SRS LES DIABLERETS WINTER SCHOOL 2023
TOPOLOGICAL RECURSION

Exercises 2

Exercise 1 Airy curve.
Let us consider the curve y? = z, i.e.

z(2) = 22
y(z) =2
wo,2(21, 22) = %

This very simple curve is often refered to as the Airy curve since the generating function

v b =en | S [ [

g,n>0

is a WKB solution to Airy equation
82
1. Compute wp 3, wo4 and wy 1.

2. In the examples above, check that the result takes the form
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where the coefficients (74, ...7q4,) g.n ar€ non-vanishing scalars only if Yo di =3g—
3+ n.

This property actually follows from the fact that these coefficients are intersection of
cohomology classes on the Deligne-Mumford compactification of the moduli space of

curves :
(le ‘ Tdn /
M

where 9); are degree 2 cohomology classes and M, ,, has dimension 3g — 3 + n.

9:m g=1

Use question 1 to compute < 197970 >0,3, < T17070 >0,4 and < 71 >1 1.

3. In order to prove that the coefficients (74, ...74,),,, are indeed intersection numbers,
check that the topological recursion is equivalent to
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where the coefficients (7y, ...74,),, satisy
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where the term stable in the sum means that one sets (1), = (7471)yo = 0 in the
sum.

4. Show that the formula above is equivalent to Witten-Kontsevich conjecture (or Vira-
soro constraints for the Gromov-Witten invariants of the point). Namely, check that it
is equivalent to

Vn > —1, Ly(ef) =0

order by order in A where
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where the sum is over all sequence of non-negative integer with only finitely non-zero

terms and
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satisfy [Ly, L] = (n —m) Ly ym.

Exercise 2 Computation of the first correlation functions.
Let us consider the curve .
x(2) :a+'y(z+;)
y(2)

wo,a(21, 29) = L2422

(21—22)?

where y(z) is an arbitrary function of z holomorphic at z = +1.
Show that the topological recursion builds the correlation functions
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and
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