ent,Vve V.

@ Define a U(g)-module by the induced module construction
My = U(g) Dy(hans) V

@ For suitable V, Mf has some nice properties
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Modified Triangular Decomposition

.o

Ut Tmnl = Iktm)(in)»
2 o _ ot

ks Imnl = £23 0 mrmy

[T Konl = (K50 T ] = K{my(r4n) — 2imSk, —m1, —nZ,

[KZ, 7E ] = doxt

(k-+m)(I+n)’
z et _ +
Ui Kol = i2K(k+m)(/+n)’
Ukt Kopn] = —4imdy _m51,—nZ,

[JkJrl7 Pl = [P:,, Tl = P(zk+m)(l+n) +2inéy, —mb1,—n%Z;

P +
[Phs Tmal = £2P (1)

+ +
Tk Pomnl = £2P Gy iy

(3%, P21 = 4indy _n6) _nZ,

+ p— — pt
Ky Pronl = [Kk/ » Pronl = —2A6y, —m$/,—nZ,
Kk, Propl = =8Nk, 6y, _nZ.
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Physical Context

@ Space of corner fields Fyy =

590 — /a <;B[c, c] + 7(da,c + [a,¢c]) + ¢ <FA0 +daya + %[a, al + [c, B+]>

+ A <;TT+ ng))
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