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Confronting the sign problem for  frustrated magnets

Phases with sign problem include:

Frustrated magnets 
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Frustrated spin systems generically suffer from the negative sign problem inherent in Monte Carlo methods.
Since the severity of this problem is formulation dependent, optimization strategies can be put forward. We
introduce a phase pinning approach in the realm of the auxiliary field quantum Monte Carlo algorithm. If we can
find an antiunitary operator that commutes with the one-body Hamiltonian coupled to the auxiliary field, then the
phase of the action is pinned to 0 and π . For generalized Kitaev models, we can successfully apply this strategy
and observe a remarkable improvement of the average sign. We use this method to study the thermodynamical
and dynamical properties of the Kitaev-Heisenberg model down to temperatures corresponding to half of the
exchange coupling constant. Our dynamical data reveal finite temperature properties of ordered and spin-liquid
phases inherent in this model.
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Introduction. Local moment formation and spin-orbit en-
tanglement is at the origin of many fascinating states of matter
that are realized in various materials [1]. The family of lay-
ered iridates and α-RuCl3 are Mott insulators where strong
spin-orbit coupling leads to bond selective spin couplings on
an underlying honeycomb lattice [2–4]. This class of mate-
rials is believed to be proximate to the Kitaev spin liquid
characterized by emergent Majorana fermions and Z2 fluxes
[5]. In particular, α-RuCl3 exhibits zigzag spin ordering, but
proximity to the Kitaev spin liquid suggests that high energy
features of this material are described by Majorana fermions
[6,7]. These exotic particles will hence only show up in ther-
modynamical and dynamical properties in an intermediate
temperature range bounded by the ordering temperature and
the coherence scale of the Majorana fermions.

The aim of this Letter is to provide a quantum Monte
Carlo (QMC) algorithm that allows one to study a generalized
Kitaev model in a temperature range that overlaps with the
aforementioned energy scales. For concreteness, we consider

Ĥ =
∑

i, j,α,β

$
α,β
i, j Ŝα

i Ŝβ
j +

∑

i, j

Ji, j Ŝi · Ŝ j . (1)

Here, i, j run over sites of the honeycomb lattice and Ŝα
i is

a spin-1/2 degree of freedom. For i, j defining a nearest-
neighbor δ bond [see Fig. 1(a)] and $

α,β
δ = 2Kδα,βδδ,α , the

first term reduces to the Kitaev model [5]. Although re-
dundant, it is convenient for the simulations to include an
SU(2)-symmetric Heisenberg term with nonfrustrating ex-
change couplings Ji, j .

Hamiltonians of the form in Eq. (1) suffer from the neg-
ative sign problem such that no exact QMC simulations
have been carried out to date. Numerical research for this
class of Hamiltonians has made use of exact diagonalization
[3,8–13], functional renormalization group [14,15], density-

matrix renormalization group [16–18], the thermal pure
quantum state method [10,13], and the tensor network method
[17–20]. The negative sign problem in the QMC approach is
formulation dependent and hence can, in principle, be reduced
so as to reach relevant energy scales. In fact, this can be seen
as an optimization problem over the space of possible path
integral formulations [21,22]. Here, we adopt a symmetry
based strategy, that pins the phase of the action to 0 and π .
We will show that this strategy greatly reduces the severity
of the negative sign problem and that it opens a window of
temperatures where the QMC works efficiently and that is
relevant to experiments.

Phase pinning approach. The auxiliary field QMC
(AFQMC) algorithm [23–25] is based on a Hubbard-
Stratonovich decoupling of the interaction term. After this
step, the partition function can generically be written as

Z =
∫

d&(x, τ )e−S[&(x,τ )], (2)

with

S(&) = S0(&) − log Tr
[
T e−

∫ β

0 dτ
∑

x,y ĉ†
x hx,y (τ )ĉy

]
. (3)

Here, & corresponds to the Hubbard-Stratonovich field, ĉ†
x are

fermion operators, x runs over the single particle states, S0 is a
real bosonic action, and hx,y(τ ) is a & and τ dependent matrix.
The trace over the fermion degrees of freedom is generically
complex such that the phase Im S ∈ [0, 2π ]. The Monte Carlo
importance sampling of the field & is then carried out ac-
cording to weight |e−S(&)| and the average sign corresponds
to the reweighting factor ⟨sign⟩ =

∫
d&e−S(&)/

∫
d&|e−S(&)|.

Generically, the average sign scales as e−(βV with V the vol-
ume of the system and ( a formulation dependent constant.
Since the errors on the average sign have to be smaller than
the mean value, the computational cost required to resolve

2469-9950/2021/104(8)/L081106(5) L081106-1 ©2021 American Physical Society

T. Sato K. Modic B.  Ramshaw

PHYSICAL REVIEW B 110, L201114 (2024)
Letter

Scale-invariant magnetic anisotropy in α-RuCl3: A quantum Monte Carlo study

Toshihiro Sato,1,2,3 B. J. Ramshaw,4,5 K. A. Modic ,6 and Fakher F. Assaad3,2

1Institute for Theoretical Solid State Physics, IFW Dresden, 01069 Dresden, Germany
2Würzburg-Dresden Cluster of Excellence ct.qmat, Germany

3Institut für Theoretische Physik und Astrophysik, Universität Würzburg, 97074 Würzburg, Germany
4Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14853, USA

5Canadian Institute for Advanced Research, Toronto, Ontario, Canada
6Institute of Science and Technology Austria, 3400 Klosterneuburg, Austria

(Received 16 January 2024; accepted 28 October 2024; published 22 November 2024)

We compute the rotational anisotropy of the free energy of α-RuCl3 in an external magnetic field. This quan-
tity, known as the magnetotropic susceptibility, k, relates to the second derivative of the free energy with respect
to the angle of rotation. We have used approximation-free, auxiliary-field quantum Monte Carlo simulations for a
realistic model of α-RuCl3 and optimized the path integral to alleviate the negative sign problem. This allows us
to reach temperatures down to 30 K—an energy scale below the dominant Kitaev coupling. We demonstrate that
the magnetotropic spin susceptibility in this model of α-RuCl3 displays scaling behavior k = T f (B/T ) at high
temperatures. Once the uniform susceptibility departs from the Curie law (i.e., at the energy scale of the exchange
interactions), it appears to transition to an emergent scalinglike behavior, characterized by a different function
f at lower temperatures, stemming from the locality of torque fluctuations. We observe a remarkable numerical
match between experiment and simulations and we also find qualitative agreement with the pure Kitaev model.
In comparison, for the XXZ Heisenberg Hamiltonian, the scaling k = T f (B/T ) breaks down at a temperature
scale where the uniform spin susceptibility deviates from the Curie law and never reemerges at low temperatures.
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Introduction. Quantum spin liquids are believed to harbor
exotic fractionalized excitations that defy the conventional
categories of fermions and bosons. The Kitaev model, origi-
nally proposed by Kitaev in 2006 [1], has served as a paradigm
in this context, offering an exact solution for a quantum spin
liquid state on the honeycomb lattice.

α-RuCl3 has emerged as a leading candidate for real-
izing the Kitaev spin liquid [2–4]. Numerous experiments
have probed its thermodynamic and dynamical properties
and have reached the conclusion that there is a large Kitaev
exchange interaction [5–15]. One intriguing observation is
the emergence of scale invariance at low temperatures and
in high magnetic fields [16]. The aim of this Letter is
to bridge this experimental observation in α-RuCl3 with
approximation-free finite temperature numerical simulations.
Using minimal models to describe α-RuCl3 we will see
that there is a domain of temperatures and magnetic fields
where numerics and experiments agree quantitatively. With
the numerical approach we can probe higher magnetic fields
than accessible in the laboratory, thereby suggesting the
presence of two separate scaling regimes, each associated
with a different scaling function. While the high tempera-
ture regime is generic to all spin models and emerges at
scales well above the magnetic exchange scale, the lower
scaling regime is characteristic of materials proximate to the
Kitaev model.

Minimal models for Kitaev materials. We consider first-
neighbor, Kitaev K1, and off-diagonal symmetric, "1, cou-
plings, as well as first-neighbor (third-neighbor) Heisenberg

couplings, J1 (J3), on the honeycomb lattice:

Ĥs =
∑

i∈A,γ

[
K1Ŝγ

i Ŝγ
i+δγ

+ "1

(
Ŝα

i Ŝβ
i+δγ

+ Ŝβ
i Ŝα

i+δγ

)]

+
∑

i∈A,δγ

J1Ŝi · Ŝi+δγ
+

∑

i∈A,δ′
γ

J3Ŝi · Ŝi+δ′
γ
. (1)

Here i runs over the A sublattice and i + δγ (i + δ′
γ ) over the

first (third) neighbors. For the first term (γ ,α,β ) = (1, 2, 3)
for the X bonds, (γ ,α,β ) = (2, 3, 1) for the Y bonds, and
(γ ,α,β ) = (3, 1, 2) for the Z bonds on each lattice site [see
Fig. 1(a)].

To study the magnetotropic susceptibility of α-RuCl3 un-
der high magnetic fields reported in Ref. [16], we add a
Zeeman term to produce the total Hamiltonian

Ĥ = Ĥs − µB

∑

i

B · ĝ · Ŝi, (2)

where the direction of the magnetic field in the cubic spin
basis corresponds to B||[xyz] [see Fig. 1(a)]. In Kitaev mate-
rials such as α-RuCl3, the [111] axis aligns with the c axis,
perpendicular to the honeycomb lattice, whereas the [112̄]
and [1̄10] axes correspond to the in-plane a and b axes,
respectively [see Fig. 1(a)]. We adopt the parametrization
B = B[sin(ϕ) sin(θ )ea + cos(ϕ) sin(θ )eb + cos(θ )ec], where
the unit vectors ea, eb, and ec point along the [112̄], [1̄10],
and [111] directions, respectively. ĝ = gα,α′

represents the
anisotropic g factor, which contains only diagonal entries
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This   contribution:   

Optimal  formulations   that  minimize
so as  to  reach  interesting  energy scales

Designer models that avoid the sign 
problem but retain aspects of the physics
one wishes to study.
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xy ĉy�s +

MVX

k=1

Uk

(
NcolX

�=1

NflX

s=1

" 
NdimX

x,y

ĉ
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Coupling of fermions  to bosonic fields with predefined dynamics

Kinetic

Ø Block diagonal in flavors,  Nfl 

Ø SU(Ncol) symmetric in colors  Ncol

Ø Arbitrary Bravais lattice  for d=1,2

Ø Model can be specified at minimal programming cost

Ø Fortran 2008 standard

Ø MPI implementation

Ø Global and local moves, Parallel tempering,  Langevin, HMC

Ø Projective and finite T  approaches

Ø pyALF: easy access python interface

Ø Predefined models

F. Goth       M. Bercx        J. Hoffmann  

Wissenschaftliche 
Literaturversorgungs
und Informationssysteme  (LIS)

ALF 1.0:   SciPost Phys. 3 (2017), 013     ALF 2.0  SciPost Phys. Codebases 1 (2022)

Lebenslauf Dr. (USP) Jefferson Portela

P E R S Ö N L I C H E  D AT E N                                                                                                          

Name Jefferson Stafusa Elias Portela

Anschrift Moskauer Ring 57
97084 Würzburg

Telefon +49 175 98 23332 (mobil)
Email stafusa@gmail.com

Geboren 05.10.1980, Curitiba - Brasilien
Familienstand verheiratet; drei Kinder
Staatsangehörigkeit deutsch und brasilianisch

B E R U F S E R F A H R U N G                                                                                                              

01/2017 – heute Forschungsaufenthalt als Gastprofessor
Julius-Maximilians-Universität Würzburg - Würzburg, Deutschland

- Forschung in Statistischer Physik (u.a. kritische Phänomene auf 
zufälligen Gittern) 

10/2014 – 10/2018 Professor Adjunto
(Einstiegsstufe bei staatl. Universitätsprofessuren auf Lebenszeit)
Universidade Tecnológica Federal do Paraná - Pato Branco, Brazil

- Grundstudiumsvorlesungen Physik (~12SWS)
- Betreuung von studentischen Forschungsarbeiten
- Forschung in Nichtlinearer Dynamik
- Ausschussarbeit (u.a. Internationalisierung von Abschlüssen und 

Inhalten, Überarbeitung der Studienpläne)

08/2011 – 02/2014 Gastwissenschaftler/Wissenschaftlicher Mitarbeiter
Competence Center High Performance Computing, Fraunhofer ITWM
- Kaiserslautern, Deutschland

- Entwicklung von Algorithmen zur automatischen Geräteerkennung in
Stromverbrauchsmessungen von Privathaushalten (im Rahmen eines 
Smart-Energy-Grid-Projektes)

10/2010 – 07/2011
(mehrere Aufenthalte 
von je 1-4 Wochen Dauer)

Gastwissenschaftler
Max-Planck-Institut für die Physik Komplexer Systeme (MPIPKS) - 
Dresden, Deutschland

- Forschung auf dem Gebiet offener dynamischer Systeme: numerische
Simulationen an einem offenen Kardioid-Billiard, Weiterentwicklung
theoretischer Modelle zu Austrittsraten und geometrischer 
Phasenraumeigenschaften

03/2008 – 10/2010
03/2014 – 09/2014

Karriere-Unterbrechung (wegen Umzügen und Elternzeit)
- Forschungsanträge, Deutschkurse, Elternzeit

J. S.E. Portela J.  Schwab

Z. Liu           E. Huffman A. Götz                         F.  Parisen Toldin

http://alf.physik.uni-wuerzburg.de/


Confronting the sign problem for  frustrated magnets

Phases with sign problem include:

Frustrated magnets 

PHYSICAL REVIEW B 104, L081106 (2021)
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Quantum Monte Carlo simulation of generalized Kitaev models
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Frustrated spin systems generically suffer from the negative sign problem inherent in Monte Carlo methods.
Since the severity of this problem is formulation dependent, optimization strategies can be put forward. We
introduce a phase pinning approach in the realm of the auxiliary field quantum Monte Carlo algorithm. If we can
find an antiunitary operator that commutes with the one-body Hamiltonian coupled to the auxiliary field, then the
phase of the action is pinned to 0 and π . For generalized Kitaev models, we can successfully apply this strategy
and observe a remarkable improvement of the average sign. We use this method to study the thermodynamical
and dynamical properties of the Kitaev-Heisenberg model down to temperatures corresponding to half of the
exchange coupling constant. Our dynamical data reveal finite temperature properties of ordered and spin-liquid
phases inherent in this model.

DOI: 10.1103/PhysRevB.104.L081106

Introduction. Local moment formation and spin-orbit en-
tanglement is at the origin of many fascinating states of matter
that are realized in various materials [1]. The family of lay-
ered iridates and α-RuCl3 are Mott insulators where strong
spin-orbit coupling leads to bond selective spin couplings on
an underlying honeycomb lattice [2–4]. This class of mate-
rials is believed to be proximate to the Kitaev spin liquid
characterized by emergent Majorana fermions and Z2 fluxes
[5]. In particular, α-RuCl3 exhibits zigzag spin ordering, but
proximity to the Kitaev spin liquid suggests that high energy
features of this material are described by Majorana fermions
[6,7]. These exotic particles will hence only show up in ther-
modynamical and dynamical properties in an intermediate
temperature range bounded by the ordering temperature and
the coherence scale of the Majorana fermions.

The aim of this Letter is to provide a quantum Monte
Carlo (QMC) algorithm that allows one to study a generalized
Kitaev model in a temperature range that overlaps with the
aforementioned energy scales. For concreteness, we consider

Ĥ =
∑

i, j,α,β

$
α,β
i, j Ŝα

i Ŝβ
j +

∑

i, j

Ji, j Ŝi · Ŝ j . (1)

Here, i, j run over sites of the honeycomb lattice and Ŝα
i is

a spin-1/2 degree of freedom. For i, j defining a nearest-
neighbor δ bond [see Fig. 1(a)] and $

α,β
δ = 2Kδα,βδδ,α , the

first term reduces to the Kitaev model [5]. Although re-
dundant, it is convenient for the simulations to include an
SU(2)-symmetric Heisenberg term with nonfrustrating ex-
change couplings Ji, j .

Hamiltonians of the form in Eq. (1) suffer from the neg-
ative sign problem such that no exact QMC simulations
have been carried out to date. Numerical research for this
class of Hamiltonians has made use of exact diagonalization
[3,8–13], functional renormalization group [14,15], density-

matrix renormalization group [16–18], the thermal pure
quantum state method [10,13], and the tensor network method
[17–20]. The negative sign problem in the QMC approach is
formulation dependent and hence can, in principle, be reduced
so as to reach relevant energy scales. In fact, this can be seen
as an optimization problem over the space of possible path
integral formulations [21,22]. Here, we adopt a symmetry
based strategy, that pins the phase of the action to 0 and π .
We will show that this strategy greatly reduces the severity
of the negative sign problem and that it opens a window of
temperatures where the QMC works efficiently and that is
relevant to experiments.

Phase pinning approach. The auxiliary field QMC
(AFQMC) algorithm [23–25] is based on a Hubbard-
Stratonovich decoupling of the interaction term. After this
step, the partition function can generically be written as

Z =
∫

d&(x, τ )e−S[&(x,τ )], (2)

with

S(&) = S0(&) − log Tr
[
T e−

∫ β

0 dτ
∑

x,y ĉ†
x hx,y (τ )ĉy

]
. (3)

Here, & corresponds to the Hubbard-Stratonovich field, ĉ†
x are

fermion operators, x runs over the single particle states, S0 is a
real bosonic action, and hx,y(τ ) is a & and τ dependent matrix.
The trace over the fermion degrees of freedom is generically
complex such that the phase Im S ∈ [0, 2π ]. The Monte Carlo
importance sampling of the field & is then carried out ac-
cording to weight |e−S(&)| and the average sign corresponds
to the reweighting factor ⟨sign⟩ =

∫
d&e−S(&)/

∫
d&|e−S(&)|.

Generically, the average sign scales as e−(βV with V the vol-
ume of the system and ( a formulation dependent constant.
Since the errors on the average sign have to be smaller than
the mean value, the computational cost required to resolve

2469-9950/2021/104(8)/L081106(5) L081106-1 ©2021 American Physical Society
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Scale-invariant magnetic anisotropy in α-RuCl3: A quantum Monte Carlo study
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We compute the rotational anisotropy of the free energy of α-RuCl3 in an external magnetic field. This quan-
tity, known as the magnetotropic susceptibility, k, relates to the second derivative of the free energy with respect
to the angle of rotation. We have used approximation-free, auxiliary-field quantum Monte Carlo simulations for a
realistic model of α-RuCl3 and optimized the path integral to alleviate the negative sign problem. This allows us
to reach temperatures down to 30 K—an energy scale below the dominant Kitaev coupling. We demonstrate that
the magnetotropic spin susceptibility in this model of α-RuCl3 displays scaling behavior k = T f (B/T ) at high
temperatures. Once the uniform susceptibility departs from the Curie law (i.e., at the energy scale of the exchange
interactions), it appears to transition to an emergent scalinglike behavior, characterized by a different function
f at lower temperatures, stemming from the locality of torque fluctuations. We observe a remarkable numerical
match between experiment and simulations and we also find qualitative agreement with the pure Kitaev model.
In comparison, for the XXZ Heisenberg Hamiltonian, the scaling k = T f (B/T ) breaks down at a temperature
scale where the uniform spin susceptibility deviates from the Curie law and never reemerges at low temperatures.

DOI: 10.1103/PhysRevB.110.L201114

Introduction. Quantum spin liquids are believed to harbor
exotic fractionalized excitations that defy the conventional
categories of fermions and bosons. The Kitaev model, origi-
nally proposed by Kitaev in 2006 [1], has served as a paradigm
in this context, offering an exact solution for a quantum spin
liquid state on the honeycomb lattice.

α-RuCl3 has emerged as a leading candidate for real-
izing the Kitaev spin liquid [2–4]. Numerous experiments
have probed its thermodynamic and dynamical properties
and have reached the conclusion that there is a large Kitaev
exchange interaction [5–15]. One intriguing observation is
the emergence of scale invariance at low temperatures and
in high magnetic fields [16]. The aim of this Letter is
to bridge this experimental observation in α-RuCl3 with
approximation-free finite temperature numerical simulations.
Using minimal models to describe α-RuCl3 we will see
that there is a domain of temperatures and magnetic fields
where numerics and experiments agree quantitatively. With
the numerical approach we can probe higher magnetic fields
than accessible in the laboratory, thereby suggesting the
presence of two separate scaling regimes, each associated
with a different scaling function. While the high tempera-
ture regime is generic to all spin models and emerges at
scales well above the magnetic exchange scale, the lower
scaling regime is characteristic of materials proximate to the
Kitaev model.

Minimal models for Kitaev materials. We consider first-
neighbor, Kitaev K1, and off-diagonal symmetric, "1, cou-
plings, as well as first-neighbor (third-neighbor) Heisenberg

couplings, J1 (J3), on the honeycomb lattice:

Ĥs =
∑

i∈A,γ

[
K1Ŝγ

i Ŝγ
i+δγ

+ "1

(
Ŝα

i Ŝβ
i+δγ

+ Ŝβ
i Ŝα

i+δγ

)]

+
∑

i∈A,δγ

J1Ŝi · Ŝi+δγ
+

∑

i∈A,δ′
γ

J3Ŝi · Ŝi+δ′
γ
. (1)

Here i runs over the A sublattice and i + δγ (i + δ′
γ ) over the

first (third) neighbors. For the first term (γ ,α,β ) = (1, 2, 3)
for the X bonds, (γ ,α,β ) = (2, 3, 1) for the Y bonds, and
(γ ,α,β ) = (3, 1, 2) for the Z bonds on each lattice site [see
Fig. 1(a)].

To study the magnetotropic susceptibility of α-RuCl3 un-
der high magnetic fields reported in Ref. [16], we add a
Zeeman term to produce the total Hamiltonian

Ĥ = Ĥs − µB

∑

i

B · ĝ · Ŝi, (2)

where the direction of the magnetic field in the cubic spin
basis corresponds to B||[xyz] [see Fig. 1(a)]. In Kitaev mate-
rials such as α-RuCl3, the [111] axis aligns with the c axis,
perpendicular to the honeycomb lattice, whereas the [112̄]
and [1̄10] axes correspond to the in-plane a and b axes,
respectively [see Fig. 1(a)]. We adopt the parametrization
B = B[sin(ϕ) sin(θ )ea + cos(ϕ) sin(θ )eb + cos(θ )ec], where
the unit vectors ea, eb, and ec point along the [112̄], [1̄10],
and [111] directions, respectively. ĝ = gα,α′

represents the
anisotropic g factor, which contains only diagonal entries
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2

greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian

ĤQMC =
∑

i,j,α,β

|Γα,β
i,j |
2

(

Ŝα
i +

Γα,β
i,j

|Γα,β
i,j |

Ŝβ
j

)2

−
∑

i,j

Ji,j
8

(

(

D̂†
i,j + D̂i,j

)2
+
(

iD̂†
i,j − iD̂i,j

)2
)

+U
∑

i

(

f̂
†
i f̂ i − 1

)2

, (4)

where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =

AFM KSL KSL AFMFMZZ SP
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian
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where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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ĤQMC

���
(�1)n̂i=�1
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian

ĤQMC =
∑
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where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑

i∈A,δ

Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian

ĤQMC =
∑

i,j,α,β
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, (4)

where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:

Ĥ = 2K
∑

i∈A,δ

Ŝδ
i Ŝ

δ
i+δ + J

∑
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
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where f̂
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see
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i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
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(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
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and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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For many models, no sign free formulations are know.
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by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
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= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
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comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
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unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
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2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian
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ity sector favored by the repulsive Hubbard interaction,
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:
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Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
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set the temperature to T = 1 in units of A.
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duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =
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unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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ĤQMC =
∑

i,j,α,β

|Γα,β
i,j |
2

(

Ŝα
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calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
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Case study.— For concreteness, we consider on each
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Fig. 1(a)) to obtain the Kitaev-Heisenberg model:
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set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this
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, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see
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and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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Confronting the sign problem for  frustrated magnets
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
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where f̂
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= 0 such that the f̂ -fermion par-

ity (−1)f̂
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i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,

ĤQMC

∣

∣

∣

(−1)f̂
†
i
f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ
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δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
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i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
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and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this
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Ŝβ
j

)2

−
∑

i,j

Ji,j
8

(

(

D̂†
i,j + D̂i,j

)2
+
(

iD̂†
i,j − iD̂i,j

)2
)

+U
∑

i

(

f̂
†
i f̂ i − 1

)2

, (4)

where D̂†
i,j = f̂

†
i f̂ j . It is important to note that

[

(

f̂
†
i f̂ i − 1

)2

, ĤQMC
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
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sign when the phase is pinned to 0,π. A crucial question
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Ŝi · Ŝi+δ. (5)

Here i runs over the A sublattice and i + δ with δ =

AFM KSL KSL AFMFMZZ SP

0 0.5 1 1.5 2
ϕ/π

X
Γ

Γ'M1

M3

(b)(a)

δ=1

(c)

δ=2δ=3

i

V=72 w/
V=18 w/o 
phase pinning

0

0.5

1

<
si

g
n
>

V=18 w/
V=32 w/ 

V=50 w/

M2

a1

a2

FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
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set the temperature to T = 1 in units of A.
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duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
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unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this
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= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
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The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see
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2KŜδ
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set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =
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unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-
comb lattice are subject to Heisenberg JŜi · Ŝi+δ and Kitaev
2KŜδ

i Ŝ
δ
i+δ exchange interactions. Here δ = 1(red), 2(green),

and 3(blue) runs over the there bonds, and a1 and a2 cor-
respond to the lattice vectors. (b) First (solid) and second
(dashed line) Brillouin zones. (c) Average sign ⟨sign⟩ as a
function of V for various angles ϕ. The figure includes the
ground-state phase diagram with antiferromagnetic (AFM),
Kitaev spin liquid (KSL), zig-zag (ZZ), ferromagnetic (FM),
and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.

(1, 2, 3) over the nearest neighbors. The first term re-
duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =

√
K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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greatly enhanced the class of sign free model Hamilto-
nians [25–31] that one can simulate with the AFQMC.
For many models, no sign free formulations are know.
The question then arises: how should optimize the sign
by minimizing ∆? We will follow the idea that reducing
the fluctuations of ImS will reduce the severity of the
sign problem. In particular if we can design a formula-
tion of the path integral such that there exits a single
anti-unitary operator that commutes with h(τ) then the
phase is pinned to ImS = 0,π. A proof of this state-
ment is given in the Supplemental Material. Note that
for the doped Hubbard model where formulations can be
found with ImS = 0,π, many interesting high tempera-
ture properties have been studied [32, 33].
The generalized Kitaev model of Eq. (1) falls into this

category. The first step is to adopt a fermion represen-

tation of the spin-1/2 degree of freedom: Ŝ = 1
2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian
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(
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= 0 such that the f̂ -fermion par-
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constraint is very efficiently imposed. In the odd par-
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∣
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†
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f̂
i =−1

= Ĥ + C where C is a constant.

The perfect squares can be decomposed with a stan-
dard Hubbard-Stratonovich decomposition. Since the
Ji,j couplings are non-frustrating, we can find a set
of Ising spins, si = ±1, such that Ji,jsisj < 0 for
all bonds with |Ji,j | ̸= 0. One will then show that
for each Hubbard-Stratonovich configuration, the single
body propagator commutes with the anti-unitary trans-
formation: T̂αf̂ †

i,σT̂
−1 = αsif̂i,σ. The details of the

calculation is presented in the Supplemental Material.
Thereby, in this formulation, the phase is pinned to
ImS = 0,π.
Case study.— For concreteness, we consider on each

δ-bond, Γα,β
δ = 2Kδα,βδδ,α and Jδ = J in Eq. (1) (see

Fig. 1(a)) to obtain the Kitaev-Heisenberg model:
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set the temperature to T = 1 in units of A.
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duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =
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K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
the overlap with temperature range where experimental
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2 f̂

†
σ̂f̂

where f̂
†
≡ (f̂ †

↑ , f̂
†
↓) is a two-component fermion with

constraint f̂
†
f̂ = 1. We then consider the Hamiltonian
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, ĤQMC

]

= 0 such that the f̂ -fermion par-

ity (−1)f̂
†

i f̂i is a local conserved quantity and that the
constraint is very efficiently imposed. In the odd par-
ity sector favored by the repulsive Hubbard interaction,
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and stripy (SP) phases, as proposed in Ref. [3]. Here we have
set the temperature to T = 1 in units of A.
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duces to the Kitaev model [5]. At K = 0 the SU(2)
spin symmetry of the Heisenberg model allows for sign
free AFQMC simulations (see Supplemental Material).
At any finite values of K this symmetry is reduced to
a Z2 one in which Si → −Si and no sign free formula-
tion is known. We used the ALF (Algorithms for Lattice
Fermions) implementation [21] of the well-established
finite-temperature AFQMC method [19, 34] and adopt
the parametrization K = Asin(ϕ), J = Acos(ϕ), with
A =
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K2 + J2. Henceforth, we use A = 1 as the energy

unit. Figure 1(c) plots the average sign as a function of
the angle ϕ with and without the phase pinning strategy.
One observes a remarkable improvement of the average
sign when the phase is pinned to 0,π. A crucial question
is if we can reach experimental relevant energy scales
for Kitaev materials. Typical energy scales such as the
charge gap ∆c [35] and the magnitude of the exchange
interactions [9, 13] read, (∆c, A) ∼ (0.35 eV, 9 meV)
for Na2IrO3 and (∆c, A) ∼ (1.1 − 1.9 eV, 4 meV) for
α-RuCl3. As we will show below, for model parame-
ters corresponding to the zig-zag spin ordering observed
in α-RuCl3 we can reach temperature scales 2.6 times
lower than the exchange coupling, that is, 18K. Hence
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1/χ at different values of ϕ/π . The dashed line indicates the Curie’s
law considered here.

results can be interpreted in terms of Majorana fermions,
T ∈ [10, 100] K, is substantial [6,7]. Henceforth, we will con-
sider a V = 32 lattice, which is beyond the accessible lattice
size in exact diagonalization calculations (i.e., V = 24 lattice)
[3,8–13]. As for the Trotter discretization we have used a
range of $τ ∈ [0.01, 0.1] depending upon the temperature.
For this range of $τ the systematic error is contained within
our error bars. Values of βU = 10 were found to be sufficient
to guarantee projection to the odd parity sector.

The ground-state phase diagram as a function of the angle
ϕ presented in Ref. [3] [see Fig. 1(c)] reflects the com-
petition between the isotropic Heisenberg exchange J and
the Kitaev-type bond-directional exchange K , and leads to
antiferromagnetic (AFM), Kitaev spin-liquid (KSL), zigzag,
ferromagnetic (FM), and stripy phases. To study temperature
effects as a function of ϕ, we measure the spin susceptibility,

χα (q) =
∫ β

0
dτ

〈
Ô

α

q (τ )Ô
α

−q(0)
〉
, (6)

where Ô
α

q = 1√
V

∑
r eiq·r(Ŝα

r,A + Ŝα
r,BeiqR). Here, r runs over

the A sublattice (or unit cell) and R = 2/3(a2 − a1/2).
The uniform spin susceptibility reads χ =

1
3

∑
α χα (q = !) and Fig. 2 plots 1/χ for various angles

ϕ down to the lowest accessible temperature. In the absence
of a sign problem at ϕ/π = 0 and 1 we can access arbitrarily
low temperatures. For all values of the angle ϕ, χ shows a
Curie law at high temperatures. The deviation from this law
marks an energy scale that allows for different interpretations.
One possibility is the onset of local spin correlations. In
particular, in the FM case, ϕ/π = 1, where ! corresponds to
the ordering wave vector, χ grows and ultimately diverges
at low temperatures. In contrast, in the AFM case, ϕ/π = 0,
local antiferromagnetic correlations lead to a suppression
of χ with respect the high temperature Curie law. At low
temperatures χ scales to a constant reflecting Goldstone
modes. At angles close to the Kitaev phases, the departure
from the Curie law calls for different interpretations. One
possibility is that frustration effects lower the temperature
scale at which local magnetic correlations develop. Other
interpretations, put forward in Ref. [6], argued in terms of
itinerant Majorana fermions akin to the Kitaev model [5].

We can confirm the above by computing real-space spin-
spin correlations in the zigzag, stripy, and Kitaev phases
at temperature scales where χ departs from the Curie law.
The zigzag phase is characterized by antiferromagnerically

FIG. 3. Real-space spin-spin correlations ⟨Ŝ1
r Ŝ1

0⟩ (top panel) and
momentum resolved spin susceptibility χ (q) = 1

3

∑
α χα (q) (bottom

panel) in the first (solid) and second (dashed line) Brillouin zones
[see Fig. 1(b)]. (a), (b) ϕ/π = 0.8 (T = 1/2.6); (c), (d) ϕ/π = 1.7
(T = 1/1.9); (e), (f) ϕ/π = 0.5 (T = 1/1.6); and (g), (h) ϕ/π = 1.5
(T = 1/1.6).

ordered, ferromagnetic zigzag rows of spins. This ordering
is apparent in ⟨Ŝ1

r Ŝ1
0⟩ shown in Fig. 3(a). The stripy phase

is characterized by antiferromagnerically ordered, ferromag-
netic lines of spins. This ordering is apparent in Fig. 3(c).
On the other hand, in the antiferromagnetic [Fig. 3(e)]
and ferromagnetic [Fig. 3(g)] Kitaev phases, real-space spin
correlations are limited to the nearest neighbors. Figure 3
equally plots the momentum resolved spin susceptibility,
χ (q) = 1

3

∑
α χα (q). As apparent, the zigzag [Fig. 3(b)] and

stripy [Fig. 3(d)] phases are characterized by distinct precur-
sors of Bragg peaks. On the other hand, in the Kitaev limit
only broad features are apparent around the ! (!′) point for
the FM (AFM) case.

We now turn our attention to the evolution of the dy-
namical spin structure factor as a function of angle ϕ and
temperature. Such calculations are of experimental relevance
for the modeling of recent inelastic neutron scattering mea-
surements [6,7,41]. This quantity is defined as C(q,ω) =
Im χ (q,ω)/(1 − e−βω ) with

χ (q,ω) = i
3

∑

γ

∫ ∞

0
dt eiωt 〈[Ôγ

q , Ô
γ

−q(−t )
]〉
. (7)

We compute this quantity using the stochastic analytical con-
tinuation method [42] taking into account the the covariance
matrix. In the high temperature limit where we observe a
Curie law of the susceptibility (T > 10), we expect C(q,ω)
to show no momentum dependence, and spectral weight
centered around ω ∼ 0. Data at T = 10 are shown in the
Supplemental Material [36]. At T = 1/1.6, Fig. 4 shows that
the angle dependence of C(q,ω) is pronounced and that the
distinct features of the ordered and disordered phases are
apparent. For the KSL at ϕ/π = 0.5, we see intensity located
along the M1–M3 line as well as around the X point. In
contrast, strong intensity around the ! point is apparent in
the FM case (ϕ/π = 1.5). Similar behavior has been reported
for the Kitaev model [43] below a temperature scale related
the coherence scale of the Majorana fermions [44]. In the
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Confronting the sign problem for  frustrated magnets

Magnetotropic coe�cient measurement in generalized Kitaev models
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FIG. 1. (a) Spin 1/2 degrees of freedom, Ŝi, on the honey-

comb lattice are subject to J1, J3, K, and � exchange inter-

actions. Here X(blue), Y (green), and Z(red) runs over the

there bonds, and a1 and a2 correspond to the lattice vectors.

(b)Directions of the external magnetic field in spin space rel-

evant to experiments under the external magnetic field.

I. MODEL HAMILTONIAN

Ĥ =

X

hi,ji

[KŜ
�
i Ŝ

�
j + �(Ŝ

↵
i Ŝ

�
j + Ŝ

↵
i Ŝ

�
j )]

+

X

hi,ji

J1Ŝi · Ŝj +

X

hhhi,jiii

J3Ŝi · Ŝj

+ µB

X

i

B · ĝ · Ŝi, (1)

where i, j run over sites of the honeycomb lattice and Ŝ
↵
i

is a spin 1/2 degree of freedom. Here (�,↵,�) = (x, y, z)

for theX bonds, (�,↵,�) = (y, z, x) for the Y bonds, and

(�,↵,�) = (z, x, y) for the Z bonds shown in Fig. 1(a).

A. Model parameters in ↵-RuCl3

We here consider the model parameters in S. M. Winter

et. al,. Nature Commun. 8,1152 (2017):

(J1, J3,K,�) = (�0.5, 0.5,�5.0, 2.5) [meV], (2)

and

ĝ = (ga, gb, gc) = (2.3, 2.3, 1.3), (3)

where a, b, and c
⇤
are axes of the external magnetic field

relevant to experiments for ↵-RuCl3 shown in Fig. 1(b).
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FIG. 2. Temperature dependence of uniform spin suscepti-

bilities � in the absence of the external magnetic field. Here

V = 32 lattice. Solid red line indicates the Curie’s law con-

sidered here.
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Here V = 32 lattice.

II. RESULTS

A. In the absence of the magnetic field B = 0
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The Kitaev model1 has directed the search for quantum spin 
liquids toward honeycomb networks of transition-metal ions 
where the exchange interaction is mediated via edge-shared 

octahedra2–11. These systems have spin-anisotropic exchange inter-
actions12–15, and consequently may host a spin liquid ground state. 
The recent discovery of fractionalized excitations in RuCl3 has pro-
vided compelling evidence that the Kitaev model can be studied in 
a real system3,6–8.

Kitaev’s model has only one intrinsic energy scale—the spin- 
anisotropic exchange interaction JK. Therefore, in the pure Kitaev 
model, we should not expect significant changes in its behaviour 
until the temperature is of the order of the exchange-interaction 
energy. In RuCl3, the continuum of excitations observed in Raman 
and neutron scattering experiments survives up to a tempera-
ture scale that is comparable to JK ~ 100 K (refs. 6–8,16). However, it 
is known that the exchange interactions in RuCl3 are not purely 
Kitaev-like. Indeed, all candidate materials ((Na,Li)2IrO3 and RuCl3) 
are prone to antiferromagnetic (AFM) order in the low-field and 
low-temperature part of the phase diagram14,17–19. At temperatures 
and magnetic fields well below the exchange-interaction energy 
scale, these ordered magnetic states are easily suppressed14,16,20–24, 
and recent studies have explored the possibility of a Kitaev-like spin 
liquid at magnetic fields beyond the suppressed AFM state25–27. This 
calls for studies of these systems over a broad range of temperature 
and magnetic field where the underlying Hamiltonian can be stud-
ied directly, in the absence of magnetic order.

We use resonant torsion magnetometry to study the mag-
netic anisotropy of RuCl3

28–30. This technique measures the mag-
netotropic coefficient k = ∂2F/∂θ2, where F is the free energy of  
the sample and θ is the angle of rotation of the magnetic field.  

The magnetotropic coefficient represents a material’s magnetic 
‘rigidity’ with respect to rotation in a magnetic field. It is detected 
as a shift in the natural frequency of a freely suspended cantilever 
on which the sample is mounted30. RuCl3 orders antiferromagneti-
cally below TN ≈ 7 K (ref. 22). However, multiple magnetic transi-
tions were observed in the vicinity of the AFM phase boundary, 
which were shown to be due to additional domains of AB stacking 
or multiple monoclinic domains16,21,22. The high sensitivity of our 
technique to magnetic anisotropy allows us to overcome the pro-
pensity for multiple domains in large samples by measuring ~10–
100-ng crystals of RuCl3 (roughly 105 times smaller than those used 
in other techniques).

We first map out the AFM phase boundary to identify the field 
orientation where the unordered state can be accessed over the 
broadest field range. Fig. 1 shows the magnetic field evolution of 
the magnetotropic coefficient of RuCl3 at 1.3 K. A sharp jump in 
the magnetotropic coefficient identifies the anisotropic bound-
ary of the AFM phase in the magnetic field magnitude, field 
orientation and temperature phase space. This jump, in both mag-
netic field scans (Fig. 1a) and crystal rotation scans (see below), 
is always down upon entry into the ordered state as required for 
thermodynamic coefficients by Le Chatelier’s principle30,31 (see 
Supplementary Section I for more details). Figure 1c shows a sche-
matic mapping of the AFM phase boundary constructed from 
additional data taken at multiple temperatures (Supplementary 
Section VIII). The AFM transition field Bc reaches a minimum of 
≈10 T when the field is applied in the honeycomb plane (θ ≈ 81° in 
Fig. 1). While 10 T is slightly higher than previously reported, the 
T(B) phase boundary has precisely the same qualitative shape as 
reported in the literature at this angle3,4,20,21. As the magnetic field 
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The Kitaev model1 has directed the search for quantum spin 
liquids toward honeycomb networks of transition-metal ions 
where the exchange interaction is mediated via edge-shared 

octahedra2–11. These systems have spin-anisotropic exchange inter-
actions12–15, and consequently may host a spin liquid ground state. 
The recent discovery of fractionalized excitations in RuCl3 has pro-
vided compelling evidence that the Kitaev model can be studied in 
a real system3,6–8.

Kitaev’s model has only one intrinsic energy scale—the spin- 
anisotropic exchange interaction JK. Therefore, in the pure Kitaev 
model, we should not expect significant changes in its behaviour 
until the temperature is of the order of the exchange-interaction 
energy. In RuCl3, the continuum of excitations observed in Raman 
and neutron scattering experiments survives up to a tempera-
ture scale that is comparable to JK ~ 100 K (refs. 6–8,16). However, it 
is known that the exchange interactions in RuCl3 are not purely 
Kitaev-like. Indeed, all candidate materials ((Na,Li)2IrO3 and RuCl3) 
are prone to antiferromagnetic (AFM) order in the low-field and 
low-temperature part of the phase diagram14,17–19. At temperatures 
and magnetic fields well below the exchange-interaction energy 
scale, these ordered magnetic states are easily suppressed14,16,20–24, 
and recent studies have explored the possibility of a Kitaev-like spin 
liquid at magnetic fields beyond the suppressed AFM state25–27. This 
calls for studies of these systems over a broad range of temperature 
and magnetic field where the underlying Hamiltonian can be stud-
ied directly, in the absence of magnetic order.

We use resonant torsion magnetometry to study the mag-
netic anisotropy of RuCl3

28–30. This technique measures the mag-
netotropic coefficient k = ∂2F/∂θ2, where F is the free energy of  
the sample and θ is the angle of rotation of the magnetic field.  

The magnetotropic coefficient represents a material’s magnetic 
‘rigidity’ with respect to rotation in a magnetic field. It is detected 
as a shift in the natural frequency of a freely suspended cantilever 
on which the sample is mounted30. RuCl3 orders antiferromagneti-
cally below TN ≈ 7 K (ref. 22). However, multiple magnetic transi-
tions were observed in the vicinity of the AFM phase boundary, 
which were shown to be due to additional domains of AB stacking 
or multiple monoclinic domains16,21,22. The high sensitivity of our 
technique to magnetic anisotropy allows us to overcome the pro-
pensity for multiple domains in large samples by measuring ~10–
100-ng crystals of RuCl3 (roughly 105 times smaller than those used 
in other techniques).

We first map out the AFM phase boundary to identify the field 
orientation where the unordered state can be accessed over the 
broadest field range. Fig. 1 shows the magnetic field evolution of 
the magnetotropic coefficient of RuCl3 at 1.3 K. A sharp jump in 
the magnetotropic coefficient identifies the anisotropic bound-
ary of the AFM phase in the magnetic field magnitude, field 
orientation and temperature phase space. This jump, in both mag-
netic field scans (Fig. 1a) and crystal rotation scans (see below), 
is always down upon entry into the ordered state as required for 
thermodynamic coefficients by Le Chatelier’s principle30,31 (see 
Supplementary Section I for more details). Figure 1c shows a sche-
matic mapping of the AFM phase boundary constructed from 
additional data taken at multiple temperatures (Supplementary 
Section VIII). The AFM transition field Bc reaches a minimum of 
≈10 T when the field is applied in the honeycomb plane (θ ≈ 81° in 
Fig. 1). While 10 T is slightly higher than previously reported, the 
T(B) phase boundary has precisely the same qualitative shape as 
reported in the literature at this angle3,4,20,21. As the magnetic field 
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FIG. 2. (a) The magnetotropic susceptibility per Ru atom of
α-RuCl3 normalized by temperature k/T versus magnetic field nor-
malized by temperature B/T . Both k and T are given in energy units
for the vertical axis, making k/T a dimensionless quantity. T is in
kelvin for the lower axis. Left panel (a) shows the experimental data
from [16] and right panel shows our QMC calculations using the
model parameters described in the text. The applied magnetic field
is oriented close to the a-b plane. The collapse of blue curves in
both the experimental data and the calculated magnetotropic sus-
ceptibility appear to show scaling behavior in the temperature range
T ∈ [20, 70] K. Above this temperature, the experimental data devi-
ates toward the paramagnetic scaling (red curves) observed at high
temperatures in the QMC calculations. Limited field range at these
temperatures prevents experimental access to the high-temperature
scaling regime. (b) Same as (a) for varying magnetic field directions
in the QMC calculations.

quantitatively reproduces this behavior below the magnetic
exchange scale. Furthermore, our numerical results suggest
that as the temperature increases, there is a departure from
the low-temperature behavior, and we then observe a more
well-defined scaling behavior at high temperatures. The ex-
perimental data shows the departure from the low-temperature
scalinglike behavior, but higher magnetic fields are required to
reach the high-temperature, paramagnetic scaling. Moreover,
for the other magnetic field directions in the QMC data, for
instance, along the c direction [the left panel of Fig. 2(b)] and
the b direction [the right panel of Fig. 2(b)], the observed be-
havior remains consistent at both high and low temperatures.

Scaling behavior of the form k = T f (B/T ) is satisfied for
independent local moments for any anisotropic g-factor (see
the Supplemental Material [29]). This is expected for any spin
system when the temperature exceeds the magnetic exchange
energy and the scaling is expected to break down below this

energy scale. However, the case of α-RuCl3 reveals a more
complex scenario. Our QMC data show two behaviors: scaling
that is characteristic of a free spin at high temperatures, and
an emergent behavior at low temperatures.

To underline the uniqueness of the low-temperature behav-
ior of the magnetotropic susceptibility observed in α-RuCl3,
we now compare our findings with other models. Let us start
with the pure Kitaev Hamiltonian, as obtained by setting
"1 = J1 = J3 = 0 in Eq. (1) and using the same magnetic
field orientation as in Fig. 2(a) [see Figs. 3(a) and 3(b)]. It
is remarkable to see that we observe the very same behavior:
a well-defined scaling at high temperatures and an emergent
low-temperature one, albeit with different numerical values.
The temperature at which we observe the crossover between
the high and low temperature behavior matches the one at
which the uniform spin susceptibility departs from the Curie
law. This result confirms the notion that α-RuCl3 is proximate
to the Kitaev model, and that the low temperature behavior is
a distinct property of the Kitaev model.

We now concentrate on a nonfrustrated spin model. To
this end we consider for the XXZ model on the honey-
comb lattice, Ĥs =

∑
⟨i, j⟩ J[Ŝx

i · Ŝx
j + Ŝy

i · Ŝy
j ] + [J + Jz]Ŝz

i Ŝz
j ,

and present QMC results for Jz/J = −0.5 in Fig. 3. As the
temperature decreases, the uniform spin susceptibility χ de-
viates from the high-temperature Curie law [see Fig. 3(c)].
In the ferromagnetic case, J = −1, χ grows and ultimately
diverges at low temperatures. As is apparent from the data
in Fig. 3(d), our numerical results for the magnetotropic sus-
ceptibility confirm the high-temperature scaling behavior: all

FIG. 3. T dependence of the uniform spin susceptibilities χ (left
panels) and the magnetotropic susceptibility normalized by tempera-
ture k/T versus magnetic field normalized by temperature B/T (right
panels). (a), (b) The Kitaev model with "1 = J1 = J3 = 0 in our
model for α-RuCl3, and (c), (d) the nonfrustrated spin model on the
honeycomb lattice with (J, Jz ) = (−1, 0.5) and V = 72 considered
the out-of-plane magnetic-field direction (see the main text). The
dashed line represents a fit to Curie’s law at high temperatures.
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Debye  temperature   ~ 200K          Magnetic  energy  scale   ~ 100K 
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Ĥ =
X

b=[i2A,�]

P̂
2
b

2m
+

k

2
Q̂b + 2K(1 + Q̂b)Ŝ
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Next  steps?

Coupling  to  phonons  does   not  lead
to a more  severe   sign  problem!  

Kitaev-Heisenberg Model and Kitaev Materials

Moving away the Kitaev point, the sign problem becomes milder 

            proposed to be a Kitaev material [1] 

Recent QMC calculations for            allow us to reach temperatures of the 
order of           [2] 

8
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We  can  simulate models of Kitaev materials   down  to  

experimentally    relevant  energy scales.  

Tool to  determine model  parameters.

Coupling to phonons does not   render  the  sign  problem more  severe.

There may be  room for improvement:                         gauge variables.  
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Confronting the sign problem for  frustrated magnets

Phases with sign problem include:

Frustrated magnets 
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Frustrated spin systems generically suffer from the negative sign problem inherent in Monte Carlo methods.
Since the severity of this problem is formulation dependent, optimization strategies can be put forward. We
introduce a phase pinning approach in the realm of the auxiliary field quantum Monte Carlo algorithm. If we can
find an antiunitary operator that commutes with the one-body Hamiltonian coupled to the auxiliary field, then the
phase of the action is pinned to 0 and π . For generalized Kitaev models, we can successfully apply this strategy
and observe a remarkable improvement of the average sign. We use this method to study the thermodynamical
and dynamical properties of the Kitaev-Heisenberg model down to temperatures corresponding to half of the
exchange coupling constant. Our dynamical data reveal finite temperature properties of ordered and spin-liquid
phases inherent in this model.

DOI: 10.1103/PhysRevB.104.L081106

Introduction. Local moment formation and spin-orbit en-
tanglement is at the origin of many fascinating states of matter
that are realized in various materials [1]. The family of lay-
ered iridates and α-RuCl3 are Mott insulators where strong
spin-orbit coupling leads to bond selective spin couplings on
an underlying honeycomb lattice [2–4]. This class of mate-
rials is believed to be proximate to the Kitaev spin liquid
characterized by emergent Majorana fermions and Z2 fluxes
[5]. In particular, α-RuCl3 exhibits zigzag spin ordering, but
proximity to the Kitaev spin liquid suggests that high energy
features of this material are described by Majorana fermions
[6,7]. These exotic particles will hence only show up in ther-
modynamical and dynamical properties in an intermediate
temperature range bounded by the ordering temperature and
the coherence scale of the Majorana fermions.

The aim of this Letter is to provide a quantum Monte
Carlo (QMC) algorithm that allows one to study a generalized
Kitaev model in a temperature range that overlaps with the
aforementioned energy scales. For concreteness, we consider

Ĥ =
∑

i, j,α,β

$
α,β
i, j Ŝα

i Ŝβ
j +

∑

i, j

Ji, j Ŝi · Ŝ j . (1)

Here, i, j run over sites of the honeycomb lattice and Ŝα
i is

a spin-1/2 degree of freedom. For i, j defining a nearest-
neighbor δ bond [see Fig. 1(a)] and $

α,β
δ = 2Kδα,βδδ,α , the

first term reduces to the Kitaev model [5]. Although re-
dundant, it is convenient for the simulations to include an
SU(2)-symmetric Heisenberg term with nonfrustrating ex-
change couplings Ji, j .

Hamiltonians of the form in Eq. (1) suffer from the neg-
ative sign problem such that no exact QMC simulations
have been carried out to date. Numerical research for this
class of Hamiltonians has made use of exact diagonalization
[3,8–13], functional renormalization group [14,15], density-

matrix renormalization group [16–18], the thermal pure
quantum state method [10,13], and the tensor network method
[17–20]. The negative sign problem in the QMC approach is
formulation dependent and hence can, in principle, be reduced
so as to reach relevant energy scales. In fact, this can be seen
as an optimization problem over the space of possible path
integral formulations [21,22]. Here, we adopt a symmetry
based strategy, that pins the phase of the action to 0 and π .
We will show that this strategy greatly reduces the severity
of the negative sign problem and that it opens a window of
temperatures where the QMC works efficiently and that is
relevant to experiments.

Phase pinning approach. The auxiliary field QMC
(AFQMC) algorithm [23–25] is based on a Hubbard-
Stratonovich decoupling of the interaction term. After this
step, the partition function can generically be written as

Z =
∫

d&(x, τ )e−S[&(x,τ )], (2)

with

S(&) = S0(&) − log Tr
[
T e−

∫ β

0 dτ
∑

x,y ĉ†
x hx,y (τ )ĉy

]
. (3)

Here, & corresponds to the Hubbard-Stratonovich field, ĉ†
x are

fermion operators, x runs over the single particle states, S0 is a
real bosonic action, and hx,y(τ ) is a & and τ dependent matrix.
The trace over the fermion degrees of freedom is generically
complex such that the phase Im S ∈ [0, 2π ]. The Monte Carlo
importance sampling of the field & is then carried out ac-
cording to weight |e−S(&)| and the average sign corresponds
to the reweighting factor ⟨sign⟩ =

∫
d&e−S(&)/

∫
d&|e−S(&)|.

Generically, the average sign scales as e−(βV with V the vol-
ume of the system and ( a formulation dependent constant.
Since the errors on the average sign have to be smaller than
the mean value, the computational cost required to resolve
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We compute the rotational anisotropy of the free energy of α-RuCl3 in an external magnetic field. This quan-
tity, known as the magnetotropic susceptibility, k, relates to the second derivative of the free energy with respect
to the angle of rotation. We have used approximation-free, auxiliary-field quantum Monte Carlo simulations for a
realistic model of α-RuCl3 and optimized the path integral to alleviate the negative sign problem. This allows us
to reach temperatures down to 30 K—an energy scale below the dominant Kitaev coupling. We demonstrate that
the magnetotropic spin susceptibility in this model of α-RuCl3 displays scaling behavior k = T f (B/T ) at high
temperatures. Once the uniform susceptibility departs from the Curie law (i.e., at the energy scale of the exchange
interactions), it appears to transition to an emergent scalinglike behavior, characterized by a different function
f at lower temperatures, stemming from the locality of torque fluctuations. We observe a remarkable numerical
match between experiment and simulations and we also find qualitative agreement with the pure Kitaev model.
In comparison, for the XXZ Heisenberg Hamiltonian, the scaling k = T f (B/T ) breaks down at a temperature
scale where the uniform spin susceptibility deviates from the Curie law and never reemerges at low temperatures.

DOI: 10.1103/PhysRevB.110.L201114

Introduction. Quantum spin liquids are believed to harbor
exotic fractionalized excitations that defy the conventional
categories of fermions and bosons. The Kitaev model, origi-
nally proposed by Kitaev in 2006 [1], has served as a paradigm
in this context, offering an exact solution for a quantum spin
liquid state on the honeycomb lattice.

α-RuCl3 has emerged as a leading candidate for real-
izing the Kitaev spin liquid [2–4]. Numerous experiments
have probed its thermodynamic and dynamical properties
and have reached the conclusion that there is a large Kitaev
exchange interaction [5–15]. One intriguing observation is
the emergence of scale invariance at low temperatures and
in high magnetic fields [16]. The aim of this Letter is
to bridge this experimental observation in α-RuCl3 with
approximation-free finite temperature numerical simulations.
Using minimal models to describe α-RuCl3 we will see
that there is a domain of temperatures and magnetic fields
where numerics and experiments agree quantitatively. With
the numerical approach we can probe higher magnetic fields
than accessible in the laboratory, thereby suggesting the
presence of two separate scaling regimes, each associated
with a different scaling function. While the high tempera-
ture regime is generic to all spin models and emerges at
scales well above the magnetic exchange scale, the lower
scaling regime is characteristic of materials proximate to the
Kitaev model.

Minimal models for Kitaev materials. We consider first-
neighbor, Kitaev K1, and off-diagonal symmetric, "1, cou-
plings, as well as first-neighbor (third-neighbor) Heisenberg

couplings, J1 (J3), on the honeycomb lattice:

Ĥs =
∑

i∈A,γ

[
K1Ŝγ

i Ŝγ
i+δγ

+ "1

(
Ŝα

i Ŝβ
i+δγ

+ Ŝβ
i Ŝα

i+δγ

)]

+
∑

i∈A,δγ

J1Ŝi · Ŝi+δγ
+

∑

i∈A,δ′
γ

J3Ŝi · Ŝi+δ′
γ
. (1)

Here i runs over the A sublattice and i + δγ (i + δ′
γ ) over the

first (third) neighbors. For the first term (γ ,α,β ) = (1, 2, 3)
for the X bonds, (γ ,α,β ) = (2, 3, 1) for the Y bonds, and
(γ ,α,β ) = (3, 1, 2) for the Z bonds on each lattice site [see
Fig. 1(a)].

To study the magnetotropic susceptibility of α-RuCl3 un-
der high magnetic fields reported in Ref. [16], we add a
Zeeman term to produce the total Hamiltonian

Ĥ = Ĥs − µB

∑

i

B · ĝ · Ŝi, (2)

where the direction of the magnetic field in the cubic spin
basis corresponds to B||[xyz] [see Fig. 1(a)]. In Kitaev mate-
rials such as α-RuCl3, the [111] axis aligns with the c axis,
perpendicular to the honeycomb lattice, whereas the [112̄]
and [1̄10] axes correspond to the in-plane a and b axes,
respectively [see Fig. 1(a)]. We adopt the parametrization
B = B[sin(ϕ) sin(θ )ea + cos(ϕ) sin(θ )eb + cos(θ )ec], where
the unit vectors ea, eb, and ec point along the [112̄], [1̄10],
and [111] directions, respectively. ĝ = gα,α′

represents the
anisotropic g factor, which contains only diagonal entries
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Local moments in metallic environments



Local moments in metals

A local moment is generated by  a repulsive Hubbard term that localizes a single 

electron without breaking spin rotational symmetry:

Particle-hole  symmetry is required  to avoid the negative  sign  problem. For a  

dense   number  of  local moments  this invariably leads to an antiferromagnetic 

instability   and  an insulating state. 
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Ĥ = �t

X

hi,ji

(ĉ†i ĉj + h.c) +
Jk

2

X

r

ĉ†r�ĉr · Ŝr + Jh

X

hr,r0i

Ŝr · Ŝr0

2

II. MODEL

We propose a model of a Kondo heterostructure in which
a layer of magnetic impurities is embedded in a three-
dimensional metal as depicted in Fig. 1(a). The metallic envi-
ronment is modeled by a tight-binding Hamiltonian on a cubic
lattice of linear length ! and with translation invariance in the
G, H, and I directions. For the magnetic layer, we employ a
Heisenberg model with exchange �H on a square lattice with the
same lattice constant as that of the three-dimensional cubic lat-
tice. The two subsystems are coupled via a Kondo interaction
�K. Specifically, the Hamiltonian for this Kondo-lattice-model
heterostructure (KLM-hetero) is defined as

�̂KLM-hetero = �̂Fermi + �̂Heisenberg + �̂Kondo. (1)

Here,

�̂Heisenberg = �H

’
hi, j i

Ŷ
5

i · Ŷ
5

j (2)

describes antiferromagnetic spin-1/2 Heisenberg interactions
on nearest-neighbor bonds hi, ji of the square lattice. The
Hamiltonian of the three-dimensional metal reads

�̂Fermi = �C

’
h(i,'I ) , ( j ,'0

I )i,f

⇣
2̂
†

i,'I ,f
2̂ j ,'0

I ,f
+ h.c.

⌘

=
’

k2 ,:I ,f

nk2 ,:I 2̂
†

k2 ,:I ,f
2̂k2 ,:I ,f

. (3)

Here, 2̂†i,'I ,f
creates an electron with I-component of spin

f in a Wannier state centered around the lattice site (i, 'I)

of the cubic lattice, and hopping on nearest-neighbor bonds⌦
(i, 'I), ( j , '0

I
)
↵

in all three directions.
We use periodic boundary conditions, and define Bloch

states,

2̂
†

k2 ,:I
=

1
p

!
3

’
i,'I

4
8 (k2 ·i+:I'I )

2̂
†

8,'I ,f
(4)

with three-dimensional crystal momentum k = (k2, :I) ⌘

(:G , :H , :I). The dispersion relation reads nk2 ,:I =
�2C (cos :G + cos :H + cos :I), and in the absence of coupling
to the magnetic plane, the three-dimensional crystal momen-
tum is conserved up to a reciprocal lattice vector. The Fermi
surface of the metal is shown in Fig. 1(b).

�̂Kondo describes the Kondo coupling between the 2 con-
duction electrons and the magnetic impurities,

�̂Kondo = �K

’
8

Ŷ
2

i,'I=0 · Ŷ
5

i , (5)

with coupling strength �K and Ŷ
2

i,'I
=

1
2

Õ
f,f

0 2̂
†

i,'I ,f
2f,f

0 2̂i,'I ,f
0 . Importantly, the two-

dimensional array of magnetic impurities couples to the layer
of conduction electrons at 'I = 0, such that :I is no longer a
good quantum number. Low-energy scattering processes then
involve states on the projected Fermi surface, obtained from

Antiferromagnetic 
heavy-fermion 
metal

JK

Hertz-Millis type QCP

0+

Paramagnetic 
heavy-fermion 
metal

(a) Rz (b)

(d)
(c)

FIG. 1. (a) Sketch of Kondo heterostructure, consisting of a two-
dimensional array of magnetic impurities (blue dots) and three-
dimensional itinerant conduction electrons, modeled by a tight-
binding Hamiltonian on a cubic lattice (yellow dots). (b) Three-
dimensional Fermi surface of conduction electrons. (c) Projected
Fermi surface. (d) Ground-state phase diagram of model in Eq. (1),
as extracted from QMC results.

the summation over all :I . Technically, the projected Fermi
surface can be defined as the support of

�
'I

2,0 (k2,l = 0) = �
1
c

Im
n
⌧

'I'I

2,0 (k2,l = 0)
o
, (6)

where

⌧

'I'
0
I

2,0 (k2,l) = �8

’
8,f

π
1

0
3C 4

8k2 ·r 8+8lC

h{2̂
8,'I ,f

(C), 2̂
†

0,'0
I ,f

(0)}i0 (7)

denotes the noninteracting electronic Green’s function in the
two-dimensional reciprocal space. The projected Fermi sur-
face is depicted in Fig. 1(c).

A. Weak-coupling limit

At �K = 0, spins and conduction electrons decouple. To
set the stage, we will first discuss these degrees of freedom
separately, and then investigate how they couple perturbatively
in �K.

The spin and charge excitations of the conduction electrons
are characterized by the noninteracting susceptibility

j
0
(r � r 0, g � g

0
) ⌘

1
4
hĉ†r (g)2ĉr (g) · ĉ

†

r0 (g
0
)2ĉr0 (g

0
)i0 (8)

with ĉr = (2r ,", 2r ,#), and where the expectation value is
taken with respect to �̂Fermi. To simplify the notation, we set

Dimensional mismatch Kondo systems

Magnetic impurities are sub-intensive 

System remains metallic  even at particle-hole symmetry 
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Field  theory: 
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Ŝr =
1

2
f̂
†
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Ĥ = �t

X

hi,ji

(ĉ†i ĉj + h.c) �Jk

8

X

r

⇣
V̂r + V̂

†
r

⌘2
+

⇣
iV̂r � iV̂

†
r

⌘2
�

�Jh

8

X

b=hr,r0i

⇣
D̂b + D̂

†
b

⌘2
+

⇣
iD̂b � iD̂

†
b

⌘2
�
+ U

X

r

⇣
f̂
†
rf̂r � 1

⌘2
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Ŝr · Ŝr0

Field theory and QMC



Local moments in metals

Field  theory: 
<latexit sha1_base64="QFvq9DcMfZWoWq7zXd9V6C5t/tU="></latexit>
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Partition function,                                                                                                          with,  for  
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Local U(1)  gauge invariance:   
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Other  symmetry allowed  terms,  such as  U(1) flux,    and  dynamics of the b-field,  will be dynamically  generated.
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II. MODEL

We propose a model of a Kondo heterostructure in which
a layer of magnetic impurities is embedded in a three-
dimensional metal as depicted in Fig. 1(a). The metallic envi-
ronment is modeled by a tight-binding Hamiltonian on a cubic
lattice of linear length ! and with translation invariance in the
G, H, and I directions. For the magnetic layer, we employ a
Heisenberg model with exchange �H on a square lattice with the
same lattice constant as that of the three-dimensional cubic lat-
tice. The two subsystems are coupled via a Kondo interaction
�K. Specifically, the Hamiltonian for this Kondo-lattice-model
heterostructure (KLM-hetero) is defined as

�̂KLM-hetero = �̂Fermi + �̂Heisenberg + �̂Kondo. (1)

Here,

�̂Heisenberg = �H

’
hi, j i

Ŷ
5

i · Ŷ
5

j (2)

describes antiferromagnetic spin-1/2 Heisenberg interactions
on nearest-neighbor bonds hi, ji of the square lattice. The
Hamiltonian of the three-dimensional metal reads

�̂Fermi = �C

’
h(i,'I ) , ( j ,'0

I )i,f

⇣
2̂
†

i,'I ,f
2̂ j ,'0

I ,f
+ h.c.

⌘

=
’

k2 ,:I ,f

nk2 ,:I 2̂
†

k2 ,:I ,f
2̂k2 ,:I ,f

. (3)

Here, 2̂†i,'I ,f
creates an electron with I-component of spin

f in a Wannier state centered around the lattice site (i, 'I)

of the cubic lattice, and hopping on nearest-neighbor bonds⌦
(i, 'I), ( j , '0

I
)
↵

in all three directions.
We use periodic boundary conditions, and define Bloch

states,

2̂
†

k2 ,:I
=

1
p

!
3

’
i,'I

4
8 (k2 ·i+:I'I )

2̂
†

8,'I ,f
(4)

with three-dimensional crystal momentum k = (k2, :I) ⌘

(:G , :H , :I). The dispersion relation reads nk2 ,:I =
�2C (cos :G + cos :H + cos :I), and in the absence of coupling
to the magnetic plane, the three-dimensional crystal momen-
tum is conserved up to a reciprocal lattice vector. The Fermi
surface of the metal is shown in Fig. 1(b).

�̂Kondo describes the Kondo coupling between the 2 con-
duction electrons and the magnetic impurities,

�̂Kondo = �K

’
8

Ŷ
2

i,'I=0 · Ŷ
5

i , (5)

with coupling strength �K and Ŷ
2

i,'I
=

1
2

Õ
f,f

0 2̂
†

i,'I ,f
2f,f

0 2̂i,'I ,f
0 . Importantly, the two-

dimensional array of magnetic impurities couples to the layer
of conduction electrons at 'I = 0, such that :I is no longer a
good quantum number. Low-energy scattering processes then
involve states on the projected Fermi surface, obtained from
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FIG. 1. (a) Sketch of Kondo heterostructure, consisting of a two-
dimensional array of magnetic impurities (blue dots) and three-
dimensional itinerant conduction electrons, modeled by a tight-
binding Hamiltonian on a cubic lattice (yellow dots). (b) Three-
dimensional Fermi surface of conduction electrons. (c) Projected
Fermi surface. (d) Ground-state phase diagram of model in Eq. (1),
as extracted from QMC results.

the summation over all :I . Technically, the projected Fermi
surface can be defined as the support of

�
'I

2,0 (k2,l = 0) = �
1
c

Im
n
⌧

'I'I
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o
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0
3C 4

8k2 ·r 8+8lC
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(C), 2̂
†

0,'0
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(0)}i0 (7)

denotes the noninteracting electronic Green’s function in the
two-dimensional reciprocal space. The projected Fermi sur-
face is depicted in Fig. 1(c).

A. Weak-coupling limit

At �K = 0, spins and conduction electrons decouple. To
set the stage, we will first discuss these degrees of freedom
separately, and then investigate how they couple perturbatively
in �K.

The spin and charge excitations of the conduction electrons
are characterized by the noninteracting susceptibility

j
0
(r � r 0, g � g

0
) ⌘

1
4
hĉ†r (g)2ĉr (g) · ĉ

†

r0 (g
0
)2ĉr0 (g

0
)i0 (8)

with ĉr = (2r ,", 2r ,#), and where the expectation value is
taken with respect to �̂Fermi. To simplify the notation, we set
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II. MODEL

We propose a model of a Kondo heterostructure in which
a layer of magnetic impurities is embedded in a three-
dimensional metal as depicted in Fig. 1(a). The metallic envi-
ronment is modeled by a tight-binding Hamiltonian on a cubic
lattice of linear length ! and with translation invariance in the
G, H, and I directions. For the magnetic layer, we employ a
Heisenberg model with exchange �H on a square lattice with the
same lattice constant as that of the three-dimensional cubic lat-
tice. The two subsystems are coupled via a Kondo interaction
�K. Specifically, the Hamiltonian for this Kondo-lattice-model
heterostructure (KLM-hetero) is defined as

�̂KLM-hetero = �̂Fermi + �̂Heisenberg + �̂Kondo. (1)

Here,
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describes antiferromagnetic spin-1/2 Heisenberg interactions
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creates an electron with I-component of spin

f in a Wannier state centered around the lattice site (i, 'I)

of the cubic lattice, and hopping on nearest-neighbor bonds⌦
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in all three directions.
We use periodic boundary conditions, and define Bloch
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with three-dimensional crystal momentum k = (k2, :I) ⌘

(:G , :H , :I). The dispersion relation reads nk2 ,:I =
�2C (cos :G + cos :H + cos :I), and in the absence of coupling
to the magnetic plane, the three-dimensional crystal momen-
tum is conserved up to a reciprocal lattice vector. The Fermi
surface of the metal is shown in Fig. 1(b).

�̂Kondo describes the Kondo coupling between the 2 con-
duction electrons and the magnetic impurities,

�̂Kondo = �K
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dimensional array of magnetic impurities couples to the layer
of conduction electrons at 'I = 0, such that :I is no longer a
good quantum number. Low-energy scattering processes then
involve states on the projected Fermi surface, obtained from
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FIG. 1. (a) Sketch of Kondo heterostructure, consisting of a two-
dimensional array of magnetic impurities (blue dots) and three-
dimensional itinerant conduction electrons, modeled by a tight-
binding Hamiltonian on a cubic lattice (yellow dots). (b) Three-
dimensional Fermi surface of conduction electrons. (c) Projected
Fermi surface. (d) Ground-state phase diagram of model in Eq. (1),
as extracted from QMC results.
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denotes the noninteracting electronic Green’s function in the
two-dimensional reciprocal space. The projected Fermi sur-
face is depicted in Fig. 1(c).

A. Weak-coupling limit

At �K = 0, spins and conduction electrons decouple. To
set the stage, we will first discuss these degrees of freedom
separately, and then investigate how they couple perturbatively
in �K.

The spin and charge excitations of the conduction electrons
are characterized by the noninteracting susceptibility
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with ĉr = (2r ,", 2r ,#), and where the expectation value is
taken with respect to �̂Fermi. To simplify the notation, we set

9

FIG. 7. Spin-spin correlations ⇠
5
(i � j, g) in impurity layer as

function of distance A at equal time g = 0 (left column) and imaginary
time g at equal position A = 0 (right column) for different values of
�K in the antiferromagnetic phase (top row), quantum critical regime
(center row), and paramagnetic heavy-fermion phase (bottom row),
from finite-temperature QMC, using V = !

2
/2. Dashed blue, black,

and red lines represent power-law decay functions 5 (G) ⇠ 1/G, 1/G2

and 1/G4 for reference. The red solid line at (b)(c)(e)(f) represent the
numerical fitting of the QMC data.

the host metal. That is, ⇠ 5 (i � j, g = 0) / 1/|i � j |4 in space
and ⇠ 5 (0, g) / 1/g2 in imaginary time. We understand this

from the point of view of the composite fermion operator,2

D
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5

i (g) Ŷ
5

j (0)
E
=
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1
2
f̂
†

i (g)2 f̂ i (g) ·
1
2
f̂
†

j (0)2 f̂ j (0)
�

=
⌧

1
2
f̃
†

i (g)2 f̃ i (g) ·
1
2
f̃
†

j (0)2 f̃ j (0)
�
. (29)

In the paramagnetic heavy-fermion phase, the spin correlations
are well understood by considering the bubble of the above
particle-hole correlation function. In fact, in the large-# limit,
vertex contributions vanish, and as shown in Ref. [18] for the
specific case of the half-filled two-dimensional Kondo lattice
model, the large-# saddle point is adiabatically connected
to the SU(2) model. Since the f̃ i (g) operator has the same
quantum numbers as that of the electron operator, we expect it
to have the same scaling dimension.

C. Composite-fermion and conduction-electron spectral

functions

The composite-fermion spectral function is a very useful
quantity to assess the presence of Kondo screening. Let us
start with the corresponding periodic Anderson model. In this
case, Kondo breakdown corresponds to an orbital-selective
Mott transition [35], and the single-particle spectral function
of the impurity-orbital fermion operator 3̂† will show a gap.
In the limit where charge fluctuations on the impurity orbitals
are suppressed and the periodic Anderson model maps onto
the Kondo lattice model, the composite fermion is nothing
but the canonical Schrieffer-Wolff transformation of the 3̂

†

operator. Hence, Kondo breakdown corresponds to an absence
of spectral weight at the Fermi energy of the composite fermion
operator.

In Fig. 8, we present the evolution of the 2-fermion spec-
tral function �2 (k2,l) and the composite-fermion spectral
function �k (k2,l) upon varying the Kondo coupling �K. At
weak coupling, �K = 0.1 and �K = 0.5, the magnetic im-
purities exhibit long-range antiferromagnetic order. The 2-
fermion spectral function is very similar to the corresponding
mean-field result. The composite-fermion spectral function
�k (k2,l) reveals a momentum shift of Q = (c, c) with re-
spect to �2 (k2,l), see also Fig. 4(g). In addition, the intense
composite-fermion spectral weight at l ' 0 at the � point
suggests Kondo screening throughout the antiferromagnetic
phase for all �K > 0. This feature becomes clear by compar-
ing Figs. 8(f,g) with the mean-field composite-fermion spectral
function in the coexistence phase, Fig. 4(i).

As one enhances the Kondo coupling into the finite-
temperature quantum critical fan, �K = 2.50 and �K = 3.04,
we observe growing (decreasing) low-energy spectral weight
in the composite-fermion (2-electron) spectral function. Due

2 Since f̃ 8 (g ) is only defined within the path integral, f̃ 8 (g ) in the second
line of Eq. (29) corresponds to a Grassmann variable and we consider
g > 0.

<latexit sha1_base64="U+157rGN0hnhBGwDGATUZQrIfdE="></latexit>
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II. MODEL

We propose a model of a Kondo heterostructure in which
a layer of magnetic impurities is embedded in a three-
dimensional metal as depicted in Fig. 1(a). The metallic envi-
ronment is modeled by a tight-binding Hamiltonian on a cubic
lattice of linear length ! and with translation invariance in the
G, H, and I directions. For the magnetic layer, we employ a
Heisenberg model with exchange �H on a square lattice with the
same lattice constant as that of the three-dimensional cubic lat-
tice. The two subsystems are coupled via a Kondo interaction
�K. Specifically, the Hamiltonian for this Kondo-lattice-model
heterostructure (KLM-hetero) is defined as

�̂KLM-hetero = �̂Fermi + �̂Heisenberg + �̂Kondo. (1)

Here,
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describes antiferromagnetic spin-1/2 Heisenberg interactions
on nearest-neighbor bonds hi, ji of the square lattice. The
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creates an electron with I-component of spin

f in a Wannier state centered around the lattice site (i, 'I)

of the cubic lattice, and hopping on nearest-neighbor bonds⌦
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in all three directions.
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with three-dimensional crystal momentum k = (k2, :I) ⌘

(:G , :H , :I). The dispersion relation reads nk2 ,:I =
�2C (cos :G + cos :H + cos :I), and in the absence of coupling
to the magnetic plane, the three-dimensional crystal momen-
tum is conserved up to a reciprocal lattice vector. The Fermi
surface of the metal is shown in Fig. 1(b).

�̂Kondo describes the Kondo coupling between the 2 con-
duction electrons and the magnetic impurities,
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2

i,'I
=

1
2

Õ
f,f

0 2̂
†

i,'I ,f
2f,f

0 2̂i,'I ,f
0 . Importantly, the two-

dimensional array of magnetic impurities couples to the layer
of conduction electrons at 'I = 0, such that :I is no longer a
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involve states on the projected Fermi surface, obtained from
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FIG. 1. (a) Sketch of Kondo heterostructure, consisting of a two-
dimensional array of magnetic impurities (blue dots) and three-
dimensional itinerant conduction electrons, modeled by a tight-
binding Hamiltonian on a cubic lattice (yellow dots). (b) Three-
dimensional Fermi surface of conduction electrons. (c) Projected
Fermi surface. (d) Ground-state phase diagram of model in Eq. (1),
as extracted from QMC results.
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denotes the noninteracting electronic Green’s function in the
two-dimensional reciprocal space. The projected Fermi sur-
face is depicted in Fig. 1(c).

A. Weak-coupling limit

At �K = 0, spins and conduction electrons decouple. To
set the stage, we will first discuss these degrees of freedom
separately, and then investigate how they couple perturbatively
in �K.

The spin and charge excitations of the conduction electrons
are characterized by the noninteracting susceptibility
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with ĉr = (2r ,", 2r ,#), and where the expectation value is
taken with respect to �̂Fermi. To simplify the notation, we set
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In the screened phase at Jk=t > 2 spinons bind and low-
energy spectral weight is depleted.
In Kondo lattices, a Kondo-breakdown transition implies

an abrupt change of the Luttinger volume. In our setup such
a notion cannot be applied since the localized spin-1=2
moments are subextensive. Nevertheless, we can consider
the spectral function of the conduction electrons that
directly couple to the localized spin-1=2 moments and
investigate how it evolves across the transition. Let
Anðk;ωÞ¼−ð1=πÞImGret

n ðk;ωÞ with Gret
n ðk;ωÞ¼−i

R∞
0 dteiωtP

σhfĉk;n;σð0Þ;ĉ
†
k;n;σðtÞgi. In the considered Landau gauge,

translation symmetry is present along the x direction and
ĉk;n;σ ¼ ð1=

ffiffiffiffi
L

p
Þ
PL

m¼1 e
ikmĉi¼ðm;nÞ;σ is the partial Fourier

transform. Figure 6 plots A0ðk;ωÞ corresponding to the
conduction electrons that couple to the Heisenberg chain.
At Jk ¼ 0 the spectral function shows a dominant ϵðkÞ ¼
2t cosðkaÞ dispersion. In the Kondo-breakdown phase and
even at relatively large values of Jk=t ¼ 1.5 we observe no
signs of hybridization with the spins. In contrast in the

Kondo-screened phase Jk=t≳ 2, a clear signature of
hybridization is apparent.
STM experiments of magnetic adatoms on metallic

surfaces, separated by an insulating buffer layer shown
in Refs. [13,14], measure tunneling between tip and
substrate occurring through the localized orbitals. In our
setup we can access this quantity by carrying out a
Schrieffer-Wolff transformation of the localized elect-
ron creation operator in the realm of the Anderson
model [20,39,40]. In particular, AlðωÞ ¼ −ImGret

l ðωÞ with
Gret

l ðωÞ ¼ −i
R∞
0 dteiωt

P
σhfc̃l;σðtÞ; c̃

†
l;σð0Þgi and c̃†l;σ ¼

ĉ†l;−σŜ
σ
l þ σĉ†l;σŜ

z
l . Here, σ ¼ % runs over the two

spin polarizations and Ŝ%l ¼ Ŝxl % iŜyl . To evaluate the
zero-bias tunneling signal we estimate Alðω ¼ 0Þ ≃ ð1=πÞ
βGlðτ ¼ β=2Þ. Figure 7 plots this quantity. Remarkably, in
the Kondo-breakdown phase, we are not able to distinguish
the signal from zero. This supports the notion that spins and
conduction electrons decouple at low energies. As Jk → ∞,
the spin binds in a singlet with the conduction electron and
the tunneling signal through the adatom drops. A more
detailed numerical analysis [41,42] of the STM signal
across the transition is certainly of great interest.
Conclusion.—We have shown that a one-dimensional

spin chain coupled via a Kondo interaction to 2D Dirac
fermions provides a realization of a continuous Kondo-
breakdown transition. Weak coupling Jk is irrelevant and
gapless propagating spinons exist, akin to an FL& phase.
Beyond the transition, Kondo screening appears and gap-
less spinons bind. The Kondo-screened phase is adiabati-
cally connected to the strong-coupling limit, where each
spin binds with a conduction electron into a spin singlet.
Larger systems will be needed to determine the critical
exponents such as the anomalous dimension of the local
moments. In addition, since the number of adatoms in
experiments is tunable [14–16], it will be very useful to
determine how many of them are needed to resolve Kondo
breakdown in an interacting spin chain.
The choice of Dirac fermions which only possess Fermi

points simplifies the problem and allows for an RG

FIG. 5. Sðk;ωÞ along spin chain as a function of energy (ω=t)
and momentum (k) for L ¼ βt ¼ 44 at Jh=t ¼ 1 and (a)
Jk=t ¼ 0, (b) Jk=t ¼ 1.5, (c) Jk=t ¼ 2, and (d) Jk=t ¼ 3.

FIG. 6. A0ðk;ωÞ as a function of energy (ω=t) and momentum
(k) for L ¼ βt ¼ 44 at Jh=t ¼ 1 and (a) Jk=t ¼ 1.5, (b)
Jk=t ¼ 2, (c) Jk=t ¼ 2.5, and (d) Jk=t ¼ 3. FIG. 7. Zero-bias tunneling through the magnetic adatom.
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FIG. 3. Equal-time spin-spin correlation function, C(r), as a
function of distance r along the spin chain on a log-log scale
for various values of Jk/t at Jh/t = 1 and Lx = Ly = L =
�. The grey dashed line corresponds to 1/r decay and the
corresponding static spin structure factors S(k) are shown in
the insets.

a partial particle-transformation, d̂†l," ! eiQ·ld̂l,", and

ĉ†l," ! �eiQ·lĉl,", and then using time reversal symme-
try to prove that the eigenvalues of the fermion matrix
occur in complex conjugate pairs. For a given system of
linear length L, the QMC simulations are performed at
an inverse temperature �(= 1/kBT ) = L and at a fix
Jh/t = 1. At L = 20 we checked that the the choice
� = 2L shows similar results as � = L. For the con-
sidered periodic boundary conditions, L = 4n + 2 corre-
sponds to open-shell configurations and is known to show
less finite-size e↵ects than L = 4n + 4 sized systems.

QMC results: Fig. 3 plots the spin-spin correlations
C(r) = 4hŜz

0 Ŝz

r
i as a function of distance r for various

values of Jk/t. In the limit of vanishing Kondo coupling,
our results are consistent with the exact asymptotic form:
C(r) / (�1)r

p
ln r/r. The 1/r decay of the spin-spin

correlations in the Heisenberg model, is tied to SU(2)
spin symmetry. If the Kondo coupling is irrelevant, then
we expect

P
l Ŝl to remain a good quantum number of

the low-energy e↵ective theory. Thereby the asymptotic
form of the spin-spin correlations should equally follow a
(�1)r/r form. Remarkably, the data supports this point
of view up to Jk/t . 2. On the other hand, in the Kondo-
screened phase for Jk/t & 2, the equal-time correlations
decay with a power larger than unity. In this phase, we
expect the spin-spin correlations to inherit the power-law
of the Dirac fermions hŜz,c

l Ŝz,c

l+ri / 1/r4. (see Fig. S3
of Ref. [24]). The insets of Fig. 3 plot the static spin
structure factor S(k) = 1

L

P
r
e�ik·rC(r) as a function of

momentum k. Noticeably, both at Jk = 0 and Jk/t = 1.5
we observe systematic growth of S(k) at k = ⇡, reflecting
the (�1)r/r real space decay. At Jk/t = 2 we observe a
cusp feature but a saturation of S(k = ⇡) with system
size thus suggesting a power law with exponent 1 < K� <
2. Finally, in the Kondo-screened phase at Jk/t = 3,
S(k) converges to a smooth function implying K� > 2.
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FIG. 4. Left: Magnetic susceptibility �(k = ⇡) as a function
of Jk/t for Jh/t = 1 and � = L. Right: Plots @F/@Jk as a
function of Jk/t.

(c)

Jk/t=1.5Jk/t=0(a) (b)

Jk/t=3(d)Jk/t=2
 0

 1

 2

 3

 4

10-2

10-1

100

101

102

10-2
10-1
100
101
102

 0

 1

 2

 3

 4

 0  1  2  3  4  5  6
10-2

10-1

100

101

102

 0  1  2  3  4  5  6
10-2

10-1

100

101

102

!/t

<latexit sha1_base64="AXj+q/sZjodezJYkNb4BxRxA6aU=">AAAB73icbVDJSgNBEO2JW4xb1KOXIUEQhDgjih6DXjxGMAtkhtDT6Uma9DJ21whDyE+I4EERr/6Ot/yNneWgiQ8KHu9VUVUvSjgz4HljJ7eyura+kd8sbG3v7O4V9w8aRqWa0DpRXOlWhA3lTNI6MOC0lWiKRcRpMxrcTvzmE9WGKfkAWUJDgXuSxYxgsFIrUIL28Bl0imWv4k3hLhN/TsrVUnD6Mq5mtU7xO+gqkgoqgXBsTNv3EgiHWAMjnI4KQWpogskA92jbUokFNeFweu/IPbZK142VtiXBnaq/J4ZYGJOJyHYKDH2z6E3E/7x2CvF1OGQySYFKMlsUp9wF5U6ed7tMUwI8swQTzeytLuljjQnYiAo2BH/x5WXSOK/4F5XLe5vGDZohj45QCZ0gH12hKrpDNVRHBHH0jN7Qu/PovDofzuesNefMZw7RHzhfP/NkkuU=</latexit>

!/t

<latexit sha1_base64="AXj+q/sZjodezJYkNb4BxRxA6aU=">AAAB73icbVDJSgNBEO2JW4xb1KOXIUEQhDgjih6DXjxGMAtkhtDT6Uma9DJ21whDyE+I4EERr/6Ot/yNneWgiQ8KHu9VUVUvSjgz4HljJ7eyura+kd8sbG3v7O4V9w8aRqWa0DpRXOlWhA3lTNI6MOC0lWiKRcRpMxrcTvzmE9WGKfkAWUJDgXuSxYxgsFIrUIL28Bl0imWv4k3hLhN/TsrVUnD6Mq5mtU7xO+gqkgoqgXBsTNv3EgiHWAMjnI4KQWpogskA92jbUokFNeFweu/IPbZK142VtiXBnaq/J4ZYGJOJyHYKDH2z6E3E/7x2CvF1OGQySYFKMlsUp9wF5U6ed7tMUwI8swQTzeytLuljjQnYiAo2BH/x5WXSOK/4F5XLe5vGDZohj45QCZ0gH12hKrpDNVRHBHH0jN7Qu/PovDofzuesNefMZw7RHzhfP/NkkuU=</latexit>

k

<latexit sha1_base64="X2OLMPMc9MBrI76pf2f5MEN5VUg=">AAAB8XicbZC7SgNBFIbPeo3rLWppMxgEq7ArijZi0MYygrlgNoTZyawOmZ1dZs4KYclb2FgooqUPYm8jvo2TS6HGHwY+/v8c5pwTplIY9LwvZ2Z2bn5hsbDkLq+srq0XNzbrJsk04zWWyEQ3Q2q4FIrXUKDkzVRzGoeSN8Le+TBv3HFtRKKusJ/ydkxvlIgEo2it6zwIo0Ag6Q06xZJX9kYi0+BPoHT67p6kr59utVP8CLoJy2KukElqTMv3UmznVKNgkg/cIDM8paxHb3jLoqIxN+18NPGA7FqnS6JE26eQjNyfHTmNjenHoa2MKd6av9nQ/C9rZRgdt3Oh0gy5YuOPokwSTMhwfdIVmjOUfQuUaWFnJeyWasrQHsm1R/D/rjwN9f2yf1A+vPRKlTMYqwDbsAN74MMRVOACqlADBgru4RGeHOM8OM/Oy7h0xpn0bMEvOW/f0GmUAw==</latexit>

k

<latexit sha1_base64="X2OLMPMc9MBrI76pf2f5MEN5VUg=">AAAB8XicbZC7SgNBFIbPeo3rLWppMxgEq7ArijZi0MYygrlgNoTZyawOmZ1dZs4KYclb2FgooqUPYm8jvo2TS6HGHwY+/v8c5pwTplIY9LwvZ2Z2bn5hsbDkLq+srq0XNzbrJsk04zWWyEQ3Q2q4FIrXUKDkzVRzGoeSN8Le+TBv3HFtRKKusJ/ydkxvlIgEo2it6zwIo0Ag6Q06xZJX9kYi0+BPoHT67p6kr59utVP8CLoJy2KukElqTMv3UmznVKNgkg/cIDM8paxHb3jLoqIxN+18NPGA7FqnS6JE26eQjNyfHTmNjenHoa2MKd6av9nQ/C9rZRgdt3Oh0gy5YuOPokwSTMhwfdIVmjOUfQuUaWFnJeyWasrQHsm1R/D/rjwN9f2yf1A+vPRKlTMYqwDbsAN74MMRVOACqlADBgru4RGeHOM8OM/Oy7h0xpn0bMEvOW/f0GmUAw==</latexit>

FIG. 5. Dynamical spin structure factor, S(k, !), along spin
chain as a function of energy (!/t) and momentum (k) for
L = � = 44 at Jh/t = 1.

A detailed overview of the QMC data is given in Sec. IV
of Ref. [24].

To confirm the above, we have computed the spin sus-

ceptibility �(k) =
R

�

0 d⌧S(k, ⌧) with S(k, ⌧) given as:

S(k, ⌧) =
X

r

e�ik·rhSz(r, ⌧)Sz(r = 0, ⌧ = 0)i. (3)

Lorentz invariance, inherent to spin chains, renders space
and time interchangeable such that the time displaced
correlation function scales as 1/

p
r2 + (vs⌧)2 with vs the

spin velocity. Setting � = L, we hence expect �(k = ⇡)
to diverge as L. Fig. 4 (a) plots �(k = ⇡) at � = L =
4n + 2. A similar data at L = 4n + 4 can be found in
Fig. S8 of Ref. [24]. For both cases we see two phases,
one in which �(k = ⇡) scales as L and one in which it
scales to a L-independent constant. In Fig. 4 (b) we plot
1
L

@F

@Jk
= 2

3L

P
L

l=1hĉ
†
l�ĉl · Ŝli so as to inquire the nature

of the transition. The data favors a smooth curve, and
hence a continuous quantum phase transition.

We now consider the dynamical spin structure factor,
that relates to the imaginary-time correlation functions
through S(k, ⌧) = 1

⇡

R
d! e

�⌧!

1�e��! �00(k, !). To extract

S(k, !) = �
00(k,!)

1�e��! , we use the ALF-implementation of the
stochastic analytical continuation algorithm [29]. The
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Figure S3: Composite fermion spectral function across the Kondo destruction transition.

The colour scale shows the fermion spectral function A(q, !), which is investigated across the

Kondo destruction transition by scanning the Kondo coupling JK. The x-axis of all plots shows

the wavevector q while the y-axis shows the frequency !. The data clearly shows the appearance

of a composite fermion quasiparticle across the Kondo destruction transition at JK ⇠ 2.
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Questions:

1) Critical  exponents ?
2) Transport ? 
3) Unique  realization of  Kondo  Breakdown transition à
        playground  to  investigate  various   entanglement  measures
        and  witnesses. F. Mazza et al. arXiv:2403.12779.
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II. MODEL

We propose a model of a Kondo heterostructure in which
a layer of magnetic impurities is embedded in a three-
dimensional metal as depicted in Fig. 1(a). The metallic envi-
ronment is modeled by a tight-binding Hamiltonian on a cubic
lattice of linear length ! and with translation invariance in the
G, H, and I directions. For the magnetic layer, we employ a
Heisenberg model with exchange �H on a square lattice with the
same lattice constant as that of the three-dimensional cubic lat-
tice. The two subsystems are coupled via a Kondo interaction
�K. Specifically, the Hamiltonian for this Kondo-lattice-model
heterostructure (KLM-hetero) is defined as

�̂KLM-hetero = �̂Fermi + �̂Heisenberg + �̂Kondo. (1)

Here,

�̂Heisenberg = �H

’
hi, j i

Ŷ
5

i · Ŷ
5

j (2)

describes antiferromagnetic spin-1/2 Heisenberg interactions
on nearest-neighbor bonds hi, ji of the square lattice. The
Hamiltonian of the three-dimensional metal reads

�̂Fermi = �C

’
h(i,'I ) , ( j ,'0

I )i,f

⇣
2̂
†

i,'I ,f
2̂ j ,'0

I ,f
+ h.c.

⌘

=
’

k2 ,:I ,f

nk2 ,:I 2̂
†

k2 ,:I ,f
2̂k2 ,:I ,f

. (3)

Here, 2̂†i,'I ,f
creates an electron with I-component of spin

f in a Wannier state centered around the lattice site (i, 'I)

of the cubic lattice, and hopping on nearest-neighbor bonds⌦
(i, 'I), ( j , '0

I
)
↵

in all three directions.
We use periodic boundary conditions, and define Bloch

states,

2̂
†

k2 ,:I
=

1
p

!
3

’
i,'I

4
8 (k2 ·i+:I'I )

2̂
†

8,'I ,f
(4)

with three-dimensional crystal momentum k = (k2, :I) ⌘

(:G , :H , :I). The dispersion relation reads nk2 ,:I =
�2C (cos :G + cos :H + cos :I), and in the absence of coupling
to the magnetic plane, the three-dimensional crystal momen-
tum is conserved up to a reciprocal lattice vector. The Fermi
surface of the metal is shown in Fig. 1(b).

�̂Kondo describes the Kondo coupling between the 2 con-
duction electrons and the magnetic impurities,

�̂Kondo = �K

’
8

Ŷ
2

i,'I=0 · Ŷ
5

i , (5)

with coupling strength �K and Ŷ
2

i,'I
=

1
2

Õ
f,f

0 2̂
†

i,'I ,f
2f,f

0 2̂i,'I ,f
0 . Importantly, the two-

dimensional array of magnetic impurities couples to the layer
of conduction electrons at 'I = 0, such that :I is no longer a
good quantum number. Low-energy scattering processes then
involve states on the projected Fermi surface, obtained from

Antiferromagnetic 
heavy-fermion 
metal

JK

Hertz-Millis type QCP

0+

Paramagnetic 
heavy-fermion 
metal

(a) Rz (b)

(d)
(c)

FIG. 1. (a) Sketch of Kondo heterostructure, consisting of a two-
dimensional array of magnetic impurities (blue dots) and three-
dimensional itinerant conduction electrons, modeled by a tight-
binding Hamiltonian on a cubic lattice (yellow dots). (b) Three-
dimensional Fermi surface of conduction electrons. (c) Projected
Fermi surface. (d) Ground-state phase diagram of model in Eq. (1),
as extracted from QMC results.

the summation over all :I . Technically, the projected Fermi
surface can be defined as the support of

�
'I

2,0 (k2,l = 0) = �
1
c

Im
n
⌧

'I'I

2,0 (k2,l = 0)
o
, (6)

where

⌧

'I'
0
I

2,0 (k2,l) = �8

’
8,f

π
1

0
3C 4

8k2 ·r 8+8lC

h{2̂
8,'I ,f

(C), 2̂
†

0,'0
I ,f

(0)}i0 (7)

denotes the noninteracting electronic Green’s function in the
two-dimensional reciprocal space. The projected Fermi sur-
face is depicted in Fig. 1(c).

A. Weak-coupling limit

At �K = 0, spins and conduction electrons decouple. To
set the stage, we will first discuss these degrees of freedom
separately, and then investigate how they couple perturbatively
in �K.

The spin and charge excitations of the conduction electrons
are characterized by the noninteracting susceptibility

j
0
(r � r 0, g � g

0
) ⌘

1
4
hĉ†r (g)2ĉr (g) · ĉ

†

r0 (g
0
)2ĉr0 (g

0
)i0 (8)

with ĉr = (2r ,", 2r ,#), and where the expectation value is
taken with respect to �̂Fermi. To simplify the notation, we set

Dimensional mismatch Kondo systems

Magnetic impurities are sub-intensive 

No nesting instability even at particle-hole symmetry

Summary II

Negative sign free models that realize metallic phases of 

heavy fermion systems.  Experimentally relevant.
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