JUSTUS-LIEBIG-
T UNIVERSITAT
GIESSEN B
|y I |
& v i ! I &J"

e

Non-Equilibrium Phase Transitions and
Critical Dynamics in QCD

Les Diablerets, 25 September 2024

Lorenz von Smekal

with Mattis Harhoff, Johannes Roth, Leon Sieke, Yunxin Ye
and Soren Schlichting

JHEP 10 (2023) 065; arXiv:2403.4573; arXiv:2409.14470

S RS \)! 12th International Conference on the Exact

P ne— '\ Renormalization Group 2024 (ERG2024) CRC-TRam

Station in Les Diablerets Strong-interaction matter
under extreme conditions

JUSTUS-LIEBIG-
Fachbereich 7 | Institut fir Theoretische Physik | Lorenz von Smekal | 01 ﬁ UNIVERSITAT

GIESSEN




JUSTUS-LIEBIG-

CRC-TR2n Phase Diagram ) SuvERSTAT

Strong-Interaction (QCD) Matter

=

~2x1012K

w155 Quark-Gluon Plasma

Temperature (MeV)

~2x 101K ,Vacuum  Liquid-
~923 Baryon Chemical Potential (MeV)

~15 | : Gas —p
Transition
~ 2.7 x 1017 kg/m3

H F H F September 2024 | Lorenz von Smekal | p. 2




CRC-TR2n

JUSTUS-LIEBIG-

UNIVERSITAT
ﬁ GIESSEN

T>Tc

Disordered phase

T="Tc

Non-equilibrium phase transition

T<Tc

“Fingerprint” of critical fluctuations

HF

September 2024 | Lorenz von Smekal | p. 3



CRC-TR2n Outline

JUSTUS-LIEBIG-

T

UNIVERSITAT
GIESSEN

e Non-Equilibrium, Closed-Time Path, Keldysh
e Open Quantum Systems and Classical Limit
e Non-Equilibrium Phase Transitions

e Dynamic Universality Classes

¢ Real-Time FRG for Critical Dynamics

U. C. Tauber, Critical Dynamics: A Field Theory Approach to Equilibrium and
Non-Equilibrium Scaling behavior, Cambridge, 2014
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b1 = o7 (O(t)) PN = ok
. e ® o> o o 7., &~ o>
e path integral on CTP: o — - : >
$2nv = 1 ' dNy1 = PN

Z = tr Uc ﬁo
— i + 4 o
<0>=/ DlpT, 7] %1 0(¢T, ¢7)
Po
initial state non-equilibrium dynamics

e Keldysh rotation:

time ordered lesser Keldysh retarded

(GT(t, t') G<(t, t’)) N (GK(t, ) GE(t, t’))

G>(t,t') GT(t,t) G4 (t,t") 0
greater anti time ordered advanced
e parametrize: GE=GRoF—-FoG4
equilibrium

distribution function (hermitian): F(t,t") — F(t—1t)
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e couple (system) fields ensemble of Gaussian fields (environment E)

defined by some spectral density Jg(w,p)
e.g. ensemble pg(m?) of Klein-Gordon fields: = 27 sgn(w)0(p?) pe(p?)

¢ integrate Gaussian ensemble

0o 4
obtain self-energy Yg(w, p) for system <EER 25)

R/A . ® dw' 2w Jg(w',P)
EE (va) :/ .
o 27 (wxie)? — w?

E: heat bath at temperature T' ~~

S (0, F) = coth () (S, P) = 25w, )

—

—

= 2iIm 28 (w,p) = —iJg(w, P)
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* open quantum system:

plus interactions

So[®] =
dp . 0 w? — w2 — 38 (w, P)
¢ (—w,p P (w,p
/(271')4 (7w, P) w2—w§—2f§(w,ﬁ) 1c0th< )JE(w,p) (0, P)
¢ (an-)harmonic oscillator in Ohmic bath: . <¢c>
= (o
Je(w) = 29w (A — |w|)
T for |w| K A
e Caldeira-Leggett model:
2 . 2
%  duw 0 w’ — 17w — Wy
sof@] = [ SCaT(-w) | , B (w)
oo 2T w4+ iyw — wg 2iyw coth (2T>
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e on Keldysh contour:
T = p° + ht

e equilibrium distribution function:

hw LT
h w 2T
F(w) = coth (—) y . o
2T hw Rayleigh-Jeans limit
e Keldysh action:
So[fI)] N with interactions: wggoc — V'(¢°), classical force
1 [ dw 6 . 0 w? —iyw — W} e
_ — (CP ,h(P ) 2 . o . T h q
hJ_oo 27 w* +iyw — wg 417% P

— /dt {290‘1(— G° — v — V' (¢°)) + 4inT (soq)2}

classical Martin-Siggia-Rose (MSR) action
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e dissipative equation of motion:

oo

P = =y — V(%) + &(t)

s friction force, kinetic coefficient v (drag)
* stochastic force:

/
<€(t)> =0 Einstein relation
<E(t)€(t')> — 24T 5(t — t) / (classic example of FDR)

seemese strength of random force
¢ restricted partition function:

(0(°(t) — ) =

observable O(¢°) v'r'

(Brownian motion)

Z — PEF 4y
‘900(,5) —p = P(ps5t) 7

probability distribution of ¢ at time ¢
~- derive Fokker-Planck equation for P (¢, t)
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e replace potential by Landau-Ginzburg-Wilson functional:

l & v
Flo] = /ddw {E(Vso)2 + v(so)} @  T>T.
e dissipative equation of motion: \ / T<T.
, 5F 0
Oy p + 70 = ~ %0 + &(x)
or 15t order form Byp = for statics, with 2> SSB

OF
Oy = —yw — — + &(x)
o

¢ stochastic force:

(€(x)€(2")) = 29T (z — ')
e spectral functions from classical FDR:

p(t,®) = — il (6, B)p(0,0)) = — (x(t,7)(0,0))
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¢ obtain universal dynamic scaling functions

p(w) T — Tc (critical) dynamic critical exponent z: & ~ &

critical slowing down
— 2 — i
p(w) ~wo, o=

z

',

(non-critical)
e.g. Breit-Wigner

log

log

M| L L M R R | w

Schlichting, Smith, LvS, NPB 950 (2020) 114868
Schweitzer, Schlichting, LvS, NPB 960 (2020) 115165; NPB 984 (2022) 115944
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e trans-critical linear magnetic quench: J(t) = —ryt
® measure magnetization:

d=2, L="T766

r;=5.00 x 10°°
1T—r;=250x%x10"°
1 —r;=1.25x10°
059 — ), =6.25 x 107

J=0 J
= | —rm=313x10"" |
> 004 —, _ T
= ry=1.56 % 10_7 : system falls out of equilibrium
= 1 —r=1.04 x 10 - :
—0.59 - - Equilibrium : when & =1
| : vz
—1.0- / adiabatically: &, ~ J B9
0.0003  0.0000  —0.0003
J
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e trans-critical linear magnetic quench: J(t) = —ryt

* rescale:
d=2, L="1766

_ 1—r=104x10""7

+ L0l —r =156 x1077 /

S | —r=313x10""

= 097 —r=6.25x10"" J=0 J

< | —r=125x10""°

= 009 —7;=250%x10"° at Kibble-Zurek time:

| 1 7r/=500x10""°

0.5- vz

- 1/(1+ %)

8 J ~ 1y / Bd

= 1.0

Sy

20 10 o \Q 20 Kibble-Zurek scaling

= Va+va ]

universal non-equilibrium scaling function
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¢ susceptibility, skewness, kurtosis:

d=2, [ =510

x 10°°
207 _ pade fit 5.0
15 2.5
_ 1.2
101 0.62 <
N d=2, L=510 < 10-5
_ | — Padé fit ' 5.0
o—_ 20
0 —2 —4 —6 |
J) Jxa 01
-200-
1 x 10°°
-400+ 1 — Padé fit 5.0
' , 21 2.5
0 -2 4 =6 -]
T 0 ‘ 1.2
v _ | 0.62
x =7 (M%) = (11)?) 5 031
) _
ra = (%) (M%) = 3(M2)(M) + 2(M)*) " e
. _ .
Ky = <¥) <(M4> — A(MB3Y (M) — 3(M>)2 + 12(M>)(M)? — 6<M>4) 0o 2 4 6 3

J/ Jxz
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¢ allows accurately determining dynamic critical exponent 2

d=2
Sieke, Harhoff, Schlichting, LvS, in preparation

— Fit k=0.4660(13) m L =510
103504 —Fit k=0.4658(8) A L=766
S
z d=2 d=3 glofsjs_
KZ scaling  2.142(49) 1.949(54) E
Crit. SFs 2.10(4)* 1.92(11)! D
Monte Carlo 2.1667(5)2 2.0245(15)3
€ expansion  2.14(2)% 2.0236(8)*
FRG 2.15° 2.0245 1070 1079 1000 10799
Experiment  2.09(6) (95% confidence)® 1.96(11)7 Ty
1/(1+ 22)
obtain from J(M = 0) ~ r; Bo

not necessary to know Kibble-Zurek time

1Schweitzer, Schlichting, LvS (2020); ?Nightingale, Bléte (2000); 3Hasenbusch (2020);
4Adzhemyan et al. (2022); 5Duclut, Delamotte (2017); ®Dunlavy, Venus (2005); “Livet et al. (2018)

H F H F September 2024 | Lorenz von Smekal | p.16




= - . JUSTUS-LIEBIG-
CRC-TR2n Dynamic Universality Classes UNIVERSITAT

¢ classified as Model A, B, C,... — Model J
Hohenberg, Halperin (1977)

e describe full set of critical/hydrodynamic modes

order parameter, Goldstone modes, conserved charges, reversible mode couplings

e critical dynamics in QCD:

e chiral phase transition: Model G — Rajagopal, Wilczek (1993)

classical-statistical: Florio, Grossi, Soloviev, Teaney, PRD 105 (2022) 054512
Florio, Grossi, Teaney, PRD 109 (2024) 054037

FRG: Roth, Ye, Schlichting, LvS, arXiv:2403.04573

e QCD critical point: Model H — Son, Stephanov (2004)

classical-statistical: Chattopadhyay, Ott, Schaefer, Skokov, PRL 133 (2024) 032301

FRG: Chen, Tan, Fu, arXiv:2406.00679
Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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e Landau-Ginzburg-Wilson functional: V(p) T>T.

Flo] = /ddw {%(690)2 +V(90)} \ / T<Te
@

e | angevin dynamics:
g Y for statics, with 2> SSB

Do+ Y0 = —— + &

dp
\

® no conservation laws Gaussian white noise

FRG: Canet, Chate, J. Phys. A 40 (2007) 1937,
Canet, Chate, Delamotte, J. Phys. A 44 (2011) 495001 i
Duclut, Delamotte, PRE 95 (2017) 012107 L M

odel A |

Roth, LvS, JHEP 10 (2023) 065 z=2+cCn

Batini, Grossi, Wink, PRD 108 (2023) 125021
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Son, Stephanov, PRD 70 (2004) 056001

e LGW functional:

2

Flon) = [a%e {599 + Vo) +Bon + -}

e equations of motion: with linear coupling B to
(chiral) order parameter conserved (baryon) density
n(x) (non-critical)

OF

87590"'_78“:0—_% +¢(7)

+ On = V2§—F+V ((z) o o ,
(¢"(2)¢" (27))p = 2AT6" 6 (2 — 2')

((2)é(2)p = 29T0(z — 2')

conserved (baryon) density

¢ slow critical mode diffusive

| ¥del | A

FRG: Roth, LvS, JHEP 10 (2023) 065 | zZ=4-n |
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Berdnikov, Rajagobal, PRD 62 (2000) 105017

e LGW functional:

1 - n2
Flp,n] = [ d% { =(Ve)2 +V
pon) = [ ate {£(F0)* + V(@) +o)
e equations of motion: with quadratic coupling ¢ to
(chiral) order parameter conserved (energy) density
OF
07 o + 70 = ~% +¢(2)
- E(@)&(2)p = 20To(x — a')
+8in = AV + V- ((x) o .
on (¢ ()¢ ()5 = 2AT6"8(w — ')

conserved (energy) density

FRG: Mesterhazy, Stockemer, Palhares, Berges, PRB 88 (2013) 174301
Roth, LvS, JHEP 10 (2023) 065
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e LGW functional: now static O(4) universality

(¢a¢a)2 + L’n'abna,b}

1 - ’
Flosn] = [ate {1 (090)0'00) + - bada + o Ix

e equations of motion: with conserved iso-vector and

: iso-axialvector charge densities
(chiral) order parameter

Buda = —To b 1 €0+ 2 {par e} 2L
a — — a - as Nbe
' 05¢a 2 ’ 6nbc
8t/n/a,b — '7V + V Cab + g {na,b7 qbc} + — {naba ncd}
5nab 6¢C nCd

conserved O(4) densities — Op—
aka: SSS Model A MOdel G |
Sasvari, Schwabl, Szépfalusy, Physica A 81 (1975) 108 | z=4d/2 |
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~ Nab
* equations of motion: _ Pa
with reversible mode couplings /
OF g OF
8t¢a — _FO + €a + — {qbaa nbc} R Larmor
Jor 2 5_’nbc precession
- OF oF
OtNgp = '7V2 + V Cab +g {nabv ¢c} = { Nab, ncd}
Ongp JoR

ncd

e Poisson brackets (commutators): reversible (ideal)

time evolution

{¢a7 nbc} — ¢b5ac - ¢c5ab

{nab’ ncd} — 5acnbd + 6bdnac - 6adnbc - 5bcnad i

Moel A
z=d/2 !
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e equations of motion:

: advection
with reversible mode couplings /

OF convection
¢ = o920 i} ——
p =0 5¢+s+ {qbal} ’/
, L 0F 5F 5F
atJl — ﬂm [nV ? + Cm + g {Jma Qb} —¢ + — {]ma Jn} }

reversibility ) (E(x)E(x)) g = —20TV25(z — 2')
e Poisson brackets: /
(GQ(@)Cm () g = —20T 0 V36 (z — 3)

{6(Z), 51(Z)} = cb(*’

')

(@), (@)} = [m .

9
7 ]5(5— )
£

m l

. Model H

FRG: Chen, Tan, Fu, arXiv:2406.00679 ze4-n-x5 |

Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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¢ causal regulators:

d = (H¢. dNT
| (¢, 97)

AS[®] = 3 / O(z)" Ry(z — y)@(y)

o D) — 0 RE(w,p)
Rk( 7p) (R? )

K
e introduce fictitious heat-bath J: (w,p) By (w, p)

©dw' 2] (W, p)
R/A _ phk/A — :
RF/4(w,p) = R T(ij) /0 21 W ((w £ i€)? — o?)

frequency-independent regulator subtracted spectral representation

(from Kramers-Kronig relations)

with FRG scale k dependent

R/A ¢ maintain causality, Lorentz invariance,
Ji(w,p) = £2Im R, (w, p) UV and IR finiteness — except positivity

Braun et al., SciPost Phys.Core 6 (2023) 061
K
and f (w,p) from FDR Roth, LvS, JHEP 10 (2023) 065
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e Models A & C: expand about infrared minimum ¢° = ¢;

_ _ combined vertex and loop expansion
- 2-point function: two-loop exact

T (2, 0/) — Q Q @}

- 4-point function: one-loop exact

wren= [[OX O}

- higher n-point functions: local vertices

Vi) = ——=
¥k \/g for quantum mechanical applications, see:
S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020)

J. V. Roth, D. Schweitzer, L. J. Sieke, L.v.S., Phys. Rev. D 105, 116017 (2022)
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e Models A & B: expand around scale-dependent minimum ¢g .

- effective average action:

LU et gt [0 TR@—a)Y (o) -6
L'y = 9 /:m:’ (¢ ( ) ¢0,k7¢ ( )) (FqC( . 33/) ng(x —ZIJI)> ( gbq(x’) 0k>
-2 [ (@) - 05 ) = 35 [ (00 =650 @)

- 2-point function: one-loop exact

e =i A Yo s {}+Q

- 4-point and higher: local vertices

H F H F September 2024 | Lorenz von Smekal | p.26



JUSTUS-LIEBIG-

CRC-TR2n Critical Spectral Functions T gERSTAT

2—n

p(w) ~w™ 7 with o= .

1010

‘}'> 108;"' - mean field, o=1 —1=0 -=-1%0 o . mean field, g=1 —1=0
R ——7=0.0043- - T = 0.0022 1077

Z = —1=0.03 --71=0.028 108 -

3 10t —1=0094 --71=0092 oL

g [ —1=029 --1=028 L

[ 10 1027

e i L

-— 0L

8 10 i 100 -

E 10_27 10—2:

© = L

B -4 L

8 10 10—47

2 = L

@ 10 10

1078 1078 —
10710 107 100 107" 1071 105 10°
w / MeV w / MeV
z =~ 2.042 (dashed) z =~ 2.31

z =~ 2.035 (solid)
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J. V. Roth, L.v.S., JHEP 10, 065 (2023)
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¢ spectral function:
p(w, p)

Model B

z=4-n

spectral function p(w, p) / MeV-2

A [p| / MeV

7.1 T = —0.356

(non-critical) 00

10710

T=(T—-T.)/T.
>J reduced temperature
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J. V. Roth, L.v.S., JHEP 10, 065 (2023)
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e spectral function: |

Model B

z=4-n f

spectral function p(w, p) / MeV-2
b
5
%
~
&
=
N
2

|p| / MeV

10° w/MeV

(nearly critical) T=(T-T.,)/T.

> 7 reduced temperature
J. V. Roth, L.v.S., JHEP 10, 065 (2023)
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¢ spectral function:
p(w, p)

Model B

z=4-n |

10—10

spectral function p(w, p) / MeV-2

A |p| / MeV

107
T
T w/ MeV
1 Ov\ N
107
T~0 107
(critical) T=(T -1T,)/T.
> 7 reduced temperature
J=0 J. V. Roth, L.v.S., JHEP 10, 065 (2023)
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¢ spectral function:
p(w, p)

Model B

z=4-n f

\_
Wp ™~ P~ ‘\\\ \ \
D~ €_1 N \ \\crltlc al diff

(scaling

\
N\
'?

107°

10° 10-10
[p| / MeV
A 107°
T 3
1.1 ® N
X o
107
=0 107
(critical) T=(T-T.)/T.

> 7 reduced temperature
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J. V. Roth, L.v.S., JHEP 10, 065 (2023)
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e strong-scaling hypothesis: | na ~
in d spatial dimensions d }4 MOdj; G
(SSS Model) e T AT o |
] Sasvari, Schwabl, Szépfalusy, Physica A 81 (1975) 108
* MSR action: Rajagopal, Wilczek, Nucl. Phys. B 399 (1993) 395
~ 0¢a 0F g F
g — _J
[ ba ( ot 5¢a 2{%’ >
A V4 =
nab ( ot Y (S’I?, ¢c} 5¢c 2{nab7 nCd}5ncd

ST 1., .. .
+ 1T P00 — §ZTnab’7V2nab]

e symmetries: - charge conservation
— thermal equilibrium symmetry

— temporal (non-Abelian) gauge symmetry
Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101

Crossley, Glorioso, Liu, JHEP 09 (2017) 095

H F H F September 2024 | Lorenz von Smekal | p.32

— BRST symmetry
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¢ add regulators to LGW functional: | /M_odel /G

1

= d/2
F— F+ % /my (fba(w)R;f(w, Y)ba(y) + 5nas(@) R (2, y)nab(y)) l{ .

~ regulators necessarily cubic in fields

e Ansatz for effective average action:
Ward identity:

dba OF g¢” it =g =gi" =g
1. oMy 0 F}, né 0 F}, gk 0 F}
2nab,k ( n,k ot + 'Vn,k(v) 5nab gk {nabv ¢c} 5§bc 9 {naba ncd}5 Ned

I ~ 1 o .
+ Z§ 1T ba ke (V) ok + §Z7(;,),kZTnab,k:’Yn,k(V)nab,k}

Yo (P, T) =T (1) + O(p?)

’Yn,k:(pfr) D Dk (p7 )

kinetic coefficients:

charge diffusion coefficient
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¢ scaling of charge diffusion coefficient:

Scaling function log (£(p&(T)))

D,(p,7) = 82_an(Sp, 31/"7')

~  Dp(p,T) ~ TR L

(7™

_1_

— 1=10"10
| — t=10"°
— t1=10"%
— T=10""
4| — t=10"%
— Pade fit

-4 -2 0 2 4 6 8
Scaling variable log p&(T)

10

universal dynamic scaling function

dynamic critical exponent z

1.6 1

1.5 1

1.4 1

' Model G

z=d/2

“P) . p=1fTp

z=dJ2

T zfromrg
I z,from D{(k, T)
1
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Roth, Ye, Schlichting, LvS, arXiv:2403.04573
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CRC-TR2m Strong and Weak Scaling FPs s
Model G Model H
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Dynamic Scaling Relations

CR:Tm

Model G Model H
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1/T'?: ~- order-parameter damping o: order-parameter diffusion
v: charge mobility 7n:  shear voscosity
Model H (d =3): z, ~ 0.949
xy ~ 0.051
e weak-scaling relations: r¢ + 2y =2, +2y=4—-d—1. 2 ~ 3.051
¢ strong-scaling relation: Tre = Ty — ML = only Model G: 24 = 2, = d/2
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¢ real-time methods for non-equilibrium phase transitions

e compute universal non-equilibrium scaling functions

e determine non-equilibrium scaling regions

e real-time FRG for critical dynamics

e quantify universal aspects of QCD chiral dynamics and critical point,
Model G and Model H

e determine universal dynamic scaling functions and dynamic scaling regions

Thank you for your attention!
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