Problems 1 (Dimofte)
Moduli and 3d mirror symmetry

1. In the lecture, we saw that an abelian 3d gauge theory is quantum-equivalent to a free
periodic scalar. A similar bit of logic can be used to show that

e A 2d periodic scalar is quantum-equivalent to a second 2d periodic scalar of inverse
period. (This is known as T-duality.)

e A 4d abelian gauge theory is quantum-equivalent to a second 4d abelian gauge theory.
(This electric-magnetic duality.)

The goal of this problem is to derive the 2d duality.
Let ¥ be an arbitrary ccompact real 2d surface, and ¢ : ¥ — S! a periodic scalar field,
with the convention that ¢ ~ ¢ 4+ 1, and with action

szf}mm*dqs. (1)
>

(Note that the effective period of ¢ is R. If we rescale ¢ = R¢ in order to make the kinetic
term i, dp A #d¢ canonical, then ¢ ~ ¢ + R.)

a) Argue that there is a 1-1 correspondence between smooth maps ¢ : ¥ — S and
smooth one-forms f € 2'(2) that satisfy df = 0 and Sﬁ feZforall 5e Hi(X,Z).

(This correspondence can and should be extended to larger classes of non-smooth maps,
and you may think about how to do that, but we won’t go into further details here.)

b) Perform a series of formal manipulations to relate the path integrals
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where 2R%d¢ = =do, and 0 ~ o + 27, whence o has an effective period 7/R.

Hint: as in the lectures, let f = d¢, and first rewrite the initial path integral as {Df - - -,
with some additional fields that force df = 0 and Sg feZforall 5e Hi(X,Z).

Caveat: both here and in the lectures, we are working in Euclidean signature, and the
actions in the path integrals shouldn’t have an “/” in front. However, these manipulations in
Fuclidean signature require a somewhat tricky analytic continuation, as they lead to relations
like 2R%d¢ = i + do. I am avoiding that in the lectures and exercise by being sloppy with
some signs and factors of 1.



2. Consider the abelian 3d gauge theory from lectures, and its dual form
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where *dA = %d% and v ~ v + 1, whence ~ has effective period g/2.

Let 3d spacetime be M = R3. Consider the local operator ¢>™7(0) where n € Z and

7(0) denotes the value of v at the origin 0 € R?. Show that an insertion of this operator
in the path integral is equivalent to replacing spacetime with a punctured 3-space R3\0,
and performing the path integral over gauge fields A on R3\0 whose field strength F' = dA
satisfies

ij — 21 (4)

for any 2-sphere S? surrounding the origin. In other words,
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Hint: work with the v path integral. Absorb the operator insertion into the action by
writing
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where 6 is a Dirac delta-function three-form supported at the origin. It suffices to show
that the equations of motion for the v action modified by the e>"7() operator insertion end
up setting dF = 27nd®(0).



3. Recall from the lecture that the Coulomb branch of a 3d N = 4 U(1) gauge theory with n
hypermultiplets of charge 1 (i.e. G = GL(1) and V = C") has a ring of functions generated
by monopole operators v+ and a complex scalar ¢, subject to the relation

viv_ = " (7)

Similarly, a 3d N' = 4 “pure” PSU(2) gauge theory has an adjoint (psl,-valued) scalar
field ® that can generically be diagonalized

o = (“g _Ow) . (8)

At such generic points in the moduli space, where ¢ # 0, the gauge group is broken to
the stabilizer of ®, namely a maximal torus U(1) ¢ PSU(2). Then there are two abelian
monopole operators v, ,v_ that now satisfy
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(This is the analogue of (7), when instead of hypermultiplet matter there are vectormultiplet
fields charged under the maximal torus U(1). In this case, these fields are the two off-diagonal
components of &, with charges +1 and -1 under the maximal torus.)
The global functions on the Coulomb branch of the SU(2) gauge theory are generated
by the Weyl-invariant combinations

Vi=v, 4o, U:=opvy —v_), U=, (10)
Show that (9) implies
U? —WVi=4. (11)

Note: this is the defining equation of the so-called Atiyah-Hitchin manifold, the smooth

affine variety
MAtiyah—Hitchin = Spec C[Uu v, ‘I’]/(U2 — oV — 4) . (12)

The Atiyah-Hitchin describes the global Coulomb branch of PSU(2) gauge theory.



