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Can we formulate quantum field theories so that we 
can study them using a quantum computer?

Formulate a Hamiltonian lattice field theory 
with a finite local Hilbert space 

with an appropriate “continuum limit.”

Qubit Regularization of the QFT

Continuum limit = UV Quantum Critical Point
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At each lattice site there is 
a quantum particle on a 
surface of a unit sphere
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1X
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m=�`

| `,m ih `,m | = I
<latexit sha1_base64="ImmeJFj2r5QQeWMh1xieOl/gtuw="></latexit>

“Representation basis”“position basis”
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d⌦ |✓,'ih✓,'| = I

Basis of the traditional Hilbert space            :
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TABLE I. ~ and confidence level for the fit (6) of $(P, 2L)/g(P, L) vs g(P, L)/L D.F is the number of degrees of freedom.
The first (second) L;„value applies for g(L)/L ~ 0.7 i)0.7). In all cases $;„=20.

Lmin

(64,64)

(96,32)

(96,64)

(96,96)

(128,32)

(128,64)

(128,96)

(128,128)

(192,32)

(192,64)

(192,96)

DF
108 —n

107 —n

97 —n

87 —n

83 —n

73 ft

64 —n

75 —n

65 —n

57 —n

fl = 7

278.38
0.0%

228.85
0.0%

207.32
0.0%

190.61
0.0%

160.17
0.0%

139.60
0.0%

126.20
0.0%

101.05
0.0%

110.42
0.1%
90.60
0.4%
82.54
0.3%

n=8
183.80
0.0%

164.46
0.0%

137.18
0.1%

115.05
0.5%

121.29
0.6%
95.94
5.2%
79.03
11.3%
63.45
23.1 /o
93.41
1.8%
69.57
12.3%
55.94
23.0%

n=9
144.34
0.2%

120.38
1.9%

108.23
7.1%

100.99
4.1%
99.35
12.1%
78.23
34.6%
71.12
25.3%
61.96
24.2%
76.13
18.5%
55.03
51.1%
49.49
41.4%

n= 10

137.82
0.5%

124.87
3.0%

103.13
11.4%
93.90
9.2%
94.82
17.7%
72.91
48.1%
64.33
43.0%
59.70
27.6%
70.61
29.6%
47.60
75.0%
38.90
79.4%

n =11
135.77
0.6%

122.15
3.7%

102.02
11.5%
93.89
8.0%
94.20
16.8%
72.89
44.9%
63.29
43.1%
59.28
25.7%
65.15
43.6%
45.12
80.0%
38.67
77.0%

n=12
135,01
0.5%

120.48
4.0%

101.59
10.6%
93.73
7.1%
86.65
31.3~/c
68.43
56.4%
59.72
52 2%
52.89
43 9%
62. 16
50 6%
43.74
81.4%
37.53
77.8%

choose L;„ to avoid any detectable systematic error
from corrections to scaling. There appear to be weak
corrections to scaling (~1.5%) in the region 0.3 ~
$(L)/L ~ 0.7 for lattices with L ~ 64—96; see the
deviations plotted in Fig. 1. We therefore investigated
systematically the ~ of the fits, allowing a different L;„
for g(L)/L ~ 0.7 and )0.7; see Table I. A reasonable
g2 is obtained when n ~ 9 and L;„~(128, 64). Our
preferred fit is n = 10 and L;„=(128, 64); see Fig. 2,

where we compare also with the perturbative prediction

amp lnsFg(x;s) =s 1— 2
X

~11ns wp ln s 4
2 2—.( +

2 8
x + O(x ) (7)

valid for x» 1, where a = 1/(N —1), wq = (N—
2)/27r, and wt = (N —2)/(2~)2.
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FIG. 1. Deviation of points from fit to Fr with s = 2, s
20, L;„=128, and n = 10. Symbols indicate L = 32 (+),
48 (+), 64 (X), 96 (X), 128 ( ), 192 (N), and 256 (O).
Error bars are 1 standard deviation. Curves near zero indicate
statistical error bars i+ 1 standard deviation) on the function
Fg (x).

FIG. 2. s (P, 2L)/g(P, L) vs $(P, L)/L Symbols indicate.
L = 32 (+), 48 (+), 64 (X), 96 (X), 128 ( ), 192 ():(), and
256 (0). Error bars are I standard deviation. Solid curve
is tenth-order fit in (6), with s&:~,„=20 and L;„=128 (64)
for g(L)/L ~ 0.7 ()0.7). Dashed curve is the perturbative
prediction (7).
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choose L;„ to avoid any detectable systematic error
from corrections to scaling. There appear to be weak
corrections to scaling (~1.5%) in the region 0.3 ~
$(L)/L ~ 0.7 for lattices with L ~ 64—96; see the
deviations plotted in Fig. 1. We therefore investigated
systematically the ~ of the fits, allowing a different L;„
for g(L)/L ~ 0.7 and )0.7; see Table I. A reasonable
g2 is obtained when n ~ 9 and L;„~(128, 64). Our
preferred fit is n = 10 and L;„=(128, 64); see Fig. 2,

where we compare also with the perturbative prediction
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FIG. 1. Deviation of points from fit to Fr with s = 2, s
20, L;„=128, and n = 10. Symbols indicate L = 32 (+),
48 (+), 64 (X), 96 (X), 128 ( ), 192 (N), and 256 (O).
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FIG. 2. s (P, 2L)/g(P, L) vs $(P, L)/L Symbols indicate.
L = 32 (+), 48 (+), 64 (X), 96 (X), 128 ( ), 192 ():(), and
256 (0). Error bars are I standard deviation. Solid curve
is tenth-order fit in (6), with s&:~,„=20 and L;„=128 (64)
for g(L)/L ~ 0.7 ()0.7). Dashed curve is the perturbative
prediction (7).
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Can we reproduce this 
continuum physics in a 
lattice model with a finite 
lattice Hilbert space?
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Results: Heisenberg comb

Indeed, the step scaling function is reproduced for L > Lmin(J)!
�� / ��

Universal Step Scaling Function
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FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].

8

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.01

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.2

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.4

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.6

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].

8

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.01

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.2

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.4

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.6

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].



0.2 0.4 0.6 0.8
ª(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

ª(
2L

)/
ª(

L
)

∏ = 0.0

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

Another Example:  
Qubit Regularization of the BKT transition 

Maiti, Banerjee, SC, Marinkovic, PRL 132 (2024), 041601 

8

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.01

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.2

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.4

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.6

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].

8

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.01

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

2.2

�(
2L

)/
�(

L
)

� = 0.2

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.4

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

0.2 0.4 0.6 0.8
�(L)/L

1.0

1.2

1.4

1.6

1.8

2.0

�(
2L

)/
�(

L
)

� = 0.6

L = 10

L = 20

L = 40

L = 80

L = 160

L = 320

L = 640

L = 1280

FIG. 6: Plot of the universal step-scaling function obtained from the bXY model (solid line) and the data from the
fXY model at � = 0.01, 0.2, 0.4, and 0.6 for various lattice sizes. This is the data we show in the main paper. We can
see that `UV ⇡ 80 at � = 0.6, `UV ⇡ 160 at � = 0.4 and `UV > 1280 for � = 0.2 and 0.01.

form we obtain the solid line shown in Fig. 7 for the bXY
model, which is also the line we use in the main paper
to compare with the our fXY model data. In Fig. 6 we
show the data shown in the main paper, but by separating
the various � values for clarification. We notice that the
Monte Carlo data for each � do not fall on the solid curve
for small values of L but do so for su�ciently large values
of L. We can define `UV for each � as the minimum
value of L when the data begin to fall on the solid curve.

From Fig. 6 we notice that `UV ⇡ 80 for � = 0.6, and
`UV ⇡ 160 for � = 0.4. For �  0.2 we notice that
`UV > 1280, implying that we will need much larger
lattices beyond our current resources to see the data at
these couplings to fall on the solid curve. Indeed in Fig. 6
we only see the data for these couplings approach the UV
prediction of ⇠(L)/L = 0.7506912... as explained in [5].
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Traditional SU(N) lattice gauge theories

On each lattice link there is a 
quantum particle moving on the 

surface of the SU(N) group 
manifold
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This means the traditional link Hilbert space is given by

Peter-Weyl Theorem
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How does the “irrep space” formulation 
of a lattice gauge theory look like?





“Irrep space” formulation of 
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a
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j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Lattice Link
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Gauss Law

3

x y
Left Right

<latexit sha1_base64="asCbZpv90pX9Q7G7ze5b9HmifBk=">AAACFHicbVC9TsMwGHTKXwl/BUYWiwqJqUo6FMYKFsYi0R+piaovjtNadZxgO0hV1NeAFd6DDbGy8xo8AW6bgbacZOl0d590viDlTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lFJJgltk4QnsheAopwJ2tZMc9pLJYU44LQbjG9nfveJSsUS8aAnKfVjGAoWMQLaSL7Xtz1u0iHYnj+oVJ2aMwdeJ25BqqhAa1D58cKEZDEVmnBQqu86qfZzkJoRTqe2lymaAhnDkPYNFRBT5efz0lN8YZQQR4k0T2g8V/9e5BArNYkDk4xBj9SqNxP/9VRUWAqEwopKFi030dG1nzORZpoKsigSZRzrBM8WwiGTlGg+MQSIZOYvmIxAAtFmR9uM5K5Osk469ZrbqDXu69XmTTFXGZ2hc3SJXHSFmugOtVAbEfSIXtArerOerXfrw/pcREtWcXOKlmB9/QKBL54z</latexit>

�
<latexit sha1_base64="djrJQNhEMupqvF/9EGjXhYM7xNI=">AAACIXicbVDLSsNAFJ34rPEVdSO4GSyCq5J0UV0W3bisYB/QhDKZTNqhk5kwMxFKqD+jW/0Pd+JO/Au/wEmbhW09cOFwzr2Xe0+YMqq0635Za+sbm1vblR17d2//4NA5Ou4okUlM2lgwIXshUoRRTtqaakZ6qSQoCRnphuPbwu8+Eqmo4A96kpIgQUNOY4qRNtLAOfX7ti9MR7Eg95mZjNDU9oOBU3Vr7gxwlXglqYISrYHz40cCZwnhGjOkVN9zUx3kSGqKGTErM0VShMdoSPqGcpQQFeSzD6bwwigRjIU0xTWcqX8ncpQoNUlC05kgPVLLXiH+66m4tBTiCioiabx4iY6vg5zyNNOE4/khccagFrCIC0ZUEqzZxBCEJTW/QDxCEmFtQrVNSN5yJKukU695jVrjvl5t3pRxVcAZOAeXwANXoAnuQAu0AQZP4AW8gjfr2Xq3PqzPeeuaVc6cgAVY37+iraOK</latexit>

�

x

<latexit sha1_base64="asCbZpv90pX9Q7G7ze5b9HmifBk=">AAACFHicbVC9TsMwGHTKXwl/BUYWiwqJqUo6FMYKFsYi0R+piaovjtNadZxgO0hV1NeAFd6DDbGy8xo8AW6bgbacZOl0d590viDlTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lFJJgltk4QnsheAopwJ2tZMc9pLJYU44LQbjG9nfveJSsUS8aAnKfVjGAoWMQLaSL7Xtz1u0iHYnj+oVJ2aMwdeJ25BqqhAa1D58cKEZDEVmnBQqu86qfZzkJoRTqe2lymaAhnDkPYNFRBT5efz0lN8YZQQR4k0T2g8V/9e5BArNYkDk4xBj9SqNxP/9VRUWAqEwopKFi030dG1nzORZpoKsigSZRzrBM8WwiGTlGg+MQSIZOYvmIxAAtFmR9uM5K5Osk469ZrbqDXu69XmTTFXGZ2hc3SJXHSFmugOtVAbEfSIXtArerOerXfrw/pcREtWcXOKlmB9/QKBL54z</latexit>

�

FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Gauss Law
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,

<latexit sha1_base64="y6ZhnvxeMKCNAuwV6ap8XSJq1KI=">AAACGHicbVDNSsNAGPxS/2r8adSjl8UieCpJD9Vj0YvHCvYHmlA2m027dLMJuxuhlL6IXvU9vIlXb76GT+C2zcG2DiwMM/PB7IQZZ0q77rdV2tre2d0r79sHh0fHFefktKPSXBLaJilPZS/EinImaFszzWkvkxQnIafdcHw397tPVCqWikc9yWiQ4KFgMSNYG2ngVPy+7XOTj/DAs/1g4FTdmrsA2iReQapQoDVwfvwoJXlChSYcK9X33EwHUyw1I5zObD9XNMNkjIe0b6jACVXBdFF8hi6NEqE4leYJjRbq34spTpSaJKFJJliP1Lo3F//1VFxYCguFFJUsXm2i45tgykSWayrIskicc6RTNF8JRUxSovnEEEwkM39BZIQlJtpsaZuRvPVJNkmnXvMatcZDvdq8LeYqwzlcwBV4cA1NuIcWtIFADi/wCm/Ws/VufVify2jJKm7OYAXW1y88Z58I</latexit>

�1

<latexit sha1_base64="l2C2jXv9zEgCsMmYHKpICJzXhLs=">AAACI3icbVC7TsMwFHV4lvAKsMFiUSExVUmHwljBwlgk+pCaKHJcp7Xq2JHtIFVRJX4GVvgPNsTCwE/wBThtBtpyJEtH55xr3XuilFGlXffLWlvf2NzaruzYu3v7B4fO0XFHiUxi0saCCdmLkCKMctLWVDPSSyVBScRINxrfFn73kUhFBX/Qk5QECRpyGlOMtJFC59Tv274wieKD3GdmcoCmoWf7QehU3Zo7A1wlXkmqoEQrdH78gcBZQrjGDCnV99xUBzmSmmJGprafKZIiPEZD0jeUo4SoIJ/dMIUXRhnAWEjzuIYz9e9EjhKlJklkkgnSI7XsFeK/nopLSyGuoCKSxoub6Pg6yClPM004ni8SZwxqAYvC4IBKgjWbGIKwpOYWiEdIIqxNrbYpyVuuZJV06jWvUWvc16vNm7KuCjgD5+ASeOAKNMEdaIE2wOAJvIBX8GY9W+/Wh/U5j65Z5cwJWID1/QvsG6Qu</latexit>

�1

<latexit sha1_base64="whAftyA0PE0rHl9hASPKK7TMpjw=">AAACI3icbVC7TsMwFHV4lvAKsMFiUSExVUmHwljBwlgk+pCaKHJcp7Xq2JHtIFVRJX4GVvgPNsTCwE/wBThtBtpyJEtH55xr3XuilFGlXffLWlvf2NzaruzYu3v7B4fO0XFHiUxi0saCCdmLkCKMctLWVDPSSyVBScRINxrfFn73kUhFBX/Qk5QECRpyGlOMtJFC59Tv274wieKD3GdmcoCmYd32g9CpujV3BrhKvJJUQYlW6Pz4A4GzhHCNGVKq77mpDnIkNcWMTG0/UyRFeIyGpG8oRwlRQT67YQovjDKAsZDmcQ1n6t+JHCVKTZLIJBOkR2rZK8R/PRWXlkJcQUUkjRc30fF1kFOeZppwPF8kzhjUAhaFwQGVBGs2MQRhSc0tEI+QRFibWm1TkrdcySrp1Gteo9a4r1ebN2VdFXAGzsEl8MAVaII70AJtgMETeAGv4M16tt6tD+tzHl2zypkTsADr+xftwqQv</latexit>

�2

<latexit sha1_base64="6qoDjR2NV8i9wRep6j8KFIC3Iko=">AAACI3icbVDLSsNAFJ3UV42vqDvdDBbBVUkqVJdFNy4r2Ac0IUwmk3boZBJmJkIJBX9Gt/of7sSNC3/CL3DSZmFbDwwczjl3uPcEKaNS2faXUVlb39jcqm6bO7t7+wfW4VFXJpnApIMTloh+gCRhlJOOooqRfioIigNGesH4tvB7j0RImvAHNUmJF6MhpxHFSGnJt07cgekmOlF8kLtMT4Zo6l+arudbNbtuzwBXiVOSGijR9q0fN0xwFhOuMENSDhw7VV6OhKKYkanpZpKkCI/RkAw05Sgm0stnN0zhuVZCGCVCP67gTP07kaNYykkc6GSM1Egue4X4ryej0pKISyiJoNHiJiq69nLK00wRjueLRBmDKoFFYTCkgmDFJpogLKi+BeIREggrXaupS3KWK1kl3Ubdadab941a66asqwpOwRm4AA64Ai1wB9qgAzB4Ai/gFbwZz8a78WF8zqMVo5w5Bgswvn8B72mkMA==</latexit>

�3

<latexit sha1_base64="Atu4LB9NYoawnQJD2FsCcttKDxw=">AAACGHicbVDNSsNAGNz4W+NPox69LBbBU0kqVI9FLx4r2B9oQthsv7RLN5uwuxFK6YvoVd/Dm3j15mv4BG7bHGzrwMIwMx/MTpRxprTrflsbm1vbO7ulPXv/4PCo7ByftFWaSwotmvJUdiOigDMBLc00h24mgSQRh040upv5nSeQiqXiUY8zCBIyECxmlGgjhU7Z79k+N/k+Ca9sPwidilt158DrxCtIBRVohs6P309pnoDQlBOlep6b6WBCpGaUw9T2cwUZoSMygJ6hgiSggsm8+BRfGKWP41SaJzSeq38vJiRRapxEJpkQPVSr3kz811NxYSkiFFYgWbzcRMc3wYSJLNcg6KJInHOsUzxbCfeZBKr52BBCJTN/wXRIJKHabGmbkbzVSdZJu1b16tX6Q63SuC3mKqEzdI4ukYeuUQPdoyZqIYpy9IJe0Zv1bL1bH9bnIrphFTenaAnW1y8/tZ8K</latexit>

�3

<latexit sha1_base64="RCQD0+25E5pBj85Dyj02dW7CRqs=">AAACGHicbVDNSsNAGNzUvxp/WvXoZbEInkrSQ/VY9OKxgv2BJoTN9ku7dLMJuxuhhL6IXvU9vIlXb76GT+C2zcG2DiwMM/PB7IQpZ0o7zrdV2tre2d0r79sHh0fHlerJaVclmaTQoQlPZD8kCjgT0NFMc+inEkgccuiFk7u533sCqVgiHvU0BT8mI8EiRok2UlCteAPb4yY/JEHD9vygWnPqzgJ4k7gFqaEC7aD64w0TmsUgNOVEqYHrpNrPidSMcpjZXqYgJXRCRjAwVJAYlJ8vis/wpVGGOEqkeULjhfr3IiexUtM4NMmY6LFa9+biv56KCksRobACyaLVJjq68XMm0kyDoMsiUcaxTvB8JTxkEqjmU0MIlcz8BdMxkYRqs6VtRnLXJ9kk3UbdbdabD41a67aYq4zO0QW6Qi66Ri10j9qogyjK0At6RW/Ws/VufVify2jJKm7O0Aqsr18+Dp8J</latexit>

�2

<latexit sha1_base64="KhstSL/km3A2WKLD3Jvwt7IyewI=">AAACGHicbVDNSsNAGPxS/2r8adSjl8UieCpJD9Vj0YvHCvYHmlA2m027dLMJuxuhlL6IXvU9vIlXb76GT+C2zcG2DiwMM/PB7IQZZ0q77rdV2tre2d0r79sHh0fHFefktKPSXBLaJilPZS/EinImaFszzWkvkxQnIafdcHw397tPVCqWikc9yWiQ4KFgMSNYG2ngVPy+7XOTj/BA2X4wcKpuzV0AbRKvIFUo0Bo4P36UkjyhQhOOlep7bqaDKZaaEU5ntp8rmmEyxkPaN1TghKpguig+Q5dGiVCcSvOERgv178UUJ0pNktAkE6xHat2bi/96Ki4shYVCikoWrzbR8U0wZSLLNRVkWSTOOdIpmq+EIiYp0XxiCCaSmb8gMsISE222tM1I3vokm6RTr3mNWuOhXm3eFnOV4Rwu4Ao8uIYm3EML2kAghxd4hTfr2Xq3PqzPZbRkFTdnsALr6xepdZ9K</latexit>

�s

<latexit sha1_base64="3eQSRLFVDD+UxmZ1i4Zbntfg738=">AAACGHicbVDNSsNAGNz4W+NPox69LBbBU0mKVI9FLx4r2B9oQthsv7RLN5uwuxFK6YvoVd/Dm3j15mv4BG7bHGzrwMIwMx/MTpRxprTrflsbm1vbO7ulPXv/4PCo7ByftFWaSwotmvJUdiOigDMBLc00h24mgSQRh040upv5nSeQiqXiUY8zCBIyECxmlGgjhU7Z79k+N/k+Ca9sPwidilt158DrxCtIBRVohs6P309pnoDQlBOlep6b6WBCpGaUw9T2cwUZoSMygJ6hgiSggsm8+BRfGKWP41SaJzSeq38vJiRRapxEJpkQPVSr3kz811NxYSkiFFYgWbzcRMc3wYSJLNcg6KJInHOsUzxbCfeZBKr52BBCJTN/wXRIJKHabGmbkbzVSdZJu1b16tX6Q63SuC3mKqEzdI4ukYeuUQPdoyZqIYpy9IJe0Zv1bL1bH9bnIrphFTenaAnW1y9BXJ8L</latexit>

�4

<latexit sha1_base64="tKm+lv8Jn54qJWy/zpHTQf3Gab4=">AAACI3icbVDLSsNAFJ3UV42vqDvdDBbBVUmKVJdFNy4r2Ac0IUwmk3boZBJmJkIJBX9Gt/of7sSNC3/CL3DSZmFbDwwczjl3uPcEKaNS2faXUVlb39jcqm6bO7t7+wfW4VFXJpnApIMTloh+gCRhlJOOooqRfioIigNGesH4tvB7j0RImvAHNUmJF6MhpxHFSGnJt07cgekmOlF8kLtMT4Zo6l+arudbNbtuzwBXiVOSGijR9q0fN0xwFhOuMENSDhw7VV6OhKKYkanpZpKkCI/RkAw05Sgm0stnN0zhuVZCGCVCP67gTP07kaNYykkc6GSM1Egue4X4ryej0pKISyiJoNHiJiq69nLK00wRjueLRBmDKoFFYTCkgmDFJpogLKi+BeIREggrXaupS3KWK1kl3Ubdadab941a66asqwpOwRm4AA64Ai1wB9qgAzB4Ai/gFbwZz8a78WF8zqMVo5w5Bgswvn8B8RCkMQ==</latexit>

�4

FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)
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ωs = 1, 2, ...,D(Hg
s )
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A basis of the physical Hilbert space

All Clebsch-Gordan Coefficients have disappeared!
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)

Gauss Law
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FIG. 1. A pictorial representation of basis states in the sub-
space Hω in the form of an oriented dimer on the link con-
necting the sites x and y (left) and in the subspace Hs in the
form of a monomer on the site x (right). The orientation of
the dimer is defined such that under a gauge transformation
at x (left site) the link states transform as given by Eq. (5),
while a gauge transformation on y (right site) it transforms as
given by Eq. (6). The site transforms as given by the irrep
on the monomer.

With this notation, the full Hilbert space of the tradi-
tional theory is then the direct product of local Hilbert
spaces at every link and at every site Hfull = →ωHω→sHs.
However, the physical Hilbert space Hphys of the theory
is the subspace of Hfull that is invariant under gauge
transformations defined at every lattice site. These local
gauge transformation act on the local site Hilbert space
through the irrep of SU(N) associated to the sites. For
example, the fermion annihilation operator can be given
the transformation property

e→ihaG
a

ω†

j |0↑ =
∑

k

(eihaT
a
f )jkω

†

k|0↑, (4)

which means a single fermion on the site transforms ac-
cording to the fundamental representation. Each link
subspace Hε, on the other hand, is in fact an irrep of
SUL(N)↓ SUR(N) with conjugate representations asso-
ciated with the two sites of the link. If we associate ε to
SUL(N) then we must associate ε with SUR(N). Then,
the gauge transformation associated with the left site acts
on the basis state of the link

∣∣Dε
ij

〉
as

e→ihaL
a ∣∣Dε

ij

〉
=

∑

k

(eihaT
a
ω )ik

∣∣Dε
kj

〉
(5)

and that associated with the right site as

e→ihaR
a ∣∣Dε

ij

〉
=

∑

k

(e→ihaT
a
ω )kj

∣∣Dε
ik

〉
, (6)

where T a
ε are the Hermitean generators of the SU(N)

group in the irrep ε.
These transformations can now be used to identify the

gauge-invariant subspace of the local Hilbert space Hg
s

associated with each site. The full Hilbert space Hg
s is

a direct product of link spaces Hω connected to the site
and the site Hilbert space Hs. The gauge transformation
identify the singlet subspace of this space, and we use
ϑs = 1, 2..,D(Hg

s) to label basis elements in this space,
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FIG. 2. A pictorial representation of a basis state in the
Hilbert space of traditional lattice gauge theory, involving four
links and a site. In this illustration the site (monomer) label
ωs specifies the site irrep, while the four links (dimers) belong
to irreps ω1, ω2, ω3 and ω4. The local site Hilbert space is
H

g
s = ω1 → ω3 → ω2 → ω4 → ωs and the physical Hilbert space

is obtained by projecting on to SU(N) singlets of Hg
s .

where D(Hg
s) is the dimension of this singlet subspace.

In Fig. 2 we illustrate four links connected to one site.
The physical Hilbert space Hphys is the gauge invariant
subspace within the product space

Hg
s = ε1 → ε2 → ε3 → ε4 → εs. (7)

Thus, for each monomer-dimer configuration [{εs}, {εω}]
labeled by link irreps εω and site irreps εs on the lat-
tice, we can construct the states |{εs}, {εω}, {ϑs}↑ as an
orthonornal basis of Hphys. It is easy to see that local
gauge-invariant operators connect basis states that change
neighboring εl, εs and ϑs, and conversely any such local
operation can be implemented by local gauge-invariant
opearators. Note that in pure lattice gauge theory with
no matter fields, all matter irreps are chosen to be εs = 1,
and the orthonormal basis states spanningHphys are given
by |[{εω}, {ϑs}]↑. We can also introduce nonpropagating
matter fields with εs ↔= 1 only at specific lattice sites x
and y, which will change the orthonormal basis states
spanning Hphys to |{εω}, {ϑs};εx, εy↑.

The dimension of the physical Hilbert space for a fixed
configuration of monomers and dimers [{εs}, {εω}] on a
finite lattice is finite and is given by

∑

ϑs

↗{εs}, {εω}, {ϑs} |{εs}, {εω}, {ϑs}↑ =
∏

s

D(Hg
s)

(8)

which means the dimension of Hphys is formally given by

dim(Hphys) =
∑

[{εs},{εε}]

∏

s

D(Hg
s), (9)
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Every physical basis state of a lattice gauge 
theory in irrep formulation can be viewed as a 

configuration of monomers and dimers
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FIG. 3. Illustration of a dimer configuration [{ωω}, {εs};
ωx,ωy] in a pure lattice gauge theory with heavy matter fields
at x and y. Projections of the configuration shown belong
to the physical Hilbert space H

Q
phys for SU(2) on an 32-site

honeycomb lattice with periodic boundary conditions. Blue
circles represent singlets and red circles represent doublets.
Sites labeled as x and y contain heavy matter fields in the
ωs = 2 irrep. N ([{ωω}, {εs};ωx,ωy]) = 4 in this example since
Ds(H

g
s) = 2 at the two sites with matter fields, and there is a

unique singlet projection at all other sites.

which is infinite even on a finite lattice since the number
of link irreps is infinite on every link2. Qubit regulariza-
tion [5] refers to the idea that this can be made finite
by restricting the link Hilbert space to a finite subset
Q = {ω1, ω2, ...} of irreps of SU(N) and still hope to
recover the continuum physics of the traditional model
by choosing Q appropriately.Thus, the physical Hilbert
space of a qubit regularized lattice gauge theory HQ

phys,
is spanned by the same basis states |{ωs}, {ωω}, {εs}→ as
the traditional theory, but with ωω ωω ↑ Q. On a finite
lattice the physical Hilbert space of a qubit regularized
theory HQ

phys, is finite dimensional,

dim(HQ
phys) = TrQphys

( )
=

∑

[{εs},{εω}] ↑ Q

N ([{ωs}, {ωω}]) .

(10)

2
The site irreps are finite for finite number of species of matter

that fermionic, hard-core bosonic, or are otherwise bounded in

number.

x

y

FIG. 4. Illustration of a dimer, similar to Fig. 3, whose pro-
jections belong to H

Q
phys for SU(3) on an 32-site honeycomb

lattice with periodic boundary conditions. Blue circles rep-
resent singlets, red circles represent the irrep ω = 3, while
yellow circles represent the irrep ω = 3. Sites labeled as x

and y contain heavy matter fields with ωx = 3 and ωy = 3.
Again N ([ωω,ωs]) = 4 in this example since Ds(H

g
s) = 2 at

the two sites with matter fields, and there is a unique singlet
projection at all other sites.

In the above sum the superscipt Q reminds us that
[{ωs}, {ωω}] lies in the qubit regularized space.
A simple qubit regularization that was introduced in

[5], restricts Q to all the Anti-Symmetric (as) represen-
tations of SU(N) that are described by single column
Young diagrams. We will refer to this as the as-scheme
of qubit regularization. In this scheme, the link Hilbert
space of SU(2) lattice gauge theory is restricted to irreps
Q = {1, 2} with dim(HQ

ω ) = 5, and for SU(3) the irreps

are restricted to ω = {1, 3, 3̄} with dim(HQ
ω ) = 19. In

Fig. 3 we show an illustration of an SU(2) monomer-dimer
configuration in the as-scheme on a honeycomb lattice
in two spatial dimensions that projects to HQ

phys. In this
illustration we have introduced two sites x and y with
heavy matter fields where ωs = 2. In Fig. 4 we show a
similar illustration for SU(3). In this case the site x has
a heavy matter field in the ωs = 3 irrep while on site y
the matter field is in the ωs = 3 irrep. In this work we
will show that the confinement-deconfinement features of
the traditional theory at finite temperatures is recovered
even in models with this simple qubit regularization.
In the condensed matter literature monomer dimer

models have often been studied and connections to gauge
theories have been observed [21, 26, 27]. The above dis-
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Quantum Hamiltonian

Non-traditional plaquette operators
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<latexit sha1_base64="hmor3B3iFlMtQT2mrwtrWmMujjw=">AAACHnicbVDNSsNAGNzUvxr/ouLJy2IRPJWkh+qx6MVjBfsDTShftpt26WYTdjdCCX0Xvep7eBOv+ho+gds2B9s6sDDMfAOzE6acKe2631ZpY3Nre6e8a+/tHxweOccnbZVkktAWSXgiuyEoypmgLc00p91UUohDTjvh+G7md56oVCwRj3qS0iCGoWARI6CN1HfO/J7thyBzn5vQAKb9mu0HfafiVt058DrxClJBBZp958cfJCSLqdCEg1I9z011kIPUjHA6tf1M0RTIGIa0Z6iAmKogn9ef4kujDHCUSPOExnP1byKHWKlJHJrLGPRIrXoz8V9PRYWlQCisqGTRchMd3QQ5E2mmqSCLIlHGsU7wbCs8YJISzSeGAJHM/AWTEUgg2ixqm5G81UnWSbtW9erV+kOt0rgt5iqjc3SBrpCHrlED3aMmaiGCcvSCXtGb9Wy9Wx/W5+K0ZBWZU7QE6+sXbs+hzg==</latexit>

�̄2

<latexit sha1_base64="RCQD0+25E5pBj85Dyj02dW7CRqs=">AAACGHicbVDNSsNAGNzUvxp/WvXoZbEInkrSQ/VY9OKxgv2BJoTN9ku7dLMJuxuhhL6IXvU9vIlXb76GT+C2zcG2DiwMM/PB7IQpZ0o7zrdV2tre2d0r79sHh0fHlerJaVclmaTQoQlPZD8kCjgT0NFMc+inEkgccuiFk7u533sCqVgiHvU0BT8mI8EiRok2UlCteAPb4yY/JEHD9vygWnPqzgJ4k7gFqaEC7aD64w0TmsUgNOVEqYHrpNrPidSMcpjZXqYgJXRCRjAwVJAYlJ8vis/wpVGGOEqkeULjhfr3IiexUtM4NMmY6LFa9+biv56KCksRobACyaLVJjq68XMm0kyDoMsiUcaxTvB8JTxkEqjmU0MIlcz8BdMxkYRqs6VtRnLXJ9kk3UbdbdabD41a67aYq4zO0QW6Qi66Ri10j9qogyjK0At6RW/Ws/VufVify2jJKm7O0Aqsr18+Dp8J</latexit>

�2

<latexit sha1_base64="Atu4LB9NYoawnQJD2FsCcttKDxw=">AAACGHicbVDNSsNAGNz4W+NPox69LBbBU0kqVI9FLx4r2B9oQthsv7RLN5uwuxFK6YvoVd/Dm3j15mv4BG7bHGzrwMIwMx/MTpRxprTrflsbm1vbO7ulPXv/4PCo7ByftFWaSwotmvJUdiOigDMBLc00h24mgSQRh040upv5nSeQiqXiUY8zCBIyECxmlGgjhU7Z79k+N/k+Ca9sPwidilt158DrxCtIBRVohs6P309pnoDQlBOlep6b6WBCpGaUw9T2cwUZoSMygJ6hgiSggsm8+BRfGKWP41SaJzSeq38vJiRRapxEJpkQPVSr3kz811NxYSkiFFYgWbzcRMc3wYSJLNcg6KJInHOsUzxbCfeZBKr52BBCJTN/wXRIJKHabGmbkbzVSdZJu1b16tX6Q63SuC3mKqEzdI4ukYeuUQPdoyZqIYpy9IJe0Zv1bL1bH9bnIrphFTenaAnW1y8/tZ8K</latexit>

�3

<latexit sha1_base64="svs8i8i09yzuly0Hl1d7oO0CXjY=">AAACHnicbVDNSsNAGNz4W+NfVDx5WSyCp5JUqB6LXjxWsD/QhPJlu2mXbjZhdyOU0HfRq76HN/Gqr+ETuG1zsK0DC8PMNzA7YcqZ0q77ba2tb2xubZd27N29/YND5+i4pZJMEtokCU9kJwRFORO0qZnmtJNKCnHIaTsc3U399hOViiXiUY9TGsQwECxiBLSRes6p37X9EGTucxPqw6R3ZftBzym7FXcGvEq8gpRRgUbP+fH7CcliKjThoFTXc1Md5CA1I5xObD9TNAUyggHtGiogpirIZ/Un+MIofRwl0jyh8Uz9m8ghVmoch+YyBj1Uy95U/NdTUWEpEAorKlm02ERHN0HORJppKsi8SJRxrBM83Qr3maRE87EhQCQzf8FkCBKINovaZiRveZJV0qpWvFql9lAt12+LuUroDJ2jS+Sha1RH96iBmoigHL2gV/RmPVvv1of1OT9ds4rMCVqA9fULcHahzw==</latexit>

�̄3

<latexit sha1_base64="Ht0+TcYdgRkSf7s78M3QuHZYlmo=">AAACHnicbVDNSsNAGNz4W+NfVDx5WSyCp5IUqR6LXjxWsD/QhPJlu2mXbjZhdyOU0HfRq76HN/Gqr+ETuG1zsK0DC8PMNzA7YcqZ0q77ba2tb2xubZd27N29/YND5+i4pZJMEtokCU9kJwRFORO0qZnmtJNKCnHIaTsc3U399hOViiXiUY9TGsQwECxiBLSRes6p37X9EGTucxPqw6R3ZftBzym7FXcGvEq8gpRRgUbP+fH7CcliKjThoFTXc1Md5CA1I5xObD9TNAUyggHtGiogpirIZ/Un+MIofRwl0jyh8Uz9m8ghVmoch+YyBj1Uy95U/NdTUWEpEAorKlm02ERHN0HORJppKsi8SJRxrBM83Qr3maRE87EhQCQzf8FkCBKINovaZiRveZJV0qpWvFql9lAt12+LuUroDJ2jS+Sha1RH96iBmoigHL2gV/RmPVvv1of1OT9ds4rMCVqA9fULch2h0A==</latexit>

�̄4

<latexit sha1_base64="3eQSRLFVDD+UxmZ1i4Zbntfg738=">AAACGHicbVDNSsNAGNz4W+NPox69LBbBU0mKVI9FLx4r2B9oQthsv7RLN5uwuxFK6YvoVd/Dm3j15mv4BG7bHGzrwMIwMx/MTpRxprTrflsbm1vbO7ulPXv/4PCo7ByftFWaSwotmvJUdiOigDMBLc00h24mgSQRh040upv5nSeQiqXiUY8zCBIyECxmlGgjhU7Z79k+N/k+Ca9sPwidilt158DrxCtIBRVohs6P309pnoDQlBOlep6b6WBCpGaUw9T2cwUZoSMygJ6hgiSggsm8+BRfGKWP41SaJzSeq38vJiRRapxEJpkQPVSr3kz811NxYSkiFFYgWbzcRMc3wYSJLNcg6KJInHOsUzxbCfeZBKr52BBCJTN/wXRIJKHabGmbkbzVSdZJu1b16tX6Q63SuC3mKqEzdI4ukYeuUQPdoyZqIYpy9IJe0Zv1bL1bH9bnIrphFTenaAnW1y9BXJ8L</latexit>

�4

<latexit sha1_base64="YURDgzIv8g3jAsKpcl8fsEKGKwY=">AAACGHicbVDNSsNAGNz4W+NPox69LBbBU0kKVo9FLx4r2B9oQthsv7RLN5uwuxFK6YvoVd/Dm3j15mv4BG7bHGzrwMIwMx/MTpRxprTrflsbm1vbO7ulPXv/4PCo7ByftFWaSwotmvJUdiOigDMBLc00h24mgSQRh040upv5nSeQiqXiUY8zCBIyECxmlGgjhU7Z79k+N/k+Ca9sPwidilt158DrxCtIBRVohs6P309pnoDQlBOlep6b6WBCpGaUw9T2cwUZoSMygJ6hgiSggsm8+BRfGKWP41SaJzSeq38vJiRRapxEJpkQPVSr3kz811NxYSkiFFYgWbzcRMc3wYSJLNcg6KJInHOsUzxbCfeZBKr52BBCJTN/wXRIJKHabGmbkbzVSdZJu1b16tX6Q63SuC3mKqEzdI4ukYeuUQPdoyZqIYpy9IJe0Zv1bL1bH9bnIrphFTenaAnW1y9DA58M</latexit>

�5

<latexit sha1_base64="idE32AfK3WK/SqhgFQFA9nd2hpo=">AAACGHicbVDNSsNAGNzUvxp/WvXoZbEInkrSQ/VY9OKxgv2BJoTN9ku7dLMJuxuhhL6IXvU9vIlXb76GT+C2zcG2DiwMM/PB7IQpZ0o7zrdV2tre2d0r79sHh0fHlerJaVclmaTQoQlPZD8kCjgT0NFMc+inEkgccuiFk7u533sCqVgiHvU0BT8mI8EiRok2UlCteAPb4yY/JEHT9vygWnPqzgJ4k7gFqaEC7aD64w0TmsUgNOVEqYHrpNrPidSMcpjZXqYgJXRCRjAwVJAYlJ8vis/wpVGGOEqkeULjhfr3IiexUtM4NMmY6LFa9+biv56KCksRobACyaLVJjq68XMm0kyDoMsiUcaxTvB8JTxkEqjmU0MIlcz8BdMxkYRqs6VtRnLXJ9kk3UbdbdabD41a67aYq4zO0QW6Qi66Ri10j9qogyjK0At6RW/Ws/VufVify2jJKm7O0Aqsr19Eqp8N</latexit>

�6

<latexit sha1_base64="uyOAVWk8Cz0oLyXLxAnSVtrF20A=">AAACHnicbVDNSsNAGNzUvxr/ouLJy2IRPJWkh+qx6MVjBfsDTShftpt26WYTdjdCCX0Xvep7eBOv+ho+gds2B9s6sDDMfAOzE6acKe2631ZpY3Nre6e8a+/tHxweOccnbZVkktAWSXgiuyEoypmgLc00p91UUohDTjvh+G7md56oVCwRj3qS0iCGoWARI6CN1HfO/J7thyBzn5vQAKb9uu0HfafiVt058DrxClJBBZp958cfJCSLqdCEg1I9z011kIPUjHA6tf1M0RTIGIa0Z6iAmKogn9ef4kujDHCUSPOExnP1byKHWKlJHJrLGPRIrXoz8V9PRYWlQCisqGTRchMd3QQ5E2mmqSCLIlHGsU7wbCs8YJISzSeGAJHM/AWTEUgg2ixqm5G81UnWSbtW9erV+kOt0rgt5iqjc3SBrpCHrlED3aMmaiGCcvSCXtGb9Wy9Wx/W5+K0ZBWZU7QE6+sXdWuh0g==</latexit>

�̄6

<latexit sha1_base64="bpPHKLPp6ngSm3wKrgEWSc+3knc=">AAACHnicbVDNSsNAGNz4W+NfVDx5WSyCp5IUrB6LXjxWsD/QhPJlu2mXbjZhdyOU0HfRq76HN/Gqr+ETuG1zsK0DC8PMNzA7YcqZ0q77ba2tb2xubZd27N29/YND5+i4pZJMEtokCU9kJwRFORO0qZnmtJNKCnHIaTsc3U399hOViiXiUY9TGsQwECxiBLSRes6p37X9EGTucxPqw6R3ZftBzym7FXcGvEq8gpRRgUbP+fH7CcliKjThoFTXc1Md5CA1I5xObD9TNAUyggHtGiogpirIZ/Un+MIofRwl0jyh8Uz9m8ghVmoch+YyBj1Uy95U/NdTUWEpEAorKlm02ERHN0HORJppKsi8SJRxrBM83Qr3maRE87EhQCQzf8FkCBKINovaZiRveZJV0qpWvFql9lAt12+LuUroDJ2jS+Sha1RH96iBmoigHL2gV/RmPVvv1of1OT9ds4rMCVqA9fULc8Sh0Q==</latexit>

�̄5

<latexit sha1_base64="N/GoYmJBFQ1fJIreRaMSIy0igHI=">AAACInicbVDLSsNAFJ34Nr6qrsTNYBEqQkm6qC5FNy4r2Ac0MdxMJjo4mYSZiVBC8Wd0q//hTlwJfoVf4LTNwlYPXDiccw/ce8KMM6Ud59Oam19YXFpeWbXX1jc2tyrbOx2V5pLQNkl5KnshKMqZoG3NNKe9TFJIQk674f3FyO8+UKlYKq71IKN+AreCxYyANlJQ2fP6ds0LQRYeN6kIhkHj6ObY9vygUnXqzhj4L3FLUkUlWkHl24tSkidUaMJBqb7rZNovQGpGOB3aXq5oBuQebmnfUAEJVX4xfmGID40S4TiVZoTGY/V3ooBEqUESms0E9J2a9Ubiv56KS0uBUFhRyeLpS3R86hdMZLmmgkwOiXOOdYpHfeGISUo0HxgCRDLzCyZ3IIFo06ptSnJnK/lLOo2626w3rxrVs/OyrhW0jw5QDbnoBJ2hS9RCbUTQI3pGL+jVerLerHfrY7I6Z5WZXTQF6+sHhGSi0A==</latexit>

(�̄2)
+

<latexit sha1_base64="iU4UR5TZO8kykT4h+lkY4ZxzCp4=">AAACHHicbVDNSsNAGNzUvxr/oj16WSxCPViSHqrHohePFewPNDFstpt26WYTdjdCCH0Vvep7eBOvgq/hE7htc7CtAwvDzDcwO0HCqFS2/W2UNja3tnfKu+be/sHhkXV80pVxKjDp4JjFoh8gSRjlpKOoYqSfCIKigJFeMLmd+b0nIiSN+YPKEuJFaMRpSDFSWvKtijsway7TgSHyGxePl6br+VbVrttzwHXiFKQKCrR968cdxjiNCFeYISkHjp0oL0dCUczI1HRTSRKEJ2hEBppyFBHp5fPyU3iulSEMY6EfV3Cu/k3kKJIyiwJ9GSE1lqveTPzXk2FhScQllETQcLmJCq+9nPIkVYTjRZEwZVDFcLYUHFJBsGKZJggLqv8C8RgJhJXe09QjOauTrJNuo+406837RrV1U8xVBqfgDNSAA65AC9yBNugADDLwAl7Bm/FsvBsfxufitGQUmQpYgvH1C042oA0=</latexit>

(�2)
�

<latexit sha1_base64="wAJSR/Fo0dSNIXvVjahLyGU3Wgg=">AAACHHicbVDNSsNAGNzUvxr/oj16WSxCRShJD9Vj0YvHCvYHmhg22027dLMJuxshhL6KXvU9vIlXwdfwCdy2OdjWgYVh5huYnSBhVCrb/jZKG5tb2zvlXXNv/+DwyDo+6co4FZh0cMxi0Q+QJIxy0lFUMdJPBEFRwEgvmNzO/N4TEZLG/EFlCfEiNOI0pBgpLflWxR2YNZfpwBD5zsXjpel6vlW16/YccJ04BamCAm3f+nGHMU4jwhVmSMqBYyfKy5FQFDMyNd1UkgThCRqRgaYcRUR6+bz8FJ5rZQjDWOjHFZyrfxM5iqTMokBfRkiN5ao3E//1ZFhYEnEJJRE0XG6iwmsvpzxJFeF4USRMGVQxnC0Fh1QQrFimCcKC6r9APEYCYaX3NPVIzuok66TbqDvNevO+UW3dFHOVwSk4AzXggCvQAnegDToAgwy8gFfwZjwb78aH8bk4LRlFpgKWYHz9Akk+oAo=</latexit>

(�1)
+

<latexit sha1_base64="An+IYJkhLh/zHkWDSBDl0PE9mI0=">AAACInicbVDLSsNAFJ3UV42vqitxM1iEurAkLtRl0Y3LCvYBTSw300k7dDIJMxOhhOLP6Fb/w524EvwKv8Bpm4WtHrhwOOceuPcECWdKO86nVVhaXlldK67bG5tb2zul3b2milNJaIPEPJbtABTlTNCGZprTdiIpRAGnrWB4PfFbD1QqFos7PUqoH0FfsJAR0Ebqlg68jl3xApCZx02qB+Oue3J/ant+t1R2qs4U+C9xc1JGOerd0rfXi0kaUaEJB6U6rpNoPwOpGeF0bHupogmQIfRpx1ABEVV+Nn1hjI+N0sNhLM0Ijafq70QGkVKjKDCbEeiBWvQm4r+eCnNLgVBYUcnC+Ut0eOlnTCSppoLMDglTjnWMJ33hHpOUaD4yBIhk5hdMBiCBaNOqbUpyFyv5S5pnVfe8en57Vq5d5XUV0SE6QhXkogtUQzeojhqIoEf0jF7Qq/VkvVnv1sdstWDlmX00B+vrB4YIotE=</latexit>

(�̄1)
�

<latexit sha1_base64="ofkw0xvatyGgcTiJ4REfhgGUlJo=">AAACInicbVDLSsNAFJ34rPFVdSVuBotQF5akQnVZdOOygn1AE8vNdFIHJ5MwMxFKKP6MbvU/3Ikrwa/wC5y2WdjqgQuHc+6Be0+QcKa043xaC4tLyyurhTV7fWNza7u4s9tScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0Hdxfjv32A5WKxeJGDxPqRzAQLGQEtJF6xX2va5e9AGTmcZPqw6h3enx7Ynt+r1hyKs4E+C9xc1JCORq94rfXj0kaUaEJB6W6rpNoPwOpGeF0ZHupogmQexjQrqECIqr8bPLCCB8ZpY/DWJoRGk/U34kMIqWGUWA2I9B3at4bi/96KswtBUJhRSULZy/R4bmfMZGkmgoyPSRMOdYxHveF+0xSovnQECCSmV8wuQMJRJtWbVOSO1/JX9KqVtxapXZdLdUv8roK6AAdojJy0RmqoyvUQE1E0CN6Ri/o1Xqy3qx362O6umDlmT00A+vrB4lcotM=</latexit>

(�̄3)
�

<latexit sha1_base64="A4DsR5QMr+0xeuLYT2gNH8gMNqg=">AAACInicbVDLSsNAFJ34rPFVdSVuBotQF5akYHVZdOOygn1AE8vNdFIHJ5MwMxFKKP6MbvU/3Ikrwa/wC5y2WdjqgQuHc+6Be0+QcKa043xaC4tLyyurhTV7fWNza7u4s9tScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0Hdxfjv32A5WKxeJGDxPqRzAQLGQEtJF6xX2va5e9AGTmcZPqw6h3enx7Ynt+r1hyKs4E+C9xc1JCORq94rfXj0kaUaEJB6W6rpNoPwOpGeF0ZHupogmQexjQrqECIqr8bPLCCB8ZpY/DWJoRGk/U34kMIqWGUWA2I9B3at4bi/96KswtBUJhRSULZy/R4bmfMZGkmgoyPSRMOdYxHveF+0xSovnQECCSmV8wuQMJRJtWbVOSO1/JX9KqVtxapXZdLdUv8roK6AAdojJy0RmqoyvUQE1E0CN6Ri/o1Xqy3qx362O6umDlmT00A+vrB4ywotU=</latexit>

(�̄5)
�

<latexit sha1_base64="DNEMum303L92+uReM56nSWJc0gY=">AAACInicbVDLSsNAFJ3UV42vqCtxM1gERShJF9Vl0Y1LBfuAJpab6aQdOpmEmYlQQvFndKv/4U5cCX6FX+C0ZqHVAxcO59wD954w5Uxp1323SguLS8sr5VV7bX1jc8vZ3mmpJJOENknCE9kJQVHOBG1qpjntpJJCHHLaDkcXU799R6ViibjR45QGMQwEixgBbaSes+d37SM/BJn73KT6MOnVj29PbD/oORW36s6A/xKvIBVU4KrnfPr9hGQxFZpwUKrruakOcpCaEU4ntp8pmgIZwYB2DRUQUxXksxcm+NAofRwl0ozQeKb+TOQQKzWOQ7MZgx6qeW8q/uupqLAUCIUVlSz6fYmOzoKciTTTVJDvQ6KMY53gaV+4zyQlmo8NASKZ+QWTIUgg2rRqm5K8+Ur+klat6tWr9etapXFe1FVG++gAHSEPnaIGukRXqIkIukeP6Ak9Ww/Wi/VqvX2vlqwis4t+wfr4AosMotQ=</latexit>

(�̄6)
+

<latexit sha1_base64="oBkS74t8HQP5qykHV0IksvyfkIU=">AAACInicbVDLSsNAFJ34rPFVdSVuBotQEUpSpLosunFZwT6gieVmOqmDk0mYmQglFH9Gt/of7sSV4Ff4BU7bLGz1wIXDOffAvSdIOFPacT6thcWl5ZXVwpq9vrG5tV3c2W2pOJWENknMY9kJQFHOBG1qpjntJJJCFHDaDu4vx377gUrFYnGjhwn1IxgIFjIC2ki94r7XtcteADLzuEn1YdQ7Pb49sT2/Vyw5FWcC/Je4OSmhHI1e8dvrxySNqNCEg1Jd10m0n4HUjHA6sr1U0QTIPQxo11ABEVV+NnlhhI+M0sdhLM0IjSfq70QGkVLDKDCbEeg7Ne+NxX89FeaWAqGwopKFs5fo8NzPmEhSTQWZHhKmHOsYj/vCfSYp0XxoCBDJzC+Y3IEEok2rtinJna/kL2lVK26tUruuluoXeV0FdIAOURm56AzV0RVqoCYi6BE9oxf0aj1Zb9a79TFdXbDyzB6agfX1A4e4otI=</latexit>

(�̄4)
+

<latexit sha1_base64="aEDOQsz5QLxqllwLlFcqMOS+s4g=">AAACHHicbVDNSsNAGNz4W+NftEcvi0WoB0tSpHosevFYwf5AE8Nms2mXbjZhdyOU0FfRq76HN/Eq+Bo+gds2B9s6sDDMfAOzE6SMSmXb38ba+sbm1nZpx9zd2z84tI6OOzLJBCZtnLBE9AIkCaOctBVVjPRSQVAcMNINRrdTv/tEhKQJf1DjlHgxGnAaUYyUlnyr7PbNqst0IET+5fnjhel6vlWxa/YMcJU4BamAAi3f+nHDBGcx4QozJGXfsVPl5UgoihmZmG4mSYrwCA1IX1OOYiK9fFZ+As+0EsIoEfpxBWfq30SOYinHcaAvY6SGctmbiv96MiosibiEkggaLTZR0bWXU55minA8LxJlDKoETpeCIRUEKzbWBGFB9V8gHiKBsNJ7mnokZ3mSVdKp15xGrXFfrzRvirlK4AScgipwwBVogjvQAm2AwRi8gFfwZjwb78aH8Tk/XTOKTBkswPj6BVGKoA8=</latexit>

(�4)
�

<latexit sha1_base64="xiEcFtYe3ViFMJgEQAkMOTyRMcM=">AAACHHicbVDNSsNAGNzUvxr/oj16WSxCPViSHqrHohePFewPNDFstpt26WYTdjdCCH0Vvep7eBOvgq/hE7htc7CtAwvDzDcwO0HCqFS2/W2UNja3tnfKu+be/sHhkXV80pVxKjDp4JjFoh8gSRjlpKOoYqSfCIKigJFeMLmd+b0nIiSN+YPKEuJFaMRpSDFSWvKtijsway7TgSHymxePl6br+VbVrttzwHXiFKQKCrR968cdxjiNCFeYISkHjp0oL0dCUczI1HRTSRKEJ2hEBppyFBHp5fPyU3iulSEMY6EfV3Cu/k3kKJIyiwJ9GSE1lqveTPzXk2FhScQllETQcLmJCq+9nPIkVYTjRZEwZVDFcLYUHFJBsGKZJggLqv8C8RgJhJXe09QjOauTrJNuo+406837RrV1U8xVBqfgDNSAA65AC9yBNugADDLwAl7Bm/FsvBsfxufitGQUmQpYgvH1C1TeoBE=</latexit>

(�6)
�
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FIG. 8. Illustration of the action of ÛP on a plaquette introduced in Eq. (27). The model is defined in the as-regularization
scheme introduced in Section II. Here we define ω

+ as the irrep obtained by adding a box to the Young tableu diagram of ω,
while ω

→ is the irrep obtained by removing a box. The cyclic property modulo N -boxes is assumed. The orientation of the
plaquette, shown on the left plaquette, sets the convention for how the irreps change. The action of (ÛP )

† is the inverse action.
Note that this construction maintains the N -ality and, thus, always takes configurations that contain singlet projections to
others that also have singlet projections. The singlet spaces and their dimension before and after may be di!erent, and one
needs to choose a mapping between the singlet spaces to define the operator completely. This mapping is encoded through the

function c({ωs}, {ωω}, {εs}, {ε↑
s}, P ) we introduced in the definition of ÛP in Eq. (28).

monomer-dimer configuration may not specify the basis
state uniquely. However, will choose a Hamiltonian where
only one unique state takes part in the dynamics and
we will assume that the monomer-dimer configuration
specifies this state.

Note that our plaquette chain is equivalent to a ladder
and for convenience we will introduce heavy matter fields
at sites x = 0 and x = w on sites on the lower chain.
In Fig. 9 we observe that the matter fields are present
at x = 0 and x = w. It is easy to see that the links 2
form closed loops, including those that may close going
around the circle over the boundary. In fact the Hilbert
space splits into a direct sum of two topological distinct
Hilbert spaces: HE

phys (even) and HO
phys (odd). In the

even Hilbert space the loop formed by 2 links do not close
around the circle, while they always do in the odd Hilbert
space. Locally we can distinguish these two sectors of the
Hilbert space by simply looking at the link irreps on the
bottom link an top link. Focusing on just these two links
of a given plaquette P , there are four possible basis kets
|11→, |12→, |21→, and |22→, where the first label is the link
irrep on the top chain and the second label is the link
irrep on the bottom chain. We will refer to this as the
local plaquette Hilbert space HP for later convenience. If
there are no matter fields, neighboring plaquette states
impose unique restrictions on the representations allowed
on the rung. It is easy to argue that in the pure gauge
theory every plaquette can be either in the even sector
with basis states |11→ and |22→ or in the odd sector with
basis states |12→ and |21→.

In the presence of matter fields a jump between even
and odd sectors is allowed. For example, in the illustration
of Fig. 9, the Hilbert spaces of plaquettes Px for x < 0
and x ↑ w are in the even sector while for x ↑ 0 and
x < w they are in the odd sector. Note that Px labels
the plaquette between sites x and x + 1. We will refer to
the full Hilbert space of the plaquette chain with these
constraints as Hw

phys where 0 ↑ w ↑ L with the definition

Hw=0
phys ↓ HE

phys as the even sector and Hw=L
phys ↓ HO

phys as
the odd sector.
Coming to the discussion of the Hamiltonian, in the

pure gauge case, since D(Hg
s) = 1 there is essentially a

unique Hamiltonian of the form Eq. (27) that depends
on ω. In the presence of matter fields there are several
choices, depending on c({εs}, {εω}, {ϑs}, {ϑ→

s}, P ). For
convenience here we will assume

c({εs}, {εω}, {ϑs}, {ϑ→

s}, P ) = 1. (30)

With this choice, even though there may be multiple
Hilbert space states describing a single monomer-dimer
configuration, a unique Hilbert space state takes part in
the dynamics. The Hamiltonian annihilates all the other
states. So we will assume this unique state as the state
described by the monomer-dimer configuration. Further
the Hamiltonian is block diagonal within eachHw

phys space,
whose basis states can be written as a product of Plaquette
Hilbert spaces HP .

The Hamiltonian Eq. (27) for the plaquette chain can be
written more explicitly in terms of the diagonal plaquette

A simple example in the AS scheme:
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ÛP =
∑

ω,ε,ω→,ε→

c(ω,ε,ω→,ε→) |ω→,ε→→↑ω,ε|
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Û†
P =

∑

ω,ε,ω→,ε→

c→(ω,ε,ω↑,ε↑) |ω,ε→↑ω↑,ε↑|
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FIG. 8. Illustration of the action of ÛP on a plaquette introduced in Eq. (27). The model is defined in the as-regularization
scheme introduced in Section II. Here we define ω

+ as the irrep obtained by adding a box to the Young tableu diagram of ω,
while ω

→ is the irrep obtained by removing a box. The cyclic property modulo N -boxes is assumed. The orientation of the
plaquette, shown on the left plaquette, sets the convention for how the irreps change. The action of (ÛP )

† is the inverse action.
Note that this construction maintains the N -ality and, thus, always takes configurations that contain singlet projections to
others that also have singlet projections. The singlet spaces and their dimension before and after may be di!erent, and one
needs to choose a mapping between the singlet spaces to define the operator completely. This mapping is encoded through the

function c({ωs}, {ωω}, {εs}, {ε↑
s}, P ) we introduced in the definition of ÛP in Eq. (28).

monomer-dimer configuration may not specify the basis
state uniquely. However, will choose a Hamiltonian where
only one unique state takes part in the dynamics and
we will assume that the monomer-dimer configuration
specifies this state.

Note that our plaquette chain is equivalent to a ladder
and for convenience we will introduce heavy matter fields
at sites x = 0 and x = w on sites on the lower chain.
In Fig. 9 we observe that the matter fields are present
at x = 0 and x = w. It is easy to see that the links 2
form closed loops, including those that may close going
around the circle over the boundary. In fact the Hilbert
space splits into a direct sum of two topological distinct
Hilbert spaces: HE

phys (even) and HO
phys (odd). In the

even Hilbert space the loop formed by 2 links do not close
around the circle, while they always do in the odd Hilbert
space. Locally we can distinguish these two sectors of the
Hilbert space by simply looking at the link irreps on the
bottom link an top link. Focusing on just these two links
of a given plaquette P , there are four possible basis kets
|11→, |12→, |21→, and |22→, where the first label is the link
irrep on the top chain and the second label is the link
irrep on the bottom chain. We will refer to this as the
local plaquette Hilbert space HP for later convenience. If
there are no matter fields, neighboring plaquette states
impose unique restrictions on the representations allowed
on the rung. It is easy to argue that in the pure gauge
theory every plaquette can be either in the even sector
with basis states |11→ and |22→ or in the odd sector with
basis states |12→ and |21→.

In the presence of matter fields a jump between even
and odd sectors is allowed. For example, in the illustration
of Fig. 9, the Hilbert spaces of plaquettes Px for x < 0
and x ↑ w are in the even sector while for x ↑ 0 and
x < w they are in the odd sector. Note that Px labels
the plaquette between sites x and x + 1. We will refer to
the full Hilbert space of the plaquette chain with these
constraints as Hw

phys where 0 ↑ w ↑ L with the definition

Hw=0
phys ↓ HE

phys as the even sector and Hw=L
phys ↓ HO

phys as
the odd sector.
Coming to the discussion of the Hamiltonian, in the

pure gauge case, since D(Hg
s) = 1 there is essentially a

unique Hamiltonian of the form Eq. (27) that depends
on ω. In the presence of matter fields there are several
choices, depending on c({εs}, {εω}, {ϑs}, {ϑ→

s}, P ). For
convenience here we will assume

c({εs}, {εω}, {ϑs}, {ϑ→

s}, P ) = 1. (30)

With this choice, even though there may be multiple
Hilbert space states describing a single monomer-dimer
configuration, a unique Hilbert space state takes part in
the dynamics. The Hamiltonian annihilates all the other
states. So we will assume this unique state as the state
described by the monomer-dimer configuration. Further
the Hamiltonian is block diagonal within eachHw

phys space,
whose basis states can be written as a product of Plaquette
Hilbert spaces HP .

The Hamiltonian Eq. (27) for the plaquette chain can be
written more explicitly in terms of the diagonal plaquette

A simple example in the AS scheme:

<latexit sha1_base64="qilL88GE+cq2W46xtJeDIur1Bw4="></latexit>

ÛP =
∑

ω,ε,ω→,ε→

c(ω,ε,ω→,ε→) |ω→,ε→→↑ω,ε|
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Û†
P =

∑

ω,ε,ω→,ε→

c→(ω,ε,ω↑,ε↑) |ω,ε→↑ω↑,ε↑|

Models are sign problem free  
if the coefficients are positive and real!
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Think about the analogy with the Ising model!





Classical Hamiltonian
<latexit sha1_base64="5TWoOUqac2GAutl9hHSQaR8Syts="></latexit>

HQ =
∑

ω

Êω
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FIG. 5. Our Monte Carlo results for the susceptibility ω in d = 2. In the top row we show the plots of ω as a function of L at
three di!erent values of ε for SU(2) (left) and SU(3) (right). The straight lines are fits to the form ω → AL

2. The fit is excellent
if we use data with L > 100 and gives A = 1.039(2) and A = 1.210(2) for SU(2) and SU(3) respectively. The numbers shown on
the y-axis must be multiplied by 103 to get the actual ω values. These transitions are consistent with second order. In the
bottom row we show our Monte Carlo data for ω scaled according to Eq. (26) for SU(2) (left) and SU(3) (right). For SU(2) we
use the two dimensional Ising critical exponents ϑ = 1/4 and ϖ = 1 with εc = 0.54929, while for SU(3) we use the 3-state Potts
model critical exponents ϑ = 4/15 and ϖ = 5/6 with εc = 0.63096. The critical values of ε are obtained using a fit to Eq. (26)
assuming f(x) is a fourth-order polynomial. In this fit, we only use data close to x ↑ 0 and obtain the coe”cients shown in the
first two rows of Table II. The fit functions are shown as dark lines in the two graphs in the bottom row.

SU(2) SU(3)

d=2
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FIG. 6. Our Monte Carlo results for ω in d = 3 in the SU(2) case. In the left plot, we show ω as a function of L at four di!erent
values of ε. The deconfined phase is clearly visible at ε = 1.04 where the data fits to the form ω → AL

3 if we use data with
L > 32 and gives us A = 0.240(1). The confined phases are also clearly visible at both ε = 1.047 and ε = 1.05. The numbers
shown on the y-axis must be multiplied by 103 to get the actual ω values. The transition is consistent with being second order.
In the right figure, we show our Monte Carlo data for ω scaled according to Eq. (26) where we use the three dimensional Ising
critical exponents ϑ = 0.0366 and ϖ = 0.6298 with εc = 1.04530(1). The critical value of ε was obtained using a fit to Eq. (26)
assuming f(x) is a fourth-order polynomial. In this fit, we only use data close to x ↑ 0 and obtain the coe”cients shown in the
third row of Table II. The fit function is shown as a dark line in the graph on the right.

Finally we focus on SU(3) in d = 3. In Fig. 7 we
plot ω as a function of L for three di!erent values of
ε. When ε = 1.11 our data fits to the form AL3 with
A = 1.209(1) for all our data L → 12 showing our model is
in a deconfined phase. On the other hand when ε = 1.14,
ω saturates quickly indicating that we are in a confined
phase. The transition between the two phases in this case
turns out to be first order. We can see this clearly at
ε = 1.13 where ω initially increases for L ↑ 32 but then
falls to a much lower value and saturates for L → 48. This
change occurs via large fluctuations in the Monte Carlo
estimate of ω for L ↓ 32as expected for a system near
a first-order transition. For small lattices, the system
can tunnel to the deconfined phase and hence ω, being
proportional to L3, is much larger than in the confined
phase. Eventually, the tunneling is suppressed and the
ω saturates to a much smaller value. The first-order
transition is consistent with studies in traditional SU(3)
lattice gauge theories [33].

VI. QUANTUM LATTICE GAUGE THEORIES

In Section II, we introduced the constrained monomer-
dimer states |{ϑs}, {ϑω}, {ϖs}↔, as an orthonormal basis of
the physical Hilbert space of traditional lattice gauge the-

ories and in Section IV, we introduced the idea of classical
lattice gauge theories by constructing Hamiltonians as a
sum of commuting operators whose eigenstates are these
constrained monomer-dimer states. In order to construct
a quantum lattice gauge theory we will need a Hamil-
tonian that consists of a sum of local non-commuting
operators, so that they are not diagonal in any basis of
‘classical’ states describable as a direct product of states
from the local Hilbert spaces. A well known example
is the Kogut-Susskind (ks) Hamiltonian of traditional
lattice gauge theories [4]. This Hamiltonian has also been
often used in recent papers involving a truncated Hilbert
space [47, 48]. The plaquette terms are considered the
most challenging aspect of these Hamiltonians, especially
since they bring about Clebsch-Gordan coe”cients and
other complex group theory factors [49, 50]. It would be
nice if these complexities can be avoided.

While the ks-Hamiltonian was constructed as a lat-
tice regularization of the continuum Yang-Mills theory,
from the perspective of However, from the perspective
of recovering the continuum physics the ks Hamiltonian
are surely not necessary and a more general Hamiltoni-
ans can be considered, especially within the context of
qubit regularization [25]. It may be possible to reach the
same continuum theory through quantum critical points
of other, much simpler Hamiltonians constructed in the

10

FIG. 7. Our Monte Carlo results for ω in d = 3 in the SU(3)
case as a function of L at three di!erent values of ε. The
deconfined phase is clearly visible at ε = 1.11 where the data
fits to the form ω → AL

3 for all our data from L ↑ 12 and gives
us A = 1.209(1). The confined phase is visible at ε = 1.14.
The strange behavior of ω as a function of L at ε = 1.13 is
consistent with being in the vicinity of a first-order transition
as explained in the text.

|{ωs}, {ωω}, {εs}→ basis. We already showed in Section VI
that such a classical lattice gauge theory mimics the finite
temperature properties of traditional lattice gauge theo-
ries. Here we suggest a simple extension of these classical
theories that is sign-problem free and yet o!-diagonal in
a direct-product basis like |{ωs}, {ωω}, {εs}→.
Consider, for example, a modification of the classi-

cal Hamiltonian Eq. (16), in the AS-qubit regularization
scheme, to the truly quantum Hamiltonian

HQ =
∑

ω

Êω ↑ ϑ
∑

P

(
ÛP + Û†

P

)
(27)

where we have introduced plaquette operators ÛP whose
action changes the SU(N) irreps {ωω} on the links of the
plaquette P to {ω→

ω} and εs ↓ ε→

s according to specified
rules. The use of operators acting on loops like the pla-
quette is natural since the left and right representations
on each link need to be the same and yet participate in
singlet projections of the gauge group at di!erent sites.
These operators, by construction, are local and connect
physical states of the gauge theory and hence are gauge
invariant by construction, even though their explicit repre-
sentation in terms of Û defined in Eq. (13) is nontrivial.5

5
Here, it is important to note that since the Û operators form a

Specifically, we consider

ÛP =
∑

{εs},{εω},{ϑs},{ϑ→
s},P

c({ωs}, {ωω}, {εs}, {ε→

s}, P )↔

|{ωs}, {ω→

ω}, {ε→

s}→ ↗{ωs}, {ωω}, {εs}| (28)

Û†

P =
∑

{εs},{εω},{ϑs},{ϑ→
s},P

c({ωs}, {ωω}, {εs}, {ε→

s}, P )↑ ↔

|{ωs}, {ωω}, {εs}→ ↗{ωs}, {ω→

ω}, {ε→

s}| (29)

where the coe”cients c({ωs}, {ωω}, {εs}, {ε→

s}, P ) are cho-
sen depending on the position of the plaquette and all
indices of the states. A simple illustration of ÛP is shown
in Fig. 8. To maintain translational and rotational in-
variance, the dependence on the position of the plaque-
tte needs to be appropriately periodic. This way, while
Eq. (27) resembles the ks-Hamiltonian qualitatively, quan-
titatively it can be very di!erent and much simpler. In
particular, it allows replacing the Clebsch-Gordan coe”-
cients that appear with traditional link operators[5] with
conveniently chosen coe”cients. Importantly, if ϑ ↘ 0 and
c({ωs}, {ωω}, {εs}, {ε→

s}, P ) are real and non-negative, all
o!-diagonal terms of Eq. (27) are nonpositive and hence
the quantum lattice gauge theory is free of sign prob-
lems and its physics can be studied using well known
Hamiltonian Monte Carlo methods.
In this work we wish to argue that the parameter ϑ

in Eq. (27) plays an important role in the physics of
the confinement-deconfinement transition. To illustrate
this in a simplified setting we consider a one-dimensional
qubit regularized SU(2) gauge theory, where the lattice
geometry is a square plaquette chain with L plaquettes.
Such a plaquette chain has been studied earlier, but for
the more traditional KS type Hamiltonian [51].
To study confinement of heavy matter fields we intro-

duce matter fields at two sites and compute the corre-
sponding ground state energy as a function of the distance
between the sites.
The physical Hilbert space of the plaquette chain is

easy to understand. We assign either a 1 or 2 irrep of
SU(2) to each link. At sites where we introduce a heavy
matter field we introduce the representation 2. Each
assignment of irreps on links and sites gives us a monomer-
dimer configuration on the chain as illustrated in Fig. 9.
The projection to the singlet space imposes restrictions
on how these irreps can come together on every lattice
site. In the pure gauge theory, D(Hg

s) = 1 for every
confiuguration or link and site irreps. However, in the
presence of matter, D(Hg

s) can either be 1 or 2 depending
on the links connecting to the site. Thus, in principle a

complete basis for the local operator algebra, such a representation

must exist. However, when written in terms of traditional link

operators, to accommodate any particular mapping ωs → ω→
s, these

operators might need to involve the gauge fields on links adjacent

to, but outside, the chosen plaquette, as well as the matter fields in

theories if they exist.
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P)

Quantum Hamiltonian

Non-traditional plaquette operators



<latexit sha1_base64="WWyHc5tCwC8debcAaT6raU9CxkA="></latexit>

HQ =
∑

ω
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FIG. 9. A pictorial representation of a basis state in Hphys for plaquette chain with SU(2) gauge fields. Heavy matter fields
have been introduced at sites x = 0 and x = w.

operators

ω1 → |11↑ ↓11| , ω2 → |22↑ ↓22| , ωe → ω1 + ω2
ω3 → |12↑ ↓12| , ω4 → |21↑ ↓21| , ωo → ω3 + ω4 (31)

and the o! diagonal plaquette operators

ε1,e → (|22↑ ↓11|+ |11↑ ↓22|)
ε1,o → (|21↑ ↓12|+ |12↑ ↓21|). (32)

Using these let us define four nearest neighbor plaquette
Hamiltonians

He
x =

{
2 ↔ ϑ (ε(Px)

e ω(Px+1)
e + ω(Px)

e ε(Px+1)
e )

↔ 2 ω(Px)
1 ω(Px+1)

1 ,
}

, (33)

Ho
x =

{
2 ↔ ϑ (ε(Px)

o ω(Px+1)
o + ω(Px)

o ε(Px+1)
o )

↔ ω(Px)
3 ω(Px+1)

3 ↔ ω(Px)
4 ω(Px+1)

4

}
, (34)

Heo
x =

{5

2
↔ ϑ (ε(Px)

e ω(Px+1)
o )↔ ϑ (ω(Px)

e ε(Px+1)
o )

↔ 2 (ω(Px)
1 ω(Px+1)

3 )↔ (ω(Px)
e ω(Px+1)

4 )
}

, (35)

Hoe
x =

{5

2
↔ ϑ (ω(Px)

o ε(Px+1)
e )↔ ϑ (ε(Px)

o ω(Px+1)
e )

↔ 2 (ω(Px)
3 ω(Px+1)

1 )↔ (ω(Px)
4 ω(Px+1)

e )
}

, (36)

that connect plaquettes Px and Px+1. In terms of these

we can define the quantum Hamiltonians H(w)
Q that act

on each of the Hilbert spaces Hw

phys. For example in the

even Hilbert space sector (i.e., H0
phys), the Hamiltonian

is given by

H(0)
Q =

∑

x

He
x (37)

while in the odd Hilbert space sector (i.e., HL
phys), it is

given by

H(L)
Q =

∑

x

He
x. (38)

FIG. 10. Plot of Eω(w)→E0 as a function of w obtained with
L = 100 and ω = 10. The values of E0 and the string tension
ε are given in Table III.

For every other value of w in the range 0 < w < L, the
Hamiltonian is given by

H(w)
Q = Heo

L→1 + Hoe
w→1 +

w→2∑

x=0

Ho
x +

L→2∑

x=w

He
x (39)

It is easy to verify that each of these Hamiltonians only
mix states within each of the Hw

phys sectors.
In our current discussion, a natural observable to detect

confinement would be the average energy

Eω(w) =
TrHw

phys

(
H(w)

Q e→ωH(w)
Q

)

TrHw

phys

(
e→ωH(w)

Q

) , (40)

instead of the susceptibility ϖ. Note that while ϖ can
either diverge or vanish at zero temperatures, Eω(w) be-
comes the ground state energy. In the confined phase one

SU(2) gauge theory
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and the o! diagonal plaquette operators

ε1,e → (|22↑ ↓11|+ |11↑ ↓22|)
ε1,o → (|21↑ ↓12|+ |12↑ ↓21|). (32)

Using these let us define four nearest neighbor plaquette
Hamiltonians

He
x =

{
2 ↔ ϑ (ε(Px)

e ω(Px+1)
e + ω(Px)

e ε(Px+1)
e )

↔ 2 ω(Px)
1 ω(Px+1)

1 ,
}

, (33)

Ho
x =
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2 ↔ ϑ (ε(Px)
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o + ω(Px)

o ε(Px+1)
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↔ ω(Px)
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}
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that connect plaquettes Px and Px+1. In terms of these

we can define the quantum Hamiltonians H(w)
Q that act

on each of the Hilbert spaces Hw

phys. For example in the

even Hilbert space sector (i.e., H0
phys), the Hamiltonian

is given by

H(0)
Q =

∑

x

He
x (37)
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H(L)
Q =

∑

x

He
x. (38)

FIG. 10. Plot of Eω(w)→E0 as a function of w obtained with
L = 100 and ω = 10. The values of E0 and the string tension
ε are given in Table III.

For every other value of w in the range 0 < w < L, the
Hamiltonian is given by

H(w)
Q = Heo

L→1 + Hoe
w→1 +

w→2∑

x=0

Ho
x +

L→2∑

x=w

He
x (39)

It is easy to verify that each of these Hamiltonians only
mix states within each of the Hw

phys sectors.
In our current discussion, a natural observable to detect

confinement would be the average energy

Eω(w) =
TrHw

phys

(
H(w)

Q e→ωH(w)
Q

)

TrHw

phys

(
e→ωH(w)

Q

) , (40)

instead of the susceptibility ϖ. Note that while ϖ can
either diverge or vanish at zero temperatures, Eω(w) be-
comes the ground state energy. In the confined phase one

SU(2) gauge theory
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expects

Eω(w) = E0 + ωw (41)

for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.

ω
Monte Carlo PT Eq. (43)

E0 ε ϑ
2
/DOF E0 ε

0.5 -24.17(2) 0.6805(3) 0.34 -55.75 1.000

1.0 -89.04(4) 0.3608(6) 0.40 -90.50 -0.375

2.0 -267.36(8) 0.158(2) 0.40 -267.16 0.156

5.0 -856.1(2) 0.055(2) 0.51 -856.12 0.055

TABLE III. The parameters E0 and ε in Eq. (41) computed
in two di!erent ways at L = 100 and ϖ = 10. The values
in columns two and three are extracted by fitting the Monte
Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
↔ 9L

32
ϑ→1 ↔ L ↔ 1

8
ϑ→2 , (42)

ω ↓ 1

4
ϑ→1 +

1

8
ϑ→2 . (43)

The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps

For low temperatures:
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expects

Eω(w) = E0 + ωw (41)

for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.

ω
Monte Carlo PT Eq. (43)

E0 ε ϑ
2
/DOF E0 ε

0.5 -24.17(2) 0.6805(3) 0.34 -55.75 1.000

1.0 -89.04(4) 0.3608(6) 0.40 -90.50 -0.375

2.0 -267.36(8) 0.158(2) 0.40 -267.16 0.156

5.0 -856.1(2) 0.055(2) 0.51 -856.12 0.055

TABLE III. The parameters E0 and ε in Eq. (41) computed
in two di!erent ways at L = 100 and ϖ = 10. The values
in columns two and three are extracted by fitting the Monte
Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
↔ 9L

32
ϑ→1 ↔ L ↔ 1

8
ϑ→2 , (42)

ω ↓ 1

4
ϑ→1 +

1

8
ϑ→2 . (43)

The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps

For low temperatures:
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FIG. 9. A pictorial representation of a basis state in Hphys for plaquette chain with SU(2) gauge fields. Heavy matter fields
have been introduced at sites x = 0 and x = w.

operators

ω1 → |11↑ ↓11| , ω2 → |22↑ ↓22| , ωe → ω1 + ω2
ω3 → |12↑ ↓12| , ω4 → |21↑ ↓21| , ωo → ω3 + ω4 (31)

and the o! diagonal plaquette operators

ε1,e → (|22↑ ↓11|+ |11↑ ↓22|)
ε1,o → (|21↑ ↓12|+ |12↑ ↓21|). (32)

Using these let us define four nearest neighbor plaquette
Hamiltonians

He
x =

{
2 ↔ ϑ (ε(Px)

e ω(Px+1)
e + ω(Px)

e ε(Px+1)
e )

↔ 2 ω(Px)
1 ω(Px+1)

1 ,
}

, (33)

Ho
x =

{
2 ↔ ϑ (ε(Px)

o ω(Px+1)
o + ω(Px)

o ε(Px+1)
o )

↔ ω(Px)
3 ω(Px+1)

3 ↔ ω(Px)
4 ω(Px+1)

4

}
, (34)

Heo
x =

{5

2
↔ ϑ (ε(Px)

e ω(Px+1)
o )↔ ϑ (ω(Px)

e ε(Px+1)
o )

↔ 2 (ω(Px)
1 ω(Px+1)

3 )↔ (ω(Px)
e ω(Px+1)

4 )
}

, (35)

Hoe
x =

{5

2
↔ ϑ (ω(Px)

o ε(Px+1)
e )↔ ϑ (ε(Px)

o ω(Px+1)
e )

↔ 2 (ω(Px)
3 ω(Px+1)
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4 ω(Px+1)
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}

, (36)

that connect plaquettes Px and Px+1. In terms of these

we can define the quantum Hamiltonians H(w)
Q that act

on each of the Hilbert spaces Hw

phys. For example in the

even Hilbert space sector (i.e., H0
phys), the Hamiltonian

is given by

H(0)
Q =

∑

x

He
x (37)

while in the odd Hilbert space sector (i.e., HL
phys), it is

given by

H(L)
Q =

∑

x

He
x. (38)

FIG. 10. Plot of Eω(w)→E0 as a function of w obtained with
L = 100 and ω = 10. The values of E0 and the string tension
ε are given in Table III.

For every other value of w in the range 0 < w < L, the
Hamiltonian is given by

H(w)
Q = Heo

L→1 + Hoe
w→1 +

w→2∑

x=0

Ho
x +

L→2∑

x=w

He
x (39)

It is easy to verify that each of these Hamiltonians only
mix states within each of the Hw

phys sectors.
In our current discussion, a natural observable to detect

confinement would be the average energy

Eω(w) =
TrHw

phys

(
H(w)

Q e→ωH(w)
Q

)

TrHw

phys

(
e→ωH(w)

Q

) , (40)

instead of the susceptibility ϖ. Note that while ϖ can
either diverge or vanish at zero temperatures, Eω(w) be-
comes the ground state energy. In the confined phase one
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expects

Eω(w) = E0 + ωw (41)

for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.

ω
Monte Carlo PT Eq. (43)

E0 ε ϑ
2
/DOF E0 ε

0.5 -24.17(2) 0.6805(3) 0.34 -55.75 1.000

1.0 -89.04(4) 0.3608(6) 0.40 -90.50 -0.375

2.0 -267.36(8) 0.158(2) 0.40 -267.16 0.156

5.0 -856.1(2) 0.055(2) 0.51 -856.12 0.055

TABLE III. The parameters E0 and ε in Eq. (41) computed
in two di!erent ways at L = 100 and ϖ = 10. The values
in columns two and three are extracted by fitting the Monte
Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
↔ 9L

32
ϑ→1 ↔ L ↔ 1

8
ϑ→2 , (42)

ω ↓ 1

4
ϑ→1 +

1

8
ϑ→2 . (43)

The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps
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expects

Eω(w) = E0 + ωw (41)

for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.

ω
Monte Carlo PT Eq. (43)

E0 ε ϑ
2
/DOF E0 ε

0.5 -24.17(2) 0.6805(3) 0.34 -55.75 1.000

1.0 -89.04(4) 0.3608(6) 0.40 -90.50 -0.375

2.0 -267.36(8) 0.158(2) 0.40 -267.16 0.156

5.0 -856.1(2) 0.055(2) 0.51 -856.12 0.055

TABLE III. The parameters E0 and ε in Eq. (41) computed
in two di!erent ways at L = 100 and ϖ = 10. The values
in columns two and three are extracted by fitting the Monte
Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
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The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps
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FIG. 9. A pictorial representation of a basis state in Hphys for plaquette chain with SU(2) gauge fields. Heavy matter fields
have been introduced at sites x = 0 and x = w.

operators

ω1 → |11↑ ↓11| , ω2 → |22↑ ↓22| , ωe → ω1 + ω2
ω3 → |12↑ ↓12| , ω4 → |21↑ ↓21| , ωo → ω3 + ω4 (31)

and the o! diagonal plaquette operators

ε1,e → (|22↑ ↓11|+ |11↑ ↓22|)
ε1,o → (|21↑ ↓12|+ |12↑ ↓21|). (32)

Using these let us define four nearest neighbor plaquette
Hamiltonians

He
x =

{
2 ↔ ϑ (ε(Px)

e ω(Px+1)
e + ω(Px)

e ε(Px+1)
e )

↔ 2 ω(Px)
1 ω(Px+1)

1 ,
}

, (33)

Ho
x =

{
2 ↔ ϑ (ε(Px)

o ω(Px+1)
o + ω(Px)

o ε(Px+1)
o )

↔ ω(Px)
3 ω(Px+1)

3 ↔ ω(Px)
4 ω(Px+1)

4

}
, (34)

Heo
x =

{5

2
↔ ϑ (ε(Px)

e ω(Px+1)
o )↔ ϑ (ω(Px)

e ε(Px+1)
o )

↔ 2 (ω(Px)
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}

, (35)

Hoe
x =

{5
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↔ ϑ (ω(Px)

o ε(Px+1)
e )↔ ϑ (ε(Px)

o ω(Px+1)
e )

↔ 2 (ω(Px)
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, (36)

that connect plaquettes Px and Px+1. In terms of these

we can define the quantum Hamiltonians H(w)
Q that act

on each of the Hilbert spaces Hw

phys. For example in the

even Hilbert space sector (i.e., H0
phys), the Hamiltonian

is given by

H(0)
Q =

∑

x

He
x (37)

while in the odd Hilbert space sector (i.e., HL
phys), it is

given by

H(L)
Q =

∑

x

He
x. (38)

FIG. 10. Plot of Eω(w)→E0 as a function of w obtained with
L = 100 and ω = 10. The values of E0 and the string tension
ε are given in Table III.

For every other value of w in the range 0 < w < L, the
Hamiltonian is given by

H(w)
Q = Heo

L→1 + Hoe
w→1 +

w→2∑

x=0

Ho
x +

L→2∑

x=w

He
x (39)

It is easy to verify that each of these Hamiltonians only
mix states within each of the Hw

phys sectors.
In our current discussion, a natural observable to detect

confinement would be the average energy

Eω(w) =
TrHw

phys

(
H(w)

Q e→ωH(w)
Q

)

TrHw

phys

(
e→ωH(w)

Q

) , (40)

instead of the susceptibility ϖ. Note that while ϖ can
either diverge or vanish at zero temperatures, Eω(w) be-
comes the ground state energy. In the confined phase one
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expects

Eω(w) = E0 + ωw (41)

for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.

ω
Monte Carlo PT Eq. (43)

E0 ε ϑ
2
/DOF E0 ε

0.5 -24.17(2) 0.6805(3) 0.34 -55.75 1.000

1.0 -89.04(4) 0.3608(6) 0.40 -90.50 -0.375

2.0 -267.36(8) 0.158(2) 0.40 -267.16 0.156

5.0 -856.1(2) 0.055(2) 0.51 -856.12 0.055

TABLE III. The parameters E0 and ε in Eq. (41) computed
in two di!erent ways at L = 100 and ϖ = 10. The values
in columns two and three are extracted by fitting the Monte
Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
↔ 9L

32
ϑ→1 ↔ L ↔ 1

8
ϑ→2 , (42)

ω ↓ 1

4
ϑ→1 +

1

8
ϑ→2 . (43)

The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps
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FIG. 9. A pictorial representation of a basis state in Hphys for plaquette chain with SU(2) gauge fields. Heavy matter fields
have been introduced at sites x = 0 and x = w.

operators

ω1 → |11↑ ↓11| , ω2 → |22↑ ↓22| , ωe → ω1 + ω2
ω3 → |12↑ ↓12| , ω4 → |21↑ ↓21| , ωo → ω3 + ω4 (31)

and the o! diagonal plaquette operators

ε1,e → (|22↑ ↓11|+ |11↑ ↓22|)
ε1,o → (|21↑ ↓12|+ |12↑ ↓21|). (32)

Using these let us define four nearest neighbor plaquette
Hamiltonians
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x =

{
2 ↔ ϑ (ε(Px)

e ω(Px+1)
e + ω(Px)

e ε(Px+1)
e )

↔ 2 ω(Px)
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1 ,
}

, (33)
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x =
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4 ω(Px+1)

4
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that connect plaquettes Px and Px+1. In terms of these

we can define the quantum Hamiltonians H(w)
Q that act

on each of the Hilbert spaces Hw

phys. For example in the

even Hilbert space sector (i.e., H0
phys), the Hamiltonian

is given by

H(0)
Q =

∑

x

He
x (37)

while in the odd Hilbert space sector (i.e., HL
phys), it is

given by

H(L)
Q =

∑

x

He
x. (38)

FIG. 10. Plot of Eω(w)→E0 as a function of w obtained with
L = 100 and ω = 10. The values of E0 and the string tension
ε are given in Table III.

For every other value of w in the range 0 < w < L, the
Hamiltonian is given by

H(w)
Q = Heo

L→1 + Hoe
w→1 +

w→2∑

x=0

Ho
x +

L→2∑

x=w

He
x (39)

It is easy to verify that each of these Hamiltonians only
mix states within each of the Hw

phys sectors.
In our current discussion, a natural observable to detect

confinement would be the average energy

Eω(w) =
TrHw

phys

(
H(w)

Q e→ωH(w)
Q

)

TrHw

phys

(
e→ωH(w)

Q

) , (40)

instead of the susceptibility ϖ. Note that while ϖ can
either diverge or vanish at zero temperatures, Eω(w) be-
comes the ground state energy. In the confined phase one
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for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.
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from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
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Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
↔ 9L

32
ϑ→1 ↔ L ↔ 1

8
ϑ→2 , (42)

ω ↓ 1

4
ϑ→1 +

1

8
ϑ→2 . (43)

The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps
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expects

Eω(w) = E0 + ωw (41)

for large separations w, where ω is the string tension.
In the deconfined phase we expect ω = 0. We have con-
structed a Hamiltonian Monte Carlo method in continuous
imaginary time to compute Eω(w) as a function of w for
L = 100 and ε = 10 at various values of ϑ → 5. Our
results are shown in Fig. 10. We can see from the figure
that Eω(w) is consistent with Eq. (41), but ω becomes
small as ϑ increases. The fit values of E0 and ω are given
in Table III.
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TABLE III. The parameters E0 and ε in Eq. (41) computed
in two di!erent ways at L = 100 and ϖ = 10. The values
in columns two and three are extracted by fitting the Monte
Carlo data for Eω(w) as a function of w at L = 100 and
ϖ = 10. We drop the values of Eω(w) at w = 0 and w = L

from these fits since these are energy values in the pure-gauge
sector. The values in columns five and six are computed using
Eq. (43) obtained from perturbation theory as explained in
Appendix B.

Using the fact that our Hamiltonian is exactly solvable
when ϑ = ↑ and the ground state is non-denegerate,
we can compute E0 and ω in powers of 1/ϑ using non-
degenerate perturbation theory. The details of this cal-
culation up to third order is shown in Appendix B. We
obtain

E0 ↓ ↔2Lϑ +
3L

2
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The values of E0 and ω for L = 100 are calculated in two
di!erent ways and tabulated Table III.
We see that ϑ = ↑ is a deconfined quantum critical

point since the string tension goes to zero there. At this
critical point, the parameter 1/ϑ acts as a dimensionful
parameter. This is not surprising since in one spatial
dimension gauge couplings are dimensionful. Similar de-
confined critical points with dimensionful couplings have
recently been observed even in the presence of dynamical
matter fields [52].

VII. CONCLUSIONS

In this work we have shown how traditional lattice
gauge theories can be reformulated using group represen-
tations quite easily by mapping each orthonormal basis

state |{ϖs}, {ϖε}, {ϱs}↗ to a configuration of monomers
and dimers labeled by the irreps [{ϖs}, {ϖε}] and a site
multiplicity factor ϱs = 1, 2, ..,D(Hg

s) that labels the var-
ious ways singlet of irreps at the site s can be formed. We
then argued that within this simple pictorial representa-
tion we can construct both classical and quantum qubit
regularized gauge theories.

To show the richness of the physics that can be un-
covered through this non-traditional approach to lattice
gauge theories we studied SU(2) and SU(3) gauge theories
within the simple as-scheme of [5]. We first introduced
and studied classical lattice gauge theories by construct-
ing a Hamiltonian that only involved local commuting
operators that were diagonal in the |{ϖs}, {ϖε}, {ϱs}↗ ba-
sis. We argued that these classical gauge theories can
capture the physics of quantum gauge theories at finite
temperatures. Using Monte Carlo methods we showed the
existence of confinement-deconfinement phase transitions
and were also able to recover the universal physics that are
observed in traditional quantum gauge theories. This is
similar to the well known result that classical Ising model
and the transverse field quantum Ising model both have
the same universal behavior at the ordering transition.

We then introduced simple quantum Hamiltonians
in the |{ϖs}, {ϖε}, {ϱs}↗ basis, avoiding the complexi-
ties of Clebsh-Gordon coe”cients. For this we intro-
duced plaquette operators that change representations
on the links around the plaquette and take each ba-
sis state |{ϖs}, {ϖε}, {ϱs}↗ to a linear combination of
|{ϖs}, {ϖ↑

ε}, {ϱ↑

s}↗ that only di!er locally. By construc-
tion these are gauge invariant and local but are very
di!erent from the traditional plaquette operators made
out of link operators of the form Eq. (13), that are used
in traditional lattice gauge theory Hamiltonians. While
these new plaquette operators can contain complex co-
e”cients in general, by choosing them to be real and
positive were able to construct sign problem free quan-
tum Hamiltonians. These Hamiltonians naturally contain
a coupling that reduces the string tension. We demon-
strated this by studying a SU(2) plaquette chain using
Monte Carlo methods and showed the existence of a de-
confined quantum critical point. It seems very natural
that qubit regularized quantum lattice gauge theories in
higher dimensions will contain confinement-deconfinement
transitions at zero temperatures. The challenge would be
to discover quantum critical points in such theories where
continuum Yang-Mills theory can emerge.

All this suggests that there exist a new approaches to
quantum gauge theories using the monomer-dimer basis,
that is particularly well suited with qubit regularization.
This proposal is not very di!erent from the graph theory
based formulation of SU(N) gauge theories that was pro-
posed recently [24]. While we have focused on the lowest
irreps of SU(N) in the construction of our theories, it is
important to note that it is easy to include higher irreps
in our approach if necessary. From the RG perspective, it
is possible that the fixed point of the desired continuum
quantum gauge theories only emerges when higher irreps

For low temperatures:
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x=0 x=w

w

FIG. 9. A pictorial representation of a basis state in Hphys for plaquette chain with SU(2) gauge fields. Heavy matter fields
have been introduced at sites x = 0 and x = w.

operators

ω1 → |11↑ ↓11| , ω2 → |22↑ ↓22| , ωe → ω1 + ω2
ω3 → |12↑ ↓12| , ω4 → |21↑ ↓21| , ωo → ω3 + ω4 (31)

and the o! diagonal plaquette operators

ε1,e → (|22↑ ↓11|+ |11↑ ↓22|)
ε1,o → (|21↑ ↓12|+ |12↑ ↓21|). (32)

Using these let us define four nearest neighbor plaquette
Hamiltonians

He
x =

{
2 ↔ ϑ (ε(Px)

e ω(Px+1)
e + ω(Px)

e ε(Px+1)
e )

↔ 2 ω(Px)
1 ω(Px+1)

1 ,
}

, (33)

Ho
x =

{
2 ↔ ϑ (ε(Px)

o ω(Px+1)
o + ω(Px)

o ε(Px+1)
o )

↔ ω(Px)
3 ω(Px+1)

3 ↔ ω(Px)
4 ω(Px+1)

4

}
, (34)

Heo
x =

{5

2
↔ ϑ (ε(Px)

e ω(Px+1)
o )↔ ϑ (ω(Px)

e ε(Px+1)
o )

↔ 2 (ω(Px)
1 ω(Px+1)

3 )↔ (ω(Px)
e ω(Px+1)

4 )
}

, (35)

Hoe
x =

{5

2
↔ ϑ (ω(Px)

o ε(Px+1)
e )↔ ϑ (ε(Px)

o ω(Px+1)
e )

↔ 2 (ω(Px)
3 ω(Px+1)

1 )↔ (ω(Px)
4 ω(Px+1)

e )
}

, (36)

that connect plaquettes Px and Px+1. In terms of these

we can define the quantum Hamiltonians H(w)
Q that act

on each of the Hilbert spaces Hw

phys. For example in the

even Hilbert space sector (i.e., H0
phys), the Hamiltonian

is given by

H(0)
Q =

∑

x

He
x (37)

while in the odd Hilbert space sector (i.e., HL
phys), it is

given by

H(L)
Q =

∑

x

He
x. (38)

FIG. 10. Plot of Eω(w)→E0 as a function of w obtained with
L = 100 and ω = 10. The values of E0 and the string tension
ε are given in Table III.

For every other value of w in the range 0 < w < L, the
Hamiltonian is given by

H(w)
Q = Heo

L→1 + Hoe
w→1 +

w→2∑

x=0

Ho
x +

L→2∑

x=w

He
x (39)

It is easy to verify that each of these Hamiltonians only
mix states within each of the Hw

phys sectors.
In our current discussion, a natural observable to detect

confinement would be the average energy

Eω(w) =
TrHw

phys

(
H(w)

Q e→ωH(w)
Q

)

TrHw

phys

(
e→ωH(w)

Q

) , (40)

instead of the susceptibility ϖ. Note that while ϖ can
either diverge or vanish at zero temperatures, Eω(w) be-
comes the ground state energy. In the confined phase one
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to higher dimensions

Developing efficient algorithms will be 
challenging

But at least there are no sign problems!
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Conclusions

Qubit Regularization of gauge theories suggests the 
study of simple sign-problem free dimer-models

Can Yang-Mills theory arise at a quantum critical point 
of some quantum dimer model?

Think beyond traditional Hamiltonians!

Both confined and deconfined phases exist!


