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My Reading Assignment



FUNDAMENTAL PROBLEM

• CONSTRUCT  LATTICE FIELD THEORIES   ON CURVED MANIFOLDS 
THAT GIVE EXACT* RESULTS IN THE CONTINUUM  

• IS THIS POSSIBLE? 

•  IS THERE A GENERAL THEORY?

*  "Exact" means polynomial complexity in "a = 1/UVcutoff"   
(aka like Monte Carlo Euclidean lattice QCD )



Outline
• GOAL: 

– Radial Quantize Lattice  Conformal and near Conformal  Field Theory. 

• TEST EXAMPLE: 
–  2d Ising CFT on Sphere and 3d  Ising on a  Cylinder .  

• IS IT GENERAL? 
– Affine Conjecture: There exist a map from flat Affine space to tangent plane
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Test Case: Scalar Phi4/Ising Model Universality 



First step: Construct the Classical Simplicial Action

Classical Simplicial Action
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Regge Calc Geometry Finite Element Method 
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REGGE:  Piecewise linear metric FEM:  Piecewise linear fields 
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Both Regge's Manifold and Classical Field on the Same  Simplicial Complex
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ds2 = gµ⌫(x)dx
µdx⌫



1 < t < aL =) 1 < ⌧ = log(r) < L

Exponential  "time"  in lattice units: 

Infinite Cylinder  d-1  Sphere

CARDY  (1985 "Universal Amplitude in Finite Size Scaling")  
lattice radial quantum is  nice BUT very difficult for d>2
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ds2 = dx2 + dy2 = dr2 + r2d✓2

= r2[dlog(r)2 + d✓2]

! ds2cylinder = d⌧2 + d✓2

 d =2 
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RADIAL QUANTIZATION D  > 2
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Start with maximum regular Tessellation: preserve Icosahedral group upon refinement

l = 0 (A),1 (T1) , 2 (H) are  irreducible 120 Icosahedral subgroup of O(3)

First Attempt (with good results): Classical FEM with UV counter term 
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L = 8

The radial Project Icosahedral Lattice Refinement



one configuration Average of config.

Partial Success Quantum FEM for phi 4th Theory
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Now add              term: 



With lambda_0 = 1 NUMERICAL TEST against Exact c=1/2 Ising CFT
µ2 s rmin  r  rmax norm �✏ �2

✏ c

1.82241 9 0.25  r  0.75 0.2900 1.075 0.2536 0.4668
1.82241 9 0.30  r  0.70 0.2901 1.075 0.2533 0.4704
1.82241 9 0.35  r  0.65 0.2902 1.077 0.2533 0.4738
1.82241 9 0.40  r  0.60 0.2902 1.016 0.2427 0.4747
1.82241 18 0.25  r  0.75 0.2051 1.068 0.2563 0.4866
1.82241 18 0.30  r  0.70 0.2051 1.056 0.2544 0.4878
1.82241 18 0.35  r  0.65 0.2051 1.050 0.2535 0.4904
1.82241 18 0.40  r  0.60 0.2051 1.046 0.2526 0.4884
1.82241 36 0.25  r  0.75 0.1457 1.031 0.2528 0.4926
1.82241 36 0.30  r  0.70 0.1458 1.026 0.2519 0.4932
1.82241 36 0.35  r  0.65 0.1458 1.018 0.2508 0.4931
1.82241 36 0.40  r  0.60 0.1458 1.007 0.2486 0.4933

Lattice Sizes:  N = 32+ 10 s^2 sites: Very Efficient  Brower/Tamayo Cluster algorithm  

Fails to have critical surface at  large bare lambda 
and  likely any fixed  bare lambda as a --0



Antipodal 4-point function on 
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Numerical results

Simultaneous fits of c0(t) and c2(t) 

using primaries	 	 	        up to n=20 

14

Nice result but central 
charge appear to violate 
the bootstrap bound



Also some breaking o f of Rotational Symmetry for 

Phi4 with Counter Term



Tangent Plane

Icosahedral Plane

Spherical Surface
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Spherical Center

Equilateral Triangle  Plane 

Affine Projected Triangle 

Back to Ising (lambda = infinity)
Project an Affine lattice on each tangent plane to O(a^2)



Affine Parameters: 
2d Affine transformation  takes circle to ellipse:

• d = 2 Poincare 1 rotation 2 translation  
• New Affine plus 1 major/minor +  1 orientation  + 1 scaling  
• Poincare d(d+1)/2  plus  d(d+1)/2 the number of edge in d-simplex 
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Back to Simplicial Geometry
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How to put Quantum  Fields  on a Lattice? 
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REGGE:“General Relativity without Coordinates”  1960
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{M, gµ⌫}
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SRegge[`ij ] = 2
X
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The  Whitney embedding theorem states that any smooth real m-dimensional manifold  can be 
smoothly embedded in the real 2m-space, 

The Simplicial Approximation Theory (L.E.J. Brouwer 1927?)
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ds2 = gµ⌫(x)dx
µdx⌫ Graph with edge length

https://en.wikipedia.org/wiki/Differentiable_manifold
https://en.wikipedia.org/wiki/Real_numbers
https://en.wikipedia.org/wiki/Dimension_(mathematics)
https://en.wikipedia.org/wiki/Manifold
https://en.wikipedia.org/wiki/Smooth_map
https://en.wikipedia.org/wiki/Embedding
https://en.wikipedia.org/wiki/Real_coordinate_space


Equation of Motion:
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Dihedral Angle in simplex

hinge dim = D -2

Schlefli Identity
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In search of Ludwig Schlefli ?



Analytical solution to 2d affine Ising model 
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sinh 2Kij sinh 2Lij = 1

Kramers Wannier  High T/Low T Loop expansion +  Wilson-Majorana Lattice Fermions 

<latexit sha1_base64="tCK9YRoo6+dZQd0wMYEtjawSCNA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwY0lEqiBC0Y3gpqJ9QBPCZDppp51MwsxEKKEf48ZfcePCBy7c+C1O0yy09cCFwzn33pl7/JhRqSzryygsLC4trxRXS2vrG5tb5vZOU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Gritx6IkDTi92oUEzdEPU4DipHSkmeewzsvdZSgiPcYGcMLeAQdmYRaZJkE6QA6IndvvJQOxlB6VNfAM8tWxcoA54mdkzLIUffMd6cb4SQkXGGGpOzYVqzcFAlFsV5fchJJYoSHqEc6mnIUEumm2ZFjeKCVLgwioYsrmKm/J1IUSjkKfd0ZItWXs95E/M/rJCo4c1PK40QRjqcPBQmDKoKTxGCXCoIVG2mCsKD6rxD3kUBY6VxLOgR79uR50jyu2NVK9fakXLvM4yiCPbAPDoENTkENXIM6aAAMHsEzeAVvxpPxYnwYn9PWgpHP7II/ML5/AM+YpFU=</latexit>

S4 = �
X

hiji

Kijsisj

<latexit sha1_base64="paHrV6wyVgGh+ZT7wuGDK7DfAQQ="></latexit>

Sdual = �
X

hiji

Lijsisj

<latexit sha1_base64="WtxQ8/S7GHCC+HlQisHIUGMslUs="></latexit>

S =
1

2

X

i

 ̄i i �
X

hiji

ij ̄iPij j ,

<latexit sha1_base64="1wNEXOShwMz9LslpEo7aEb5csLQ="></latexit>

Pij =
1

2
(1 + êij · ~�)

3 Equivalent Loop Expansion for Partition Functions!

U. Wolff



Step I : Star Triangle ID: Hex to Triangle Map

<latexit sha1_base64="mhdZHYzOl6g9pawiVN49IIOgua0="></latexit>

h sinh(2K1) sinh(2L1) = h sinh(2K2) sinh(2L2) = h sinh(2K3) sinh(2L3) = 1
<latexit sha1_base64="qxzICLw6DFBYcE5j5EYAYqPcaio="></latexit>

h(K1,K2,K3) =
(1� v21)(1� v22)(1� v23)

4
p

(1 + v1v2v3)(v1 + v2v3)(v2 + v3v1)(v3 + v1v2)
<latexit sha1_base64="jDSV1wSaZTVs40UDwaX2z/n9ORk="></latexit>

with vi = tanh(Ki)



Proved Emergent Geometry Required

• Implies Critical at

<latexit sha1_base64="a1OIXV0xijl9eD80uEYU6vV5c5Y="></latexit>

2K1 = `⇤1/`1 , 2K2 = `⇤2/`2 , 2K3 = `⇤3/`3 .

<latexit sha1_base64="tShlBSruYKsA6ycwtkeSCHuTjXk="></latexit>

Sfree =
1

2

X

n

[K1(�n � �n+1̂)
2 +K2(�n � �n+2̂)

2 +K3(�n � �n+3̂)
2]

<latexit sha1_base64="uiPa32SFECypGO3Y0f4QyYk/tdk="></latexit>

sinh(2K1) = `⇤1/`1 , sinh(2K2) = `⇤2/`2 , sinh(2K3) = `⇤3/`3

• Not the same as Free (FEM) scalar CFT.

<latexit sha1_base64="e/JbtPwjFC3nFGtA8nsKCiSc26w="></latexit>

p1p2 + p2p3 + p3p1 = 1 with pi = exp(�2Ki)



 Can check Modular dependent on the torus

<latexit sha1_base64="qHBlY7NCgiyWForf0kIOs1bwthQ="></latexit>

h�(0)�(z)i =
����
#0
1(0|⌧)

#1(z|⌧)

����
1/4 P4

⌫=1 |#⌫(z/2|⌧)|P4
⌫=2 |#⌫(0|⌧)|



<latexit sha1_base64="UWrjdn0KQwKwsiAWsIO7g0dkuis=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eoo0QtLGwiOAlgeQIe5u5ZMne3rG7J4SQ32BjoYitP8jOf+MmuUKjDwYe780wMy9MBdfGdb+cwsrq2vpGcbO0tb2zu1feP2jqJFMMfZaIRLVDqlFwib7hRmA7VUjjUGArHN3M/NYjKs0T+WDGKQYxHUgecUaNlfw7ckW8XrniVt05yF/i5aQCORq98me3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTObHTsmJVfokSpQtachc/TkxobHW4zi0nTE1Q73szcT/vE5mostgwmWaGZRssSjKBDEJmX1O+lwhM2JsCWWK21sJG1JFmbH5lGwI3vLLf0nzrOrVqrX780r9Oo+jCEdwDKfgwQXU4RYa4AMDDk/wAq+OdJ6dN+d90Vpw8plD+AXn4xtEt42x</latexit>

L = 1
<latexit sha1_base64="StjRTlkIUASC23sHPCvWfTg9CZM=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EYhohaGNhEcFLAskR9jZ7yZK93WN3TwhHfoONhSK2/iA7/42b5ApNfDDweG+GmXlhwpk2rvvtFNbWNza3itulnd29/YPy4VFLy1QR6hPJpeqEWFPOBPUNM5x2EkVxHHLaDse3M7/9RJVmUjyaSUKDGA8FixjBxkr+PbpG9X654lbdOdAq8XJSgRzNfvmrN5AkjakwhGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDNj52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif143NVE9yJhIUkMFWSyKUo6MRLPP0YApSgyfWIKJYvZWREZYYWJsPiUbgrf88ippXVS9WrX2cFlp3ORxFOEETuEcPLiCBtxBE3wgwOAZXuHNEc6L8+58LFoLTj5zDH/gfP4AT1ONuA==</latexit>

L = 8

Now use these identities locally on each tangent plane 
so it uniformly critical in UV



Breaking of Rotational Symmetry on Projected Icosahedron

Ising on S2 Not better than Phi4 with Counter Term

<latexit sha1_base64="6zFl3G74SGxAxtZO69qaH2Ha5bI="></latexit>

Cl1m1;l2m2 =
X

i,j

p
giY

⇤
l1m1

(r̂i)
1

|g|
X

g2Ih

hs(gr̂i)s(gr̂j)i

| {z }

p
gjYl2,m2(r̂j) ! clPl1(r̂i · r̂j)�l1,l2�m1,m2 +O(a2) ?

<latexit sha1_base64="pvSBSOR9J/JpO8mP5O+dvrOlt80="></latexit>

e.g.
1

(2� 2 cos ✓ij)��



Gauge Fix Co-ordinate on the  Manifold 
by Area Optimization  to smooth scalar curvature

<latexit sha1_base64="1fZ5YJ2N/QYT5lLPq00akRYqsLs=">AAACInicbVDLSgMxFM3Ud31VXboJFqEuLDMiVRdC1Y0rUbRV6LRDJr1to5nMkGSEMsy3uPFX3LhQ1JXgx5i2Az4PBE7OOZfkHj/iTGnbfrdyY+MTk1PTM/nZufmFxcLScl2FsaRQoyEP5ZVPFHAmoKaZ5nAVSSCBz+HSvzka+Je3IBULxYXuR9AMSFewDqNEG8kr7J2XXODcS9h1uoH38Ukr2XRSV8WB52rJiOhywAetra9bKQt7haJdtofAf4mTkSLKcOoVXt12SOMAhKacKNVw7Eg3EyI1oxzSvBsriAi9IV1oGCpIAKqZDFdM8bpR2rgTSnOExkP1+0RCAqX6gW+SAdE99dsbiP95jVh3dpsJE1GsQdDRQ52YYx3iQV+4zSRQzfuGECqZ+SumPSIJ1abVvCnB+b3yX1LfKjuVcuVsu1g9zOqYRqtoDZWQg3ZQFR2jU1RDFN2hB/SEnq1769F6sd5G0ZyVzaygH7A+PgEvgqOB</latexit>

S(`ij) = N�1
X

4
A2

4(lij)

10 20 50 100 Refinement Level

5.×10-6

1.×10-5

5.×10-5

1.×10-4

5.×10-4

Var (Area)

y =
0.0325603

L1.9819

10 20 50 100 Refinement Level
1.×10-5

5.×10-5

1.×10-4

5.×10-4

0.001

Var (Dual Area)

y =
0.049635

L1.75515

<latexit sha1_base64="GaDsUzi4rWh96Vgb125AjHIEVZQ="></latexit>

4A(a, b, c)2 = (a+ b+ c)(�a+ b+ c)(a� b+ c)(a+ b� c)

= a2b2c2/R2
4

<latexit sha1_base64="bPEB+WhYI06wpHNi8MnvqhJdAoY="></latexit>

a2 = `212 = |~r1 � ~r2|2 = 2� 2~r1 · ~r2

<latexit sha1_base64="eGWGxLWXmxxyhwZyC6GuQqDslMM=">AAACDHicbVDLSgMxFM3UV62vqks3F4sgCGWmliqCUHTjQqSC1UKnlkwm04ZmJmOSEcvQD3Djr7hxoYhbP8Cdf2P6WPg6EDiccy4393gxZ0rb9qeVmZqemZ3LzucWFpeWV/Kra5dKJJLQOhFcyIaHFeUsonXNNKeNWFIcepxeeb3joX91S6ViIrrQ/Zi2QtyJWMAI1kZq5wtu6Im71BfBwQDcmwT7UIIzOIQy7EDJhtPrXTApu2iPAH+JMyEFNEGtnf9wfUGSkEaacKxU07Fj3Uqx1IxwOsi5iaIxJj3coU1DIxxS1UpHxwxgyyg+BEKaF2kYqd8nUhwq1Q89kwyx7qrf3lD8z2smOthvpSyKE00jMl4UJBy0gGEz4DNJieZ9QzCRzPwVSBdLTLTpL2dKcH6f/JdclopOpVg5LxeqR5M6smgDbaJt5KA9VEUnqIbqiKB79Iie0Yv1YD1Zr9bbOJqxJjPr6Aes9y+JQJgT</latexit>

dof: 2N = 4 + 20L3

Area Variance
Dual Area Variance



Smooth  Scalar Curvature Theorem

10 20 50 100Refinement Level

1.000

1.001

1.002

1.003

1.004

1.005

Ratio of Deficit Angle Over Dual Area

y = 1+
0.31698

L2

1984 T D LEE et al " Lattice Gravity Near the Continuum" 



Apparently it "wants" to work



WHAT’S NEXT?

<latexit sha1_base64="oi6hhEHDfZDEgdK1q/Po7CYxpng=">AAACDHicbVDLSsNAFJ3UV42vqks3Q4tQH9TERXUjFN0IbirYBzQxTKaTdujkwcxECKEf4MaV/+HGhSJu/QB3/RsnbRfaemDgcM653LnHjRgV0jBGWm5hcWl5Jb+qr61vbG4VtneaIow5Jg0cspC3XSQIowFpSCoZaUecIN9lpOUOrjK/9UC4oGFwJ5OI2D7qBdSjGEklOYWSV75x6LFuMTXTRY5xAC+gRRi7P3ToSUYcqlJGxRgDzhNzSkq1onX0PKoldafwbXVDHPskkJghITqmEUk7RVxSzMhQt2JBIoQHqEc6igbIJ8JOx8cM4b5SutALuXqBhGP190SKfCES31VJH8m+mPUy8T+vE0vv3E5pEMWSBHiyyIsZlCHMmoFdygmWLFEEYU7VXyHuI46wVP3pqgRz9uR50jytmNVK9Va1cQkmyIM9UARlYIIzUAPXoA4aAINH8ALewLv2pL1qH9rnJJrTpjO74A+0rx977Jxh</latexit>

f(Ki,�0) = `⇤i /`i

• See if Affine Map is a general non-perturbative (exact?) solution to spherical 
lattice field theory -- precision/theory.

• Test for 2d phi^4 theory beyond analytical:      



dual

4 triangle 8 triangle 20 triangle

600 tetra
16 tetra5 tetra

self dual

self dual

8 cubes 120 dedaca

6th self dual with 24 octahedrons Euler N - E + F - V = 0 https://en.wikipedia.org/wiki/Regular_4-polytope#

2D & 3D SIMPLCIAL PLATONIC SOLIDS 

https://en.wikipedia.org/wiki/Regular_4-polytope#


(2⇡ � 5ArcCos[1/3])/(2⇡) = 0.0204336

Aristotle’ s 2% Error!

3 Spheres and 4D Radial Simplicial Lattices

Fast Code Domains of   
Regular  3D Grids on  Refinement

The full symmetry group of the 600-cell is the Weyl group of H4. This is a group of order 14400. It consists of 7200 rotations and 7200 rotation-
reflections. The rotations form an invariant subgroup of the full symmetry group.

S3 =) R⇥ S3

600 cell: “Square of the icosahedron” —Symmetries  1440=  120 * 120 the 120 copies of icosahedron 
<latexit sha1_base64="uOupDos0VKrCQQHHImGxUNUk/P4="></latexit>

O(4) ⇠ SU(2)⇥ SU(2)

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/Symmetry_group
https://en.wikipedia.org/wiki/Weyl_group
https://en.wikipedia.org/wiki/H4_(mathematics)
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation_(mathematics)
https://en.wikipedia.org/wiki/Invariant_subgroup


https://homeweb.unifr.ch/kellerha/pub/Schlaefli-article2010.pdf

Of course Schlefli knew this!



Sgauge =
1

2g2Nc

X

4ijk

Vijk

A2
ijk

Tr[2� U4ijk � U†
4ijk

]

Sscalar =
1

2

X

h i,ji

Vij

l2ij
(�i � �j)

2 ,J = 0

J = 1

J = 1/2 SWilson =
1

2

X

h i,ji

Vij

lij
( ̄iê

j(i)
a �a⌦ij j �  ̄j⌦jiê

i(j)
a �a i)

SUMMARY OF SIMPLICIAL  FIELDS

l2ij = |�1(ij)|2

Vij = |�1(ij) ^ �⇤
1(ij)|

U4ijk = UijUjkUki Aijk = |�2(ijk)| Vijk = |�2(ijk) ^ �⇤
2(ijk)|

✏ijklTr[U40ijU40kl ] ' Vijkl✏
µ⌫⇢�Tr[Fµ⌫(0)F⇢�(0)]

U0ij = U0iUijUj0 , U†
0ij = U0jUjiUi0

FFdual



But Dirac needs Spin Connection (Kahler Dirac doesn’t)

S =
1

2

Z
dDx

p
g ̄[eµ(@µ � i

4
!µ(x)) +m] (x)

!µ(x) ⌘ !ab
µ (x)�ab , �ab = i[�a, �a]/2

eµ(x) ⌘ eµa(x)�
a Verbein & Spin connection* 

Snaive =
1

2

X

hi,ji

Vij

lij
[ ̄i~e

(i)j · ~�⌦ij j �  ̄j⌦ji~e
(i)j · ~� i] +

1

2
mVi ̄i i

Simplicial Tetrad 
Hypothesis

i  j 

~e (i)j
~e (j)i

e(i)ja �a⌦ij + ⌦ije
(j)i
a �a = 0
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