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FUNDAMENTAL PROBLEM

« CONSTRUCT LATTICE FIELD THEORIES ON CURVED MANIFOLDS
THAT GIVE EXACT* RESULTS IN THE CONTINUUM

e IS THIS POSSIBLE?

e ISTHERE A GENERAL THEORY?

* "Exact" means polynomial complexity in "a = 1/UVcutoff"
(aka like Monte Carlo Euclidean lattice QCD )



Outline

« GOAL:

— Radial Quantize Lattice Conformal and near Conformal Field Theory.

o TEST EXAMPLE:

— 2dIsing CFT on Sphere and 3d Ising on a Cylinder .

« ISIT GENERAL?

— Affine Conjecture: There exist a map from flat Affine space to tangent plane



Test Case: Scalar Phi4/Ising Model Universality
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First step: Construct the Classical Simplicial Action
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Both Regge's Manifold and Classical Field on the Same Simplicial Complex

FEM: Piecewise linear fields

REGGE: Piecewise linear metric
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RADIAL QUANTIZATION D >2 d=2 1

CARDY (1985 "Universal Amplitude in Finite Size Scaling")
lattice radial quantum is nice BUT very difficult for d>2

R? — R x S%! <

Infinite Cylinder d-1 Sphere R
H=Pyint = D in 7 = log(r) A S' with 6 € [0,27]
l<t<al = 1<71=log(r) <L / deQ a1 ﬁd@a

= r?[dlog(r)? + db?]

Exponential "time" in lattice units: o ds? inaer = dr? + d6?
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The radial Project Icosahedral Lattice Refinement

First Attempt (with good results): Classical FEM with UV counter term

Start with maximum regular Tessellation: preserve Icosahedral group upon refinement

| =0 (A),1(T1), 2 (H) are irreducible 120 lcosahedral subgroup of O(3)



Partial Success Quantum FEM for phi 4th Theory

.

one configuration Average of config.

Now add \¢p* term:
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With lambda_0 = 1 NUMERICAL TEST against Exact c=1/2 Ising CFT

0w S | Tmin <7 < Tmax norm AV )\2 c
1.82241 | 9 | 0.25 <r <0.75 || 0.2900 | 1.075 | 0.2536 | 0.4668
1.82241 | 9 | 0.30 <r <0.70 || 0.2901 | 1.075 | 0.2533 | 0.4704
1.82241 | 9 | 0.35 <r <0.65 || 0.2902 | 1.077 | 0.2533 | 0.4738
1.82241 | 9 | 0.40 <r <0.60 || 0.2902 | 1.016 | 0.2427 | 0.4747
1.82241 | 18 | 0.25 <r < 0.75 || 0.2051 | 1.068 | 0.2563 | 0.4866
1.82241 | 18 | 0.30 < r < 0.70 || 0.2051 | 1.056 | 0.2544 | 0.4878
1.82241 | 18 | 0.35 <r < 0.65 || 0.2051 | 1.050 | 0.2535 | 0.4904
1.82241 | 18 | 0.40 <r < 0.60 || 0.2051 | 1.046 | 0.2526 | 0.4884
1.82241 | 36 | 0.25 <r <0.75 || 0.1457 | 1.031 | 0.2528 | 0.4926
1.82241 | 36 | 0.30 <r <0.70 || 0.1458 | 1.026 | 0.2519 | 0.4932
1.82241 | 36 | 0.35 <r <0.65 || 0.1458 | 1.018 | 0.2508 | 0.4931
1.82241 | 36 | 0.40 <r <0.60 || 0.1458 | 1.007 | 0.2486 | 0.4933

Lattice Sizes: N =32+ 10 s/2 sites: Very Efficient Brower/Tamayo Cluster algorithm

Fails to have critical surface at large bare lambda
and likely any fixed bare lambda as a --0



Antipodal 4-point function on R x S*> (t,#)
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Numerical results
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Also some breaking o f of Rotational Symmetry for
Phi4 with Counter Term
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Back to Ising (lambda = infinity)
Project an Affine lattice on each tangent plane to O(a”2)

Affine Projected Triangle

Tangent Plane
Spherical Center

Spherical Surface

Equilateral Triangle Plane

Icosahedral Plane



Affine Parameters:
2d Affine transformation takes circle to ellipse:

O«
1 . 1
(% +y?)%  (ax® + bay + cy?)e

(@(z,y)9(0)) =

o d =2 Poincare 1 rotation 2 translation
o New Affine plus 1 major/minor + 1 orientation + 1 scaling
e Poincare d(d+1)/2 plus d(d+1)/2 the number of edge in d-simplex



Back to Simplicial Geometry

S = Spn + Sw = [ dwy/go (R~ 20) + Lyld]
5 T \

Sghv () = R, () — §9uV(x)R(x) = KT} (2)




REGGE:“General Relativity without Coordinates” 1960

Sen = /dda:‘\/g(x)R(af;) SRegge[éz'j] = 2 Z AhEh
heG
{M, 9} {G, 4ij}
ds® = 9w (z)dzrdx” Graph with edge length

The Whitney embedding theorem states that any smooth real m-dimensional manifold can be
smoothly embedded in the real 2m-space,

The Simplicial Approximation Theory (L.E.J. Brouwer 19277?)


https://en.wikipedia.org/wiki/Differentiable_manifold
https://en.wikipedia.org/wiki/Real_numbers
https://en.wikipedia.org/wiki/Dimension_(mathematics)
https://en.wikipedia.org/wiki/Manifold
https://en.wikipedia.org/wiki/Smooth_map
https://en.wikipedia.org/wiki/Embedding
https://en.wikipedia.org/wiki/Real_coordinate_space

Equation of Motion:

SRegge = 2 Z Vheh
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Schlefli Identity

hinge dim =D -2

Dihedral Angle in simplex

B

P4



In search of Ludwig Schlefli ?

]

" GEWIDMET DEM ANDENKEN

DER BEIDEN GELEHRTEN

ALBERT EINSTEIN 1879 - 1955
NOBELPREIS FUR PHYSIK

LUDWIG SCHLAEFLI 1814 - 1895
PROFESSOR FUR MATHEMATIK

IN WURDIGUNG IHRER
HERVORRAGENDEN TATIGKEIT
AN UNSERE UNIVERSITAT



Analytical solution to 2d affine Ising model
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3 Equivalent Loop Expansion for Partition Functions!

SA = — Z Kz'jSiSj
(27)

Sdual = — E Li;s;s;

(27)
1 _ _
Sy = 5 Z%%‘ — Z Kij ViP5
¢ (27)
U. Wolff
Kramers Wannier High T/Low T Loop expansion + Wilson-Majorana Lattice Fermions

(L+éi;-0)

DO | —

sinh 2K, sinh2L;; =1 Py =



Step | : Star Triangle ID: Hex to Triangle Map

hsinh(2K5)sinh(2L1) = hsinh(2K5) sinh(2Ls) = hsinh(2K3) sinh(2L3) = 1
WKy, Ko, K3) = (1 —vf)(1 —v3)(1 - v3)
b s 4\/(1 + 0102’03)(’01 + 0203)(1)2 —+ ’1}37)1)(2)3 —+ U1U2) with V; = tanh(KZ)




Proved Emergent Geometry Required

Sll”lh(2K1) = K{/fl , Slﬂh(QKg) = f;/gz ) Sll”lh(ZKg) = 63/63

° |mplleS Critical at p1p2 + pops + p3p1 =1 with D = exp(—QK,L-)

* Not the same as Free (FEM) scalar CFT.

1
Sfree = 5 Z[Kl (¢n - ¢n+i)2 + K2(¢n - ¢n+§)2 + K3<¢n - ¢n—|—3)2]

n

2Ky =050, 2Ko =05/l | 2K5=05/05.



Can check Modular dependent on the torus

ImT

VS 10,(2/2)7)]
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S [0,(0]7))



Now use these identities locally on each tangent plane
so it uniformly critical in UV



Breaking of Rotational Symmetry on Projected Icosahedron

Not better than Phi4 with Counter Term
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Gauge Fix Co-ordinate on the Manifold
by Area Optimization to smooth scalar curvature

S(li;) = N~" Y A% (L) dof: 2N =4+ 20L3
A

. Dual Area Variance
Area Variance

Var (Area)

0.0325603
y =

0.049635
y=

4A(a,b,c)> = (a+b+c)(—a+b+c)la—b+c)a+b—c)
= a’b’c?/RA a’ = K%Q = |771 — 772|2 =2—2r1 -7



Smooth Scalar Curvature Theorem

Ratio of Deficit Angle Over Dual Area
1.005

1984 T D LEE et al " Lattice Gravity Near the Continuum"
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Apparently it "wants" to work

0020 1+ e e

------- Quadratic fit A, =0.125030(18)
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Geometry: a0/al

WHAT’S NEXT?

o See if Affine Map is a general non-perturbative (exact?) solution to spherical
lattice field theory -- precision/theory.

e Test for 2d phi*4 theory beyond analytical:

Fitting Geometry to Curve with Constant Offset
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Plb e 2D SMPLCIAL PLATONIC 'SCIE[{ES

4 triangle 8 triangle 20 triangle

Dodecahedron Icosahedron dU al

o self dual \

600 tetra
5 tetra 8 cubes 16 tetra

120 dedaca

lf dual "
N

6th self dual with 24 octahedrons EulerN-E+F-V=0 https://en.wikipedia.org/wiki/Regular_4-polytope#


https://en.wikipedia.org/wiki/Regular_4-polytope#

3 Spheres and 4D Radial Simplicial Lattices
— RxS?

Aristotle’ s 2% Error! Fast Code Domains of

Regular 3D Grids on Refinement
(2m — 5ArcCos[1/3])/(2m) = 0.0204336

600 cell: “Square of the icosahedron” —Symmetries 1440= 120 * 120 the 120 copies of icosahedron
O(4) ~ SU(2) x SU(2)

The full symmetry group of the 600-cell is the Weyl group of H.. This is a group of order 14400. It consists of 7200 rotations and 7200 rotation-
reflections. The rotations form an invariant subgroup of the full symmetry group.


https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/Symmetry_group
https://en.wikipedia.org/wiki/Weyl_group
https://en.wikipedia.org/wiki/H4_(mathematics)
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation_(mathematics)
https://en.wikipedia.org/wiki/Invariant_subgroup

R Kl Of course Schlefli knew this!

Das Schlifli-Symbol eines reguliren Polytops P, C E” ist rekursiv definiert durch
Preg =: {p1, ..., Pn—1}, falls

~ die Fazetten gegeben sind durch {pi, ..., pa—2}, und https://homeweb.unifr.ch/kellerha/pub/Schlaefli-article2010.pdf
— die Eckenfiguren gegeben sind durch {pa, ..., pn—1}.

n | Schlifli-Symbol Bezeichnung
3 {3, 3} regulires Tetraeder
{4, 3} reguldrer Wiirfel
{3, 4} regulédres Oktaeder
{5, 3} regulires Dodekaeder
{3, 5} regulires Ikosaeder
4 (3,4,3) 24-Zell
Abb.3  Ein Ikosaeder {3,5} beim Bahnhof SBB Basel, Juni 2010. {3’ 3’ 5} 600_Ze11
(Photographiert von Elisabeth Kellerhals.)
{5, 3,3} 120-Zell
Mit Hilfe der Eulerschen Polyederformel und mit kombinatorischen Relationen zwischen >5 {3,...,3} reguléire Pyramide
den Zahlen a; und p; fiir Peg C E", wie etwa p2ag = 2a; = pia; fiirn = 3, erhilt {3 .3 4} regula‘res Kreuzpolytop
Schléfli durch Induktion folgende uns heute wohlbekannte Tabelle: ’ T ” .
{4,3,...,3} reguldrer Hyperwiirfel

Weiter findet Schlifli vier der insgesamt zehn regelmissigen Sternpolytope, die schon von
Kepler und Poinsot entdeckt und von Hess schliesslich vollstindig klassifiziert worden
sind (cf. [2]).



SUMMARY OF SIMPLICIAL FIELDS
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But Dirac needs Spin Connection (Kahler Dirac doesn’t)

(55 [ dPayEilet @, - qwuo) s i)

et (x) = el (z)y" Verbein & Spin connection*

wp(z) = wzl)(x)aab ,  Oab = 1[Ya>Va)/2
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