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M2-brane index

Topological string
=

Gromov-Witten theory

Refined topological string
=

???

DT theory, …

K-theoretic DT theory, …
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Refined TS = ???
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Equivariant GW
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holomorphic
5-form fixed!
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[Mumford ‘83]

ℱ𝛽
𝑋×ℂ2(𝜖4, 𝜖5, … )



Example 1: Resolved Conifold
𝑋 = Tot 𝒪ℙ1(−1) ⊕ 𝒪ℙ1(−1)

* proven in several limits and tested for 𝑔 ≤ 5 and 𝑑 ≤ 3 on a computer 

*

= Refined Topological Vertex [Iqbal-Kozcaz-Vafa]

ℱ𝑑[ℙ1]
𝑋×ℂ2 𝜖4, 𝜖5

=
1

𝑑 ⋅ 2sinh 𝑑𝜖4
2 ⋅ 2sinh 𝑑𝜖5

2

[Brini-S]

𝑋

ℙ1



Example 2: Resolution of 𝐴1 singularity
𝑋 = Tot 𝒪ℙ1(−2) ⊕ 𝒪ℙ1(0)

≠ −
e
𝑑 𝜖4+𝜖5

2

𝑑 ⋅ 2sinh 𝑑𝜖4
2 ⋅ 2sinh 𝑑𝜖5
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=
Refined

Topological
Vertex

⟶𝜖3 → ∞

× ℂ

𝑋

ℙ1

𝜖3

* proven in several limits and tested for 𝑔 ≤ 5 and 𝑑 ≤ 3 on a computer 

ℱ𝑑[ℙ1]
𝑋×ℂ2 𝜖3, 𝜖4, 𝜖5 =

−2sinh 𝑑(𝜖3+𝜖4+𝜖5)
2

𝑑 ⋅ 2sinh 𝑑𝜖3
2 ⋅ 2sinh 𝑑𝜖4

2 ⋅ 2sinh 𝑑𝜖5
2

*

𝜖3

𝜖3 𝜖3



• Experimentally no 𝜖1, 𝜖2, 𝜖3-dependence 
for resolved conifold, local del Pezzo,…

• choice of limit ↔ preferred direction

• analogous statement known in DT theory
[Nekrasov-Okounkov, Arbesfeld]

• limit requires analytic lift!

Conjecture: For toric CY3 the refined topological 
vertex free energy is recovered in the the limit

ቊ

ℂ2
ቐ

𝑋

𝜖1, 𝜖2, 𝜖3 → ±∞ and   𝜖4 + 𝜖5 fixed 



Conjecture (weak): ℱ𝑑
𝑋×ℂ2 lifts to a rational function 

in e𝜖𝑖/2 for all 𝑇-actions fixing the holomorphic
five-form.

Conjecture (weak): ℱ𝑑
𝑍 lifts to a rational function in 

e𝜖𝑖/2 for all 𝑇-actions fixing the holomorphic
five-form of any CY5 𝑍.

Conjecture (strong): This lift admits a modular 
interpretation as the M2-brane index of 𝑍 ↶ 𝑇.

• M2-brane moduli space only known in special 
cases [Nekrasov-Okounkov]

• implies refined GW/DT correspondence, …

• ∃ modification for constant map contributions
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ℱ[ℙ1]
𝑍 𝜖3, 𝜖4, 𝜖5

Example 2: Resolution of 𝐴1 singularity
𝑋 = Tot 𝒪ℙ1(−2) ⊕ 𝒪ℙ1

𝜖3 𝜖4 𝜖5⊕𝒪ℙ1 ⊕𝒪ℙ1𝑍 =

ch𝑇 𝑞𝑖 = e𝜖𝑖

H0 ℙ1, 𝒪
ℙ1
𝜖𝑖

=

H1 ℙ1, 𝒪ℙ1(−2)=

*



Theorem: For any local curve

𝑍 = Tot ℒ2 ⊕⋯⊕ℒ5 ⟶ 𝐶

we have

ℱ[𝐶]
𝑍 = ොa H0 𝐶,𝑁𝐶𝑍 − H1 𝐶,𝑁𝐶𝑍

iff the formula holds in Example 1 & 2. (Tested for 𝑔 ≤ 6)

Corollary: Strong conjecture holds for local curves and

M2 𝐶 𝑍 𝑇 = pt = 𝐶 ↪ 𝑍

Theorem: Weak conjecture holds for local curves in 
any degree if 𝜖𝑖 + 𝜖𝑗 = 0 for 𝑖 ≠ 𝑗 ∈ {2,3,4,5}.



Refined TS = Equivariant GW on 𝑍

ℱ𝛽
𝑍(𝜖4, 𝜖5, … )

𝜖4= −𝜖5= i𝑔𝑠

M2-brane index on CY5 𝑍 ↶ 𝑇

𝐹𝛽
𝑋(𝑔𝑠)

TS = GW on 𝑋

𝑍 = 𝑋 × ℂ2

ොa M2𝛽(𝑍)

ch𝑇


