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Many phases of matter can be simulated with quantum Monte Carlo methods without

encountering the sign problem!

Mott insulators, spin-liquids, Dirac systems, electron-phonon, spin systems with classical frustration, superconductors, quantum phase transitions,

twisted bilayer graphene, continuum field theories...
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Z=Tee " — [ D (86} S0

®(2,7) : Hubbard-Stratonovich Multidimensional integral :
(or arbitrary field with > Monte Carlo & Qne body proble.m in extern.al
predefined dynamics) field > Polynomial complexity

R. Blankenbecler, D. J. Scalapino, and R. L. Sugar, Phys. Rev. D 24 (1981), 2278
J. E. Hirsch, Phys. Rev. B 31 (1985), 4403
White, D. Scalapino, R. Sugar, E. Loh, J. Gubernatis, and R. Scalettar, Phys. Rev. B 40 (1989), 506
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et [ =My-2Y (o) wim o = ot

L,
Trotter H ( —ATH, H Arx(efo™e ) ) +0(A7) LTAT _ 6

Hubbard-Stratonovich / —V20A

n

L,
e~ S(@(n,T)) o= s ®%(n,7)/2 My H (e_mﬁo He\/zmm(n,r)afo(n)a) D D ®2(n,7)/2 + log det M (®)

T=1
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Z=Tee 1 = [ D{a(i,))e 50007

S{®} = Sp{P} — log|det(M {P@})| — iargdet M {D}

argdet M {®} =0 No sign problem CPU x V38

argdet M {®} €]0,2x]  Sign problem CPU  e?@VF

Sample S{®} = Sp {®} — log|det(M {2})|

DI{®(; —5{®}
Compensate  (sign) = j:DiI)Ezjiﬁz_m x e~ PV
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7 = Tre PH = /D{@(i,r)}e—S{‘I’W”

S{®} = Sp{P} —log|det(M {P})| — iargdet M {D}

argdet M {®} =0 No sign problem CPU x V38
argdet M {®} € ]0,27] Sign problem CPU o e2@VB G\is contribution: \
Optimal formulations that minimize «
Sample S{®} = S5 {®} — log | det(M {®)})] So as to reach /nteresting energy scales

, _s(9) Designer models that avoid the sign
Compensate  (sign) = J D{2(i7)}e x e~ BV problem but retain aspects of the physics

J D{®(i,7)} e=512} Qne wishes to study. /
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WURZBURG ALF 1.0: SciPost Phys. 3 (2017), 013 ALF 2.0 SciPost Phys. Codebases 1 (2022)

}2
Coupling of fermions to bosonic fields with predefined dynamics

M col Nfl Ndlm
ot pks)g T
Block diagonal in flavors, Ny Z (Z Z Z Croslay Cy S) + Hising

o=1s=1 z,y

Kinetic Potential (sum of perfect squares)
MT col Nfl Ndlm

col IV Ndim
OSSN e zvk{zli[(dza;wvgsw )+

k=1o=1s=1 =,y o=1s=1 T,y

SU(N¢o)) symmetric in colors N

Arbitrary Bravais lattice for d=1,2

Model can be specified at minimal programming cost
Fortran 2008 standard

MPI implementation

Global and local moves, Parallel tempering, Langevin, HMC

. Huffman A. Gotz F. Parisen Toldin

Projective and finite T approaches Z. Liu

Wissenschaftliche
Literaturversorgungs K ON W I HR

Predefined models und Informationssysteme (LIS)

PYALF: easy access python interface DFG
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i€A,S i€A,S

A. Kitaev, Annals of Physics 321 (2006), no. 1 2 - 111.

K = Asin(yp), J = Acos(p), A=+ K?+ J?




Julius-Maximilians-
UNIVERSITAT i i
I wurzsore confronting the sign problem for frustrated magnets

=2k Y 880,47 Y 88

i€ A6 i€A,S K = Asin(p), J = Acos(p), A=+ K?+ J?
R 1 R .
. . . . . 5 T 5 I .
Simulating spins with fermions. S = 3 E , fis0s.sfis E fiT,sfi,s =n; =1

A A K . S - A 12 - f 1 72
_ 5 5 t : A L2
Houe = |K]| i;” 55 (855@- + Wsms) —3 Z(; ({Di,é + Di,&} + {ZDiﬁ - sz} ) + U; (7 — 1)

AN 7 _ - s B
D;s= Zfi,sfi—{—é,s ss = =1 HQMC‘(—l)ﬁi:_1 —H+C Vss==1

Constraint commutes with Hamiltonian dynamics [HQMC, (=)™ | =0
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=2k Y 880,47 Y 88

K = Asin(yp), J = Acos(p), A=+ K?+ J?

Constraint commutes with Hamiltonian dynamics

i€A,S i€A,S
0.2 — —
Simulating spins with fermions. 0.15 f ‘f’jsf’i ,=h;=1
0.1] f
. .. B I ] R L 12
Houe = | K| Z S5 (855'? + 0.05% - iD;.r,é} ) I UZ(ﬁz _1)?
i€A,S r : i
Of :
T = irof 005 — K —
Dz,(g Zfz,sfz—{—&s S O 5 [i)o 15 20 B H+C v35 +1
’ U

{FIQMCH (-1)™| =0
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i€ A8 i€A,S K = Asin(p), J = Acos(p), A=+ K?+ J?
& /=18 Filled symbols s, = 1,8, =5, = —1
T/Azl ® /=32 o V=18 o Sp =8y =58, =1
m /=50
1 !
2
&n0.5F
v
0

AFM KSL Z7 FM

KSL SP AFM
—— S —
0

0.5 1 |

J. Chaloupka, G. Jackeli, and G.Khaliullin Phys. Rev. Lett. 105 (2010), 027204.
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i€A,S = K = Asin(p), J = Acos(p), A=+ K?+ J?
¢ 7=18 Filled symbols S; = 1, Sy =8, = —1 / Imcf) \
T/A=1 eV=32 ol=I8 0 Sp =85y =5, =1 ‘ fLis)
m =50
1 .
2 JCis;t)
&
&n0.5F
\(7 —> Re(i)
0 ' ' Complex saddle points and thimbles depend upon the
AFM KSL Z7 FM KSL SP AFM , . : L
e S e gauge choice {s;}. Optimal gauge choice minimizes the
0 0.5 CP}J'C L5 2 distance from the dominant saddle point to the real

axis.
J. Chaloupka, G. Jackeli, and G.Khaliullin Phys. Rev. Lett. 105 (2010), 027204. \ /




i€A,S

1€EA,S
& /=18 Filled symbols s, = 1,8, =5, = —1
T/A:]_ ® /=32 o V=18 o Sa;:syzszzl
m /=50
1 !
2
&n0.5-
9]
V
0

AFM KSL Z7 FM

KSL SP AFM
I 42 S
0 0.5 1

J. Chaloupka, G. Jackeli, and G.Khaliullin Phys. Rev. Lett. 105 (2010), 027204
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K = Asin(yp), J = Acos(p), A=+ K?+ J?

Possible to reach temperatures downto [SA ~ 3

A~ 10meV ~ 100K

- Experimentally relevant energy scales are accessible
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i€A,S

icA,S K = Asin(p), J = Acos(p), A=+ K?+ J?
& /=18 Filled symbols s, = 1,8, =5, = —1
T/Azl ® /=32 o V=18 o Sp =8y =58, =1
| /=50
1 .
o/m=0.8 /=17 @/mt=05 ¢/m=15
N @ © © ©
EDO 5+ . e® ° ° °
\(73 <0 0.,%,° e®%e ) )
e_0O0
2
0 ! ! 2 0 2 2 0 2 2 0 2 2 0 2
AFM  KSL Z7Z FMV KSL SP AFM ' R e o )
I 2 e .
L 1 1 1 I &1 a1
0 0.5 1 15 2 (5r50)
@/m

J. Chaloupka, G. Jackeli, and G.Khaliullin Phys. Rev. Lett. 105 (2010), 027204.
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\
RUC|3 I‘AI(QD) = Z [KS?SA’;/ +FS’Z~OA;§]@ + Jlgz : S]] + J3 Z Sz : Sj - MBZB(QO) -gS’i
(4.3) {(2,5)) ¢
(J1,J3, K,T) = (=0.5,0.5,—5.0,2.5) [meV] g = diag[2.3,2.3,1.3]

Winter et al. Nat. Comm. 8 (2017), PRL. 120 (2018) /

B ¢¥F°B=B/p)

Magnetic rigidity: magnetotropic susceptibility ‘}f
©

e

= ,LLBg<S'tot> e x (e x B)

e /OB . [<<gs,t0t(7.) e X B) (gS’tot(O) e X B>> — ((gStot(O) e X B>>2]
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ARTICLES naure,
https://doi.org/10.1038/541567-020-1028-0 Pllyslcs

Scale-invariant magnetic anisotropy in RuCl; at
high magnetic fields

K. A. Modic®'254, Ross D. McDonald ©3, J. P. C. Ruff*, Maja D. Bachmann??®, You Lai*¢’,

Johanna C. Palmstrom®, David Graf ©7, Mun K. Chan®3, F. F. Balakirev®3, J. B. Betts?, G. S. Boebinger®”’,
Marcus Schmidt?, Michael J. Lawler?, D. A. Sokolov®?, Philip J. W. Moll©®2%, B. J. Ramshaw ®® and
Arkady Shekhter®?

For a local moment: % = f(B/T)

RIT

Data temperatures (K) 1elso
QMC temperatures (K) 1315 2s|90 4:4 5;0
RuCl; data I QMC simulation ik
o Blla
| 20 1‘ 2 O
B/T(TK™ B/T (TK™
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Data temperatures (K) 150
a) :
| | | |
QMC temperatures (K) 145 290 414 590
1r - ) ) ot 1
RuCl; data QMC simulation

I~
ARTICLES nature, = L L i
https://doi.org/10.1038/541567-020-1028-0 Phy SICS x O . 5 0 . 5
Scale-invariant magnetic anisotropy in RuCl; at
high magnetic fields
K. A. Modic®'254, Ross D. McDonald ©3, J. P. C. Ruff*, Maja D. Bachmann??®, You Lai*¢’, :
Johanna C. Palmstrom®, David Graf ©7, Mun K. Chan®3, F. F. Balakirev®3, J. B. Betts?, G. S. Boebinger®”’, - X Bl |a
Marcus Schmidt?, Michael J. Lawler®, D. A. Sokolov®?, Philip J. W. Moll©2®, B. J. Ramshaw ©¢ and g -1
Arkady Shekhter ®7 0 s - L L FE s L L 0
0 1 2 0 1 2
B/T(TK" B/T (TK™)
0.5
g
R
For a local moment: T — f(B/T)
. Pure Kitaev model
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Next steps?  Debye temperature ~ 200K Magnetic energy scale ~ 100K

. P2 k. A ae A R k 1
b Qo — 4] — S
H= ) ot 5@ T 2K (1+ QS S5+ T(1+ Q)85+ Sivg @0 = Voo A=
b=[i€ A,d]
N =32
I = :
2 Coupling to phonons does not lead
' p 0.1 721/ 8: 2 ] to a more severe sign problem!
e % F & w/o phonons =5 :
v 0 2=0.05, wy=0.75 2
0-015‘ 0 A=0.1, wy=0.75 E
0

| 0.5
/T
K = Asin(p), J = Acos(p), A=+ K?+ J?
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Summary (I)

/

—BH : —S{®(i
Z — Tre /B f— / D {@(Z, 7-)} e { (1'77-)} a) Data temperatures (K) 1?0
QMC temperatures (K) 1!15 2§I)0 4:4 SSI)

Hi RuCl; data QMC simulation '

@ can simulate models of Kitaev materials down to \
=
experimentally relevant energy scales. €05
Tool to determine model parameters.
, : Blla
Coupling to phonons does not render the sign problem more severe. 0, : = : 5
) 3 3N ) B/T(TK™) B/T (TK™)

There may be room for improvement: 2° — 2°°' gauge variables.

211

10.5
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I WU Local moments in metals

A local moment is generated by a repulsive Hubbard term that localizes a single

electron without breaking spin rotational symmetry:

Particle-hole symmetry is required to avoid the negative sign problem. For a
dense number of local moments this invariably leads to an antiferromagnetic

instability and an insulating state.




I WU Local moments in metals

X

NNNN

Dimensional mismatch Kondo systems

L >
| (&lé TN ot ge 8 5 .G
/*(NMW gt 3 s Sen 36
O

. @ S/+Ciq Magnetic impurities are sub-intensive

System remains metallic even at particle-hole symmetry

.W’Jm.




I WU Local moments in metals Field theory and QMC

H=—t)Y (elej+ho)+ %Zéiaér-gr +Jn Y Sp S

(,.9) (r,7")

i ) N 1 At 4 ) ) At 4 A N .
Field theory: S, = §f7,afr with constraint £, f, =1 Def £ = (fi,T’ il ¢>
/ ~ R " 2 “ " 2 \
H=—t> (e +ho) —% [(Vr + V) + (i — i) ]
(,9) T
A L\ 2 . N2 . 2
S [(DﬁDZ) + (iDy —iD}) ]+UZ<foT—1>
b=<'r‘,7‘/> l T y ]
st oo gt = Hy

Exact in the limit U — co. But since [ﬁy,lﬂ = 0 the constraint is imposed very efficiently.




JUliUS-MaXimiliins- . |
EX%EI‘]'&T Local moments in metals Field theory and QMC

L=4,8t=5,Jy/t =2

© e—BUf/2

i : & a3 Al A
Field theory: : = 5 : Def  f, = (fim fi,¢)

-

H=-tY (&l¢;+hc)
(i.4)

\_ D= Fif Vo=, - Y,

Exact in the limit U — co. But since {ﬁy,lﬂ = 0 the constraint is imposed very efficiently.
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Local moments in metals Field theory and QMC

-

H=—-t) (&l¢; +hc)
(2.3)

\_Dv=Frf Vo=Fre,

by = |y |e?r N\

_%;[(VTJFV,JL)an(iVT—iVj)z]
5 X (Do Di) + (D, -i]) | + U S (F1F, 1)
b=(r,r') r

. 7-/
= [xsle’ Jo adl ap /

Partition function,

=/D{fo}D{CTC}D{Xb}D{br}D{aO}e_S with, for U — oc

-

N

8
S:/O dr { leb \2+—Z|b (1)1 + D €j(r) [0-65.4 — Tyl ¢(7)
id
+ ) |br(7)]
+) i

710, — a0 o (7)) £,() +idon(r) + 3 Pl [Fr)e I atDd (7)1 he]

~

[ewﬂﬂ fl(m)e, (1) + h.c.}

b=(r,r') /
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Local moments in metals

Field theory and QMC

a
5= [ ar

o

{ Zm |2+—Z|b |2+Zc§<7)[a

+Z’br(7'
Jij-”r

)| {Bw’"(T)fi(T)cr(T) + h.c.}

) [0 —iag r(7)] £,-(7) +iao (T

+Z\Xb {

b=

di,5 — Ti 5] Cj(T)

~

) —zf"" a(lT)dlf ( )—i—hc}

-/

Local U(1) gauge invariance:

Other symmetry allowed terms, such as U(1) flux,

Fi(r) = flir)etm ™)

and dynamics of the b-field,

apr(7) — agr(7) — Ornp(T)
a-(7)  — ar(1) = V(1)
er(T) = r(T) =0 (7)

will be dynamically generated.

Saeed Saremi and Patrick A. Lee, Phys. Rev. B 75 (2007), 165110,




I WU Local moments in metals Phases

- D
S/OBdT { Z!Xb |2+—Z|b |2+ZCI(T>[8T6’5J_T":aj]cj(7_>

+ Z b (7)] {Bw’"(T)fi(T)cr(T) + h.cl

N +Zf* ) [0 —iao,(7)] £,.(7) + iao..(T) + Z X (T [ Jemt I allnydly <>+h-c-}/
gLa;Ss(i::cation of (flof,) #0 zfofz i OfT Gauge field
Kondo X v confined
SDW v X confined
Kondo + SDW v v confined
FL* X X De-confined
SDW* v X De-confined
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Toy models to realize metallic phases and phase transitions in Kondo systems ( FL*, FL, LRO) without confronting the sign problem.

Co atoms < L
on Cu,N/Cu(100)
2l Nt Phys, ANAYMNAY
2016
~—
cir. @ S/+cio
LaIns/Celns

H. Shishido etal,  *“OSSEIItss..

Science 2010

Jk

H=—t) (&léj+hc)+ 53 Y éloe,

(1,3) r

. Kondo breakdown transitions and phases

\' B. Danu, M. Voijta, FFA, and T. Grover, Phys. Rev. Lett. 125 (2020), 206602.
Dissipation induced magnetic order-disorder transitions
B. Danu, M. Vojta, T. Grover FFA, Phys. Rev. B 106 (2022), L161103.
M. Weber, D. J. Luitz, and FFA, Phys. Rev. Lett. 129 (2022), 056402.
Marginal Fermi liquid at magnetic quantum criticality
from dimensional confinement
Zi Hong Liu, B. Frank, L. Janssen, M. Vojta, FFA, Phys. Rev. B 107, 165104 (2023)
B. Frank, Zi Hong Liu, FFA, M. Vojta, and L. Janssen, Phys. Rev. B 108 (2023), L100405.

Sr+<]h Z Sr'Sr’

(r,7')




I WURZBURG | Local moments in metals  «kondo phase @ Ji./t >> 1

H=—-tY (&l¢;+hc)+ %Zéiaar-éﬁjh > 8,8,

< L >
d S (4,3) {r.r")

AAAVAY

ewa = fJr Emergent composite fermion that participates in Luttinger count
\»

Spin-spin correlations inherit power-law of conduction electrons.

- 1 L 1
(S5 S) o p——rE (Sr(7)S(0)) x )
109 g 107" g > (Fl)afi(r)- F50)af;(0) =
.o @ S/ecy o'k ; 1/ ) (Fi@)e fi(m) - (000 f5(0)
10‘22— 107
.Wl’h.oo — _3 E E
10°F 103
1077, =4.00 i
10—5_ | | | | I | 10—4 Ll IIIIII| Ll LLLLl
100 | . -1 10" 10° 10° 102
1 — ] T
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Spin chain on semi-metal

<
<

/mwwgz

S
Cir. . S;+Cio

OWI"CCQQ

B. Danu, M. Voijta, FFA, and T. Grover, Phys. Rev. Lett. 125 (2020), 206602.

H=—-tY (&l¢;+hc)+ %Zéiaar-éﬁjh > 8,8,

(1,9) (r,r)

Integrate out electrons a la Hertz-Millis

S(”) - Sspin(n) + Sdiss (n) + .-

2
Saiss(N) = % /deT’ Z N, (T)X°(r — 7', 7 — 7 (17).

r,r

Spin susceptibility of the host metal
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B. Danu, M. Vojta, FFA, and T. Grover, Phys. Rev. Lett. 125 (2020), 206602

ﬁ:—tZéTéJ+hc+—ZéTac Sp+n Y Sr- Sy

< L 3>
< '\VZ (3,5) (r,r’")
M*****W Integrate out electrons a la Hertz-Millis

S(”) - Sspin(n) + Sdiss (n) + .-

2
Saiss(1) = % /deT/an(T)X r—r 7 — 1N (7).
An = r,r

1 1 o
0 o 0
Z X (0,7 —7") x oy e x"(reg,0) o 7 Kondo is irrelevant

2
For: PR T AT, Su(n) = ‘g / drdrdr ne(1)x°(0, 7 — 7 )1n(1) = A~2Suiee(m)
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e’ fh = [ Composite fermion spectral function
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Y

o Z =t (@l +he)+ 2N elot, St dn Y 8e -8
(,3) r (r,r’)
NAAVAY

FL* Heavy fermion
metal
b1 =0, {m) =0 (8) #0, (n) =0
® R >—0— Ji
Jy ~ 2t

Questions:

1) Critical exponents?
2) Transport?
3) Unique realization of Kondo Breakdown transition >

playground to investigate various entanglement measures
and witnesses. F. Mazza et al. arXiv:2403.12779.
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Summary II Dimensional mismatch Kondo systems

L >
X

AAAVAY [

=Y (&l + he) +%Zdaér°§r+<}h > Sr'gr’}

(1,9) (r,7)

< L >
$*$*$*$* Magnetic impurities are sub-intensive
\,0 No nesting instability even at particle-hole symmetry
Cir. o S,-/-+Ci‘0

Negative sign free models that realize metallic phases of

e . heavy fermion systems. Experimentally relevant.
QW" 8800
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