
SRS Les Diablerets Winter school 2023
Topological recursion

Exercises 2

Exercise 1 Airy curve.
Let us consider the curve y2 = x, i.e.

x(z) = z2

y(z) = z

ω0,2(z1, z2) = dz1 dz2
(z1−z2)2

.

This very simple curve is often refered to as the Airy curve since the generating function

Ψ(x(z), ~) := exp

∑
g,n≥0

~2g−2+n

n!

∫ z

0
· · ·
∫ z

0
ωg, n


is a WKB solution to Airy equation[

~2
∂2

∂x2
− x
]

Ψ(x, ~) = 0.

1. Compute ω0,3, ω0,4 and ω1,1.

2. In the examples above, check that the result takes the form

ωg,n(z1, . . . , zn) = (−2)2g−2+n
∑
d∈Nn

〈τd1 . . . τdn〉g,n
n∏
i=1

(2di + 1)!! dzi

z2di+2
i

where the coefficients 〈τd1 . . . τdn〉g,n are non-vanishing scalars only if
∑n

i=1 di = 3g −
3 + n.

This property actually follows from the fact that these coefficients are intersection of
cohomology classes on the Deligne-Mumford compactification of the moduli space of
curves :

〈τd1 . . . τdn〉g,n =

∫
Mg,n

n∏
i=1

ψdii

where ψi are degree 2 cohomology classes and Mg,n has dimension 3g − 3 + n.

Use question 1 to compute < τ0τ0τ0 >0,3, < τ1τ0τ0 >0,4 and < τ1 >1,1.

3. In order to prove that the coefficients 〈τd1 . . . τdn〉g,n are indeed intersection numbers,
check that the topological recursion is equivalent to

∀2g − 2 + n > 0 , ωg,n(z1, . . . , zn) = (−2)2g−2+n
∑
d∈Nn

〈τd1 . . . τdn〉g,n
n∏
i=1

(2di + 1)!! dzi

z2di+2
i



where the coefficients 〈τd1 . . . τdn〉g,n satisfy

(2k1 + 1)!! 〈τk1 . . . τkn〉g,n =

n∑
j=2

(2k1+2kj−1)!!
(2kj−1)!!

〈
τk2 . . . τkj+k1−1 . . . τkn

〉
g,n−1

+1
2

∑
i+j=k1−2

(2i+ 1)!! (2j + 1)!!
[
〈τiτjτk2 . . . τkn〉g−1,n+1 +

stable∑
A tB = {k2, . . . , kn}

g1 + g2 = g

〈τiτA〉g1,|A|+1 〈τjτB〉g2,|B|+1

]

where the term stable in the sum means that one sets 〈τk〉0,1 = 〈τkτl〉0,2 = 0 in the
sum.

4. Show that the formula above is equivalent to Witten-Kontsevich conjecture (or Vira-
soro constraints for the Gromov-Witten invariants of the point). Namely, check that it
is equivalent to

∀n ≥ −1 , Ln(eF ) = 0

order by order in ~ where

F :=

∞∑
g=0

~2g−2
∑
{kj}

〈 ∞∏
j=0

τ
kj
j

〉
g,·

∞∏
j=1

t
kj
j

kj !

where the sum is over all sequence of non-negative integer with only finitely non-zero
terms and

Ln := −(2n+ 3)!!

2n+1

∂

∂tn+1
+

∞∑
j=0

(2j + 2n+ 1)!!

(2j − 1)!! 2n+1
tj

∂

∂tj+n
+
~2

2

n−1∑
j=0

(2j + 1)!! (2n− 2j − 1)!!

2n+1

∂2

∂tj ∂tn−j−1

satisfy [Ln, Lm] = (n−m)Ln+m.

Exercise 2 Computation of the first correlation functions.
Let us consider the curve 

x(z) = α+ γ
(
z + 1

z

)
y(z)

ω0,2(z1, z2) = dz1 dz2
(z1−z2)2

where y(z) is an arbitrary function of z holomorphic at z = ±1.
Show that the topological recursion builds the correlation functions

ω0,3(z1, z2, z3) = − 1

2γy′(1)

1

(z1 − 1)2(z2 − 1)2(z3 − 1)2
+

1

2γy′(−1)

1

(z1 + 1)2(z2 + 1)2(z3 + 1)2

and

ω1,1(z) = − 1
16γy′(1)

(
1

(z−1)4 + 1
(z−1)3 −

1+
y′′(1)
y′(1) +

y′′′(1)
3y′(1)

2(z−1)2

)

+ 1
16γy′(−1)

(
1

(z+1)4
− 1

(z+1)3
+

1− y′′(−1)

y′(−1)
+

y′′′(−1)

3y′(−1)

2(z+1)2

)
.


