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BV-BFV: Connection Gravity and BF Theory

G. Canepa & A. Cattaneo showed in BV-BFV, the corner description of Gravity →↑
4-dimensional BF theory [CC23]

Corner structure of BF in BV-BFV formalism described by P→-algebra P

P reduces
1
to linear Poisson algebra ↑ equivalent to Lie algebra dual Ĝ↑

!
↓= P, where

Ĝ! := !
0
(ω”, g)↔ !

1
(ω”, g)↔ C

with bracket

[f ↔ε↔ r , g ↔ ϑ ↔ s]Ĝ!

= [f , g ]↔ (adf ϑ ↗ adgε)↔
↗ϖZ

(2ϱ)2

∫

ω”
(ε, dg)↗ (ϑ, df ) + #(ε,ϑ)

[CC23]

Quantization of Ĝ↑
!
↗↑ Modules of U(Ĝ!) [Gut83]

1Choice of polarization.
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Lie Algebra of Fourier Modes

Choose ω” ↓= T
2
, g = su(2) and expand in Fourier modes : Jµmn :=(

tµ ↘ e
imε

e
inϑ

)
,Kµmn :=

(
tµ ↘ e

imε
e
inϑ

)
dς,Pµmn :=

(
tµ ↘ e

imε
e
inϑ

)
dφ . and central

charge Z

Yields the bracket relations:

[Jµkl , Jϖmn] = ↼ϱµϖJϱ(k+m)(l+n),

[Jµkl ,Kϖmn] = ↼ϱµϖKϱ(k+m)(l+n) + iϖm↽µϖ↽k,↓m↽l ,↓nZ,

[Jµkl ,Pϖmn] = ↼ϱµϖPϱ(k+m)(l+n) ↗ iϖn↽µϖ↽k,↓m↽l ,↓nZ,

[Kµkl ,Pϖmn] = ϖ#↽µϖ↽k,↓m↽l ,↓nZ .

↗↑ Ĝ!(su(2)) ↓= îgal(3)[z , z↓1,w ,w↓1
], i.e. non-semisimple ”a$ne Lie algebra”

Goal: explicit representations of Ĝ!(su(2))
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Modified Triangular Decomposition

Modifying Verma module construction, e.g. Kac [KR87]: A modified triangular
decomposition (MTD) of g is g = n↓ ↔ h↔ n+, such that the following relations hold

[h, h] ≃ h, [h, n±] ≃ n±, [n±, n↔] ≃ h, [n±, n±] = {0} .

Fix (V ,ϱ) be a rep. of h, set
h · v := ϱ(h)v ⇐h ⇒ h, ⇐v ⇒ V , x · v := 0 ⇐x ⇒ n±, ⇐v ⇒ V .
↗↑ Define induced module M

±
ς := U(g)↘U(h↗n±) V

For suitable V , M
±
ς has some nice properties
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Ĝ# Admits a MTD

Ĝ!(su(2)) admits an MTD given by h := spanC({Jzkl ,Kz
mn,P

z
rs ,Z}),

n± := spanC({J±kl ,K±
mn,P

±
rs}) .

One can show: h ↓= heis↔ a, where a abelian

↗↑ Take Fock space rep. (V ,ϱ) of h and define induced module M
±
ς

By Poincaré-Birkho%-Witt, the set

{J↔k1l1 · · · J
↔
kala

K↔
m1n1 · · ·K

↔
mbnbP

↔
r1s1 · · ·P

↔
rc sc ↘U(h↗n±) vp},

where {vp}p↘Z basis of V .

They commute! ↗↑ Polynomial space spanned by monomials

jk1l1 · · · jkala km1n1 · · · kmbnb pr1s1 · · · prc scvp 2

2W.l.o.g. focus on M+

ω .
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Action of Generators on M+
ϱ

Z is central with charge ⇀Z = 1

Contains vacuum vector |0⇑ ⇓ 1 ⇒ M
±
ς

Action on vacuum:

J↓kl |0⇑ = jkl ,

K↓
kl |0⇑ = kkl ,

P↓
kl |0⇑ = pkl .

J+kl |0⇑ = 0,

K+

kl |0⇑ = 0,

P+

kl |0⇑ = 0 .

Jzkl |0⇑ = ↗2i⇀Ē↽k,0↽l ,0 |0⇑

Kz
kl |0⇑ =






↗2ikvkl + 2i⇀F→
kl
|0⇑ , for k ⇔= 0, l ⇔= 0

↗2ikvk0, for k ⇔= 0, l = 0

↗2i⇀
#̂l

|0⇑ , for k = 0, l ⇒ Z

Pz
kl |0⇑ =






2ilvkl + 2i⇀F→
kl
|0⇑ , for k ⇔= 0, l ⇔= 0

2ilv0l , for k = 0, l ⇔= 0

↗2i⇀
$̂k

|0⇑ , for k ⇒ Z, l = 0 .
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Timon Leupp (Institute of Theoretical Physics at ETH Zürich & Institute of Mathematics at UZH Supervised by Prof. Dr. Alberto S. Cattaneo, Dr. Giovanni Canepa & Filippo Fila-Robbatino)SCGCS Talk - Quantized Corner Structure of 4-Dimensional BF Theory 6 / 13



Explicit Free Field Realization of Ĝ(su(2)) for ! = 0

Systematically acting on higher monomials to get coe%cient of

di&erential operators:

Z →↑1

J→kl →↑jkl

K→
kl →↑kkl

P→
kl →↑pkl

Jzkl →↑(2 + (2εĒ → 2)ϑk,0ϑl,0)
ϖ

ϖv→k→l
+

∑

m,n

(→2j(k+m)(l+n))
ϖ

ϖjmn

+

∑

m,n

(→2k(k+m)(l+n))
ϖ

ϖkmn
+

∑

m,n

(→2p(k+m)(l+n))
ϖ

ϖpmn

Kz
kl →↑ → 2ikvkl → 2iε

#̂0
ϑk,0ϑl,0 +

∑

m,n

(→2k(k+m)(l+n))
ϖ

ϖjmn

Pz
kl →↑2ilvkl → 2iε

$̂0
ϑk,0ϑl,0 +

∑

m,n

(→2p(k+m)(l+n))
ϖ

ϖjmn

J+kl →↑
∑

m,n

(2 + (2εĒ → 2)ϑk+m,0ϑl+n,0)
ϖ

ϖv→(k+m)→(l+n)

ϖ

ϖjmn

+

∑

m,n

(→2i(k + m)v(k+m)(l+n) → 2i(ε
#̂0

+ m)ϑk+m,0ϑl+n,0)
ϖ

ϖkmn

+

∑

m,n

(2i(l + n)v(k+m)(l+n) → 2i(ε
$̂0

→ n)ϑk+m,0ϑl+n,0)
ϖ

ϖpmn

+

∑

m,n

∑

r,s

(→2k(k+r+m)(l+s+n))
ϖ

ϖkrs

ϖ

ϖjmn
+

∑

m,n

∑

r,s

(→2p(k+r+m)(l+s+n))
ϖ

ϖprs

ϖ

ϖjmn

+

∑

m,n

∑

r,s

1

2
(→2j(k+r+m)(l+s+n))

ϖ

ϖjrs

ϖ

ϖjmn

K+

kl →↑
∑

m,n

(→2i(k + m)v(k+m)(l+n) → 2i(ε
#̂0

+ m)ϑk+m,0ϑl+n,0)
ϖ

ϖjmn

+

∑

m,n

∑

r,s

1

2
(→2k(k+r+m)(l+s+n))

ϖ

ϖjrs

ϖ

ϖjmn

P+

kl →↑
∑

m,n

(
2i(l + n)v(k+m)(l+n) → 2i(ε

$̂0
→ n)ϑk+m,0ϑl+n,0

) ϖ

ϖjmn

+

∑

m,n

∑

r,s

1

2
(→2p(k+r+m)(l+s+n))

ϖ

ϖjrs

ϖ

ϖjmn
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Outlook

Works for # ⇔= 0 and in paticular g = so(1, 3) ↓= su(2)↔ su(2)

Need to impose on-shell constraint FA + #B = 0 ↗↑ two-sided ideal

IFA+!B ↖ U(Ĝ!(su(2)) 3
. Reps. can be modified s.t. they descend to the quotient

More physical to take ω” ↓= S
2
, however integrals of derivatives of spherical harmonics

are hard

To connect to gravity need Pf(B) = 0, unclear how to resolve

3Actually, in some appropriate completion of U(Ĝ!(su(2)).
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P↙ structure on the corner

We get a Poisson manifold

{∫

ω”
εa,

∫

ω”
ϑa

}

2

= #

∫

ω”
εϑ (1)

{∫

ω”
εa,

∫

ω”
fB

}

2

=

∫

ω”
(εdA0

f + [ε, f ]a) (2)

{∫

ω”
fB ,

∫

ω”
gB

}

2

=

∫

ω”
[f , g ]B (3)
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Induced Module Representation M±
ϱ

Let and set

h · v := ϱ(h)v ⇐h ⇒ h, ⇐v ⇒ V ,

x · v := 0 ⇐x ⇒ n±, ⇐v ⇒ V .

Define a U(g)-module by the induced module construction

M
±
ς := U(g)↘U(h↗n±) V

For suitable V , M
±
ς has some nice properties
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Modified Triangular Decomposition

[J+kl , J
→
mn ] = Jz

(k+m)(l+n),

[Jzkl , J
±
mn ] = ±2J±

(k+m)(l+n)
,

[J+kl ,K
→
mn ] = [K+

kl , J
→
mn ] = Kz

(k+m)(l+n) → 2imϑk,→mϑl,→nZ,

[Kz
kl , J

±
mn ] = ±2K±

(k+m)(l+n)
,

[Jzkl ,K
±
mn ] = ±2K±

(k+m)(l+n)
,

[Jzkl ,K
z
mn ] = →4imϑk,→mϑl,→nZ,

[J+kl ,P
→
mn ] = [P+

kl , J
→
mn ] = Pz

(k+m)(l+n) + 2inϑk,→mϑl,→nZ,

[Pz
kl , J

±
mn ] = ±2P±

(k+m)(l+n)
,

[Jzkl ,P
±
mn ] = ±2P±

(k+m)(l+n)
,

[Jzkl ,P
z
mn ] = 4inϑk,→mϑl,→nZ,

[K+

kl ,P
→
mn ] = [K→

kl ,P
+

mn ] = →2!ϑk,→mϑl,→nZ,

[Kz
kl ,P

z
mn ] = →4!ϑk,→mϑl,→nZ.
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Physical Context

Space of corner fields Fω” =

S
ωω

=

∫

ω

(
1

2
B[c , c] + ⇁(dA0

c + [a, c]) + φ

(
FA0

+ dA0
a+

1

2
[a, a] + [c ,B+

]

)

+ #

(
1

2
⇁⇁ + Bφ

))
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