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Port-based teleportation
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Port-based teleportation
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» Introduced by Ishizaka and Hiroshima in 2008

» Bob does not need to apply a correction operation

» An example of approximate universal quantum processor
» Prior work:
o lIshizaka, Hiroshima '08, '09

o Beigi, Konig '11

o Mozrzymas, Studziniski, Strelchuk, Horodecki '17, '18

o Christandl, Leditzky, Majenz, Smith, Speelman, Walter '18
o Leditzky '20
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Entanglement fidelity and success probability

A

An ,/
v <
B A ! Trin)\k '— B
» Terminology:

o U is a resource state
e n ports
o d is the local dimension

NiLgs(p) = iTlfA'wiB;c [((E)A’LA ® IB")(‘I’A"B" ®pa) (mA7LA ® IB")],
k=1

F:=Tr [CDER(NAHB ® Ir) [q)}RH’
Psucc = ’I‘I'[NAHB(I/CZ)]
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Deterministic and Probabilistic PBT

Resource state

Protocol type

Deterministic inexact (dPBT)

Probabilistic exact (pPBT)

F=1-0(/n Ffpguee = 1
Cor (3 /o
Psucc = 1 Psuce = 1-— O(l/\/ﬁ)
F=1-0(Yn? B s = 1l
Optimized (/%) /e
Psucc = 1 Psucc = 1-— O(l/’ﬂ)

» Optimal measurements are known. Pretty good measurement E (yellow) is the main ingredient.

» However, there were no known efficient implementations of these measurements prior to our work.

» Two ingredients are needed for a proper understanding:

» Mixed Schur—Weyl duality
> Representation theory of partially transposed permutation matrix algebras
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Overview of mixed Schur-Weyl duality
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Schur-Weyl duality
> UL = spanc{u®™ :u € Uy}
> A :=4)(CS,), where CS,, is the group algebra of S,, and VYo € S,:

P(@) (i) @ -+ ® lin)) = |ig-1(1)) ® -+ ® |ig-1(n)) -

> ¢ : CS, — End((C*)®") is the tensor representation of CS,,
> C(A,V):={Be€End(V):[A B] =0 for every A € A}

Theorem (Schur-Weyl duality)
> U is the centraliser algebra of A% in End((C%)®™) and vice versa:
Uy = C(A7, (CH™), A = CUy, (CH®7).

Moreover, when d > n the representation  is faithful, i.e., A2 = CS,,.

» 3 a Schur transform Usey, such that for every o € CS,, and u € Uy:

Usen ¢(u) UsTch = @ I\ @ ¢xa(u), Usen ¥(0 USch = @ (o

AeAd AeAd

where .Zi is the set of irreducible representations of A%.
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Young diagrams. Notation

v

A= (A1,..., k) is a partition of n, written as An, if \; > ... > A\, = 0and 3F A =n.
A is represented by a Young diagram. For example, A = (3,2,0) is

HF

» The length is defined as ¢(\) := max{k | \x > 0}.

» The set of irreducible representations (irreps) of CS,, is indexed by Young diagrams:

v

CS, = {\Fn}
> The set of irreps of A% = ¢(CS,,) is indexed by Young diagrams with bounded length:
A= {Akn o) < d}

> We write A g n to indicate that £(\) < d.
Set AC(\) of addable cells a of A: AU a is a valid partition.
> AC4(N) :={a € AC(\) | £(AUa) < d}

v
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Partially transposed permutations

J » Tensor representation v : Bfmn — End((Cd)®"+m)
» Walled Brauer algebra By, ,, .. .
n—3 = 2 » Transposition and contraction (d = 2):

P S (. () - (34)
. o(><)=(8088) »(22) = (3868
| » General diagram:

> Multiplication in B;ﬁ;n; <y1~.y5|w([ X’K) |z1. .. 25) =

Y1 Y2 Y3 Y+ Ys
o9 = =
1
Tr1 T2 I3 T4 I5
01 = —
- 511y1 61224513% 5I5y45y3y5
1

. » Matrix algebra of partially transposed permutations:

o102=d- >§T\\:\\L< Ai,m = ’(wb(B'rdz,m)

' > Aflwn is generated by transpositions o; = (i,4 + 1), ¢ # n and
the contraction o,.
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Mixed Schur-Weyl duality

> Consider the map ¢(u) := u®™" @ a®™ for every u € Uy
Theorem (Koike 1989, Benkart et al. 1994)
3 a mixed Schur transform Usen = Usen(n, m) such that for every o € B,dlﬁm and u € Uy:
Usen () Uy = €D 1r @ éa(u), Usan (o) Ul = €D ¥a(0) @ 1
AeAd reAd .,

where ﬁiym is the set of irreducible representations of Aﬁ,m.
When d > n + m the representation 1 is faithful, i.e., A%, = Bﬁ,m.

n,m —

» The irreps of .Afhm are labelled by pairs of Young diagrams (A, A»). More formally:

Al = {A = (O, A) 10 <k <min(n,m), N Fn—k A Fm—k, £) + ) < d}.

> A pair A = (A, Ar) can be thought of as a staircase A = (A1,...,A\q):

o Em) -

» We recover original Schur-Weyl duality when n = 0 or m = 0.
» What are Uscn(n, m) and ¢x(0)?
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Gelfand—Tsetlin basis for partially transposed permutations
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Gelfand—Tsetlin basis

Definition

A family (Ao, ..., A, = .A) of finite-dimensional semisimple algebras over C is multiplicity-free if:
(a) Ao =C.

(b) For each k, there is a unity-preserving algebra embedding A, — Axy1.

(c) The restriction of an Ay irrep to Ax_1 is isomorphic to a direct sum of different A,_1 irreps.

> Repeated restriction produces a canonical Gelfand—Tsetlin basis of each A,, irrep Vi:

A n —
Res!...Resy” Va= € Vr,
TePaths(\,28)

» This basis is labeled by paths T = (T°,T",...,T™) in the Bratteli diagram 2.
» For CS,,:

» the Gelfand—Tsetlin basis is the Young—Yamanouchi basis,
» the Bratteli diagram is the Young graph.

Dmitry Grinko Efficient quantum circuits for port-based teleportation via mixed Schur-Weyl duality 8/25



Example: Bratteli diagram for CS,, a.k.a. Young graph
CSO — (CSI — CS2 — (CS3 — CS4

OO0 —— O

\
H-
o

S
@/E

T
[

AVA

B ————

» Path 2 standard Young tableau = Yamanouchi word. For example,

T=(e,0HH.FH) = ; i =(1,2,1,2)

> dy :=|Paths(\)].
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Example: Gelfand—Tsetlin basis for CS,, a.k.a. Young-Yamanouchi basis

» The content of cell uw = (i,7) is cont(u) := j — 1.

012\
—10

> Content of i in standard Young tableau T is defined as cont;(T) := cont(T*\T*™1).
» The axial distance between i and ¢+ 1 in T is 7;(T") := contit1(T") — cont;(T').

Theorem (Young 1931, Yamanouchi 1936)

Given a generator o; of CS,,, i = 1,...,n — 1, the matrix ©¥x(0;) acts on the Gelfand—-Tsetlin basis
vectors |T) , T' € Paths(X, %) of an irrep X € CS,, as follows:

¥A(@) IT) = o 1)+ 1= s [T,
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Example: Bratteli diagram for A3,

3 3 3 3 [ 3 3
Ab,o At o A3 o As o ! As 4 A3

Dmitry Grinko Efficient quantum circuits for port-based teleportation via mixed Schur-Weyl duality

11/ 25



Gelfand—Tsetlin basis for partially transposed permutations

Theorem (G., Burchardt, Ozols)

Given a generator o; of.A‘fl,m, i=1ca.
basis vectors |T) with T € Paths()\) of an irrep X € A% ,,, as follows:

(o) |T) = mlT) )+ 4 /1 % j0:T), for i m,

Palon) IT) =c(T) |vr), |or):i= > oT)|T"), oT) = [ 2"
T'e M(T)

,n+m — 1, the matrix 1x(0;) acts on the Gelfand—Tsetlin

)
mMpn—1

where mpn is the dimension of unitary irrep T".

» We recover Young-Yamanouchi basis when n =0 or m = 0.

Dmitry Grinko Efficient quantum circuits for port-based teleportation via mixed Schur-Weyl duality 12 /25



3
3,2

Example: A

—_—
o o o 0@51,5\ D e N
= & | ©oo o o o+ i
oo ol
o
oo o e _
© © © o° ~mb [ N
a .
N o oo o
)
o= oo oo [ e
o oo o _ z° e e
e © - ~——
oo oo .
ﬁz‘n”o.o o o o orilgly © o
-
| © © o oo . o o o
waBh o o o o . ” : )
~
—
1
~ —~~ o o0 e —
coococoo a
© o ooco
| o
00%no e o o oo e 29o°°
Al & m|0/ © o ooo
Ji=y coococoo © ooco o o ﬁ
ARG g s ocoo o _ 2P oo
00 o Mo o
« S wimos o o ~— N
co oo oo 3 RN =YY=
Al
coocooo @
) TOOO =) ~—
Al
A —
—
—
oo o o on ,
) o
oo
o oo M oo
R N S A
OWT °© oo ﬁzla. |
k= ! o
S N © o Ha o 3001,20£2
i G
o i~ DﬁT oo s
—
| © o o oo
N~ —
—
—
cococoo~ Coood
oooo-e N cocoro
coco~oo o —~ z
S e coTooo ce e
= — e
oloooo | <@ ceee
~— - o
Tooooo 1°ece
~——
~——
= —
H S H =)
] i g o
- ~—

13 /25

Efficient quantum circuits for port-based teleportation via mixed Schur-Weyl duality

Dmitry Grinko



Mixed quantum Schur transform
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Our result

Theorem (G., Burchardt, Ozols '23; Nguyen '23)

The mixed quantum Schur transform has a quantum circuit with 5((71 + m)d4) gate and depth
complexities, where d is the local dimension, and n and m are the parameters of .A‘fl,m.
Two different encodings of the Gelfand—Tsetlin basis lead to the following space complexities:

o standard encoding: O((n + m + d)dlog(n + m)),

o Yamanouchi encoding: O(d? log(n +m)).

> Based on the original Schur transform from [Bacon, Chuang, Harrow 2005] by using dual
Clebsch—Gordan transforms.
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Mixed quantum Schur transform circuit

Uscn(n, m)
%)
IT%)
[7%)
7
1) — — [7%) |7%)
[7%)
o) — ) : :
4
) ) [E) )
Usen(n, m) = |zn-1) Gy — ™)
lemim ) —] L ey fza) oe; =+ ——————— ")
|Znem—1) — — |T"+m> |nt1) |72y

. = M ’

[Tnm) [Mia—y) rwem_s) ey
[Btm—s) =ca; [ty
|Zntm-1) Gy |ty

[Zn-tm) [Mia-yy)

Recursion in n +m
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Clebsch—Gordan transforms

) 5] )
ma1) - {=} [na-1)
ma-2) [na-s)

) {=} - ns)

ma) I {=} nz)

|my) ? . [ny)
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Recursion in d
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Efficient quantum circuits for port-based teleportation
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Port-based teleportation. Main result

Theorem (G., Burchardt, Ozols '23)

The measurements for dPBT and pPBT protocols have gate complexities 5(n2d4) and the following
time and space complexities:

1. standard encoding: O(nd*) time and O((n + d)dlog(n)) space,
2. Yamanouchi encoding: O(n*d*) time and O(d?log(n)) space.

» Independent work [Jiani Fei, Sydney Timmerman and Patrick Hayden 2023] describes a different
approach to implementation of deterministic PBT via block encoding techniques

» Independent work [Adam Wills, Min-Hsiu Hsieh and Sergii Strelchuk 2023] describes qubit PBT
constructions via block encoding techniques
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Port-based teleportation

Protocol type

Resource state
Deterministic inexact (dPBT) | Probabilistic exact (pPBT)
=1 =01 F/peuce = 1
PR (1/n) /
Psuce = 1 Psuce = il = O(l/\/ﬁ)
F=1-0(0/* |
Optimized iy /v
Psuce = 1 Psuce = 1- O(l/n)

> Pretty good measurement E = {E;}i— (yellow) is given for every k € [n]:

Ey = p_l/kap_l/Q, Pk = 7rkan7r_k, p = Zpk, Eo:=1— ZE’“
k=1 k=1

where 7 € A‘,i“l is the cyclic shift on first n systems and o, € Ai,l is the contraction generator.

» We can rewrite E in the Gelfand—Tsetlin basis and construct a Naimark dilation explicitly.
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Naimark dilation

> The effect E, in the Gelfand—Tsetlin basis of every irrep (A, @) € A\ZJ for A\bgn—1is

Yne) (Bn) = Z |wsx)(ws, x|

S€Paths,, _1(X,2B)

wsa)i= 3 ,/dm S0 (AUa)o (A 2))

a€AC (A

2 d)\Ua
lhusal? = Y e

a€ACH(N)

» Key fact: for every A-n — 1 in the Young lattice the following relation holds:

n-dyx = Z dxua

a€AC(N)

» Therefore:
2 |1 if £(\) <d
lwos )™= ) _ dowsnn g ) =d

n-dy
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Naimark dilation

----------------------------------------------------------

A= (p,0)

A=()\2)

The Bratteli diagram % and the extended Bratteli diagram % associated with the algebra Ag,l
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Implementation of the Naimark dilated PVM
> POVM E is dilated to IT = {II; }}_y:

II, = UanU,I for every k € {1,...,n— 1}
M, =I® (W|0><0|W*)

> Uy and W are easy-to-implement unitaries. In fact, Uy, = «*.

> Implementation of V := 3"7'_ wk 11} is easy:
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PGM circuit (standard encoding)

A — Mig_y —

Ay —| pry m— - 1 -

Az — i) — R— - -

Usen(n, 1) : : :
wt wt wt Usen(n, 1)"

» — Py — - —
Anc ’ Corr

An-1 — ™t — —

A, — ™ — —

A— rrtioa - -

0) —| QFT, |, - QFT!,, T [A—1+
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pPBT POVM circuit (standard encoding)

v — ey
Ay —] 2 |
Ay —] 9 —
Usen(n, 1)
ot ot at
Ap—2 —| "2 —
. 5
A — 1 Corr
1, —] T Wi Wi Wi [
i N (A.2)
) [vi.]

0) H QFT,
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Yamanouchi encoding

A — may L
A2 — v N I - -
Ny — v — -
at
Usen(n, 1)
Ans —| - | |vsatmyt|
p— v || Corr —
A, —| bt g — -
A— N ()\2) — —
) [or.]
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Thanks for your attention!
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