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A research area that is affected by the sign problem

• Active area of research: search for Critical End Point in  plane


• High  needed! But…
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•  


•  is real and positive only 
for 


• we can’t measure directly any observable 
with Monte Carlo methods for  

 

Z = ∫ DU e−SG[U] det M(U, m, μB)

det M(U, m, μB)
μ2

B ≤ 0

μ2
B > 0

< O > =
1

Nconf

Nconf

∑
i=0

O[Ui]

3

μ2
B

T

− μ2
B

…we can not simulate there! 

• Let’s see how to circumvent the 
problem 



Analytical continuation

O = Tc T

μ2
B− μ2

B

?

• simulate at  and extrapolate 
to 

μ2
B < 0

μ2
B > 0

4

T

μ2
B− μ2

B

Taylor/  expansionT′ 

• compute the derivatives at 


• 


 

μB = 0

O(μB) = O(0) +
1
2!

μ2
B

∂2O
∂μ2

B
(0) +

+
1
4!

μ4
B

∂4O
∂μ4

B
(0) + . . .



Reweighting
• make the simulations at  and correct the weights in the observable measureμB = 0
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T

μ2
B

− μ2
B

 =
⟨O

det M(μB)
det M(0) ⟩μB=0

⟨ det M(μB)
det M(0) ⟩μB=0

•
< O >μB

=
∫ DU e−SG[U] O(U) det M(U, m, μB)

det M(U, m,0) det M(U, m,0)

∫ DU e−SG[U] det M(U, m, μB)
det M(U, m,0) det M(U, m,0)

=

 
Z(μB)
Z(0)

= ⟨det M(μB)
det M(0) ⟩μB=0



• Computation of the complex determinant can be circumvented with these methods


• Is that enough?
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Watch out!

• Analytical continuation: lots of systematics


• Taylor /  methods:  


• a lot of cancellations inside the terms


• uncontrolled truncation in 


• Reweighting: 


• need some care if you use staggered fermions

T′ 

μB

T

μ2
B− μ2

B

?

arXiv:2308.06105



Reweighting with staggered fermions

• Staggered fermions: rooting


• We look at 2+1 flavours theory with , 


• 


•  can be computed with reduced matrix 

formalism 

μu = μd = μq μs = 0

Z2+1(T, μq) = ∫ DU e−SG[U] det M(U, mq, μq)
1
2 det M(U, ms,0)1

4

Z2+1(μq)
Z2+1(0)

= ⟨
det M(U, mq, μq)

1
2

det M(U, mq,0)1
2

⟩μB=0
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arXiv:2308.06105

A small trip in



• the eigenvalues   of the reduced matrix do not depend on 


• solve the rooting ambiguity: take the square root for each eigenvalue


• 


• it could have an overlap problem (long tails in the weights) but we crosscheck with 
other 2 reweighting methods


• phase reweighting 


• sign reweighting  

{λk} μq

det M(U, mq, μq)
1
2

det M(U, mq,0)1
2

= e−3N3
s μq/T

6N3
s

∏
k=1

λk[m, U] − eμq/T

λk[m, U] − 1

Z2+1

ZPQ
2+1

= ⟨
det M(U, mq, μq)

1
2

| det M(U, mq, μq)
1
2 | ⟩PQ

Z2+1

ZSQ
2+1

= ⟨
Re det M(U, mq, μq)

1
2

|Re det M(U, mq, μq)
1
2 | ⟩SQ
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• Now, let’s look at the light quark density (e.g. for equation of state studies)


• Plot: ,  lattice,  MeV̂nL / ̂μq 163 × 8 mπ = 135
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Why?

• Is it an overlap problem? 


• No, the 3 reweighting techniques do 
the same


• It also a discretisation effect
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•  no rooting


• reweighting and Taylor (up to 12th order) agree

→

mπ /2

mπ /2

• rise at  for the reweighted 
case 

mπ /2

• the culprit is actually the rooting!



• it seems that at the moment our favourite technique is Taylor method then


• But also there we need to be careful
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Cancellations problem in Taylor method

• Goal: derivatives of an observable  w.r.t.  ( : flavour) 


• Given   


• for  we have the generic chain rule formula


•

O μi i ∂iO

Ai =
∂ log(det M)1

4

∂μi
=

1
4

Tr(M−1
i M′ i) → < Ai > = ∂i log Z

O

∂i < O > = < O Ai > + < ∂iO > − < O > < Ai >



< A >

< A2 > < A >2< A′ >

< A3 > < A > < A2 >+2
+ +3 < A > < A′ >

< A4 > < A > < A3 >

< A > < A > < A2 > < A2 > < A2 >−6

< A′ ′ ′ > < A > < A′ ′ >< AA′ ′ >

< A > < A > < A′ > < A > < AA′ >
< A′ > < A′ >< A′ A′ >< A2A′ > < A2 > < A′ >

. . .

n = 1
n = 2

n = 3

n = 4

−3< A >3

< A′ ′ > < AA′ > −3

−3

−3+3
−4 −4+4

+12
+12 −12

< A >4

−6+6

−+

+

• the bigger is the order  of derivative, the more terms we have…


• and the bigger is the cancellation between them!

n

• Below:  (ignoring the flavour)∂n log Z / ∂μn
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• This cancellation actually scales with the volume  how?


• Derivatives of  are related to quark number susceptibilities

→

log Z
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χuds
ijk (T, μu, μd, μs) =

T
V

∂i+j+k log Z
(∂u)i(∂d)j(∂s)k

• 


•   : a variance / , we except 


•  contains terms like   

χu
1 ∼ < u > ∼ nu

χu
2 ∼

1
V

< u2 > − < u >2 V O(1)

χu
2

1
V

( < A2 > − < A >2 ) → < A2 > ∼ V



• Inside  we have couples of terms like  χu
4

1
V

( < A4 > − 3 < A2 >2 ) ∼ O(1)

contributions normalised to sum
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}

O(V2)←

}

O(V2)

• the cancellation is O(V2)

• : cancellation is 


• we need small volumes!!

χ2n O(Vn−1)

• Inside :  χu
6

1
V

( < A6 > − 15 < A2 >3 ) ∼ O(1)

• the cancellation is O(V)



How small can the volume be?
• Small enough to take care of the cancellations


• Big enough to study phase transitions 
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• It depends on the observables: arXiv:2405.12320. (2+1+1 4stout staggered fermions) 


• Two groups of observables related to QCD transition between hadron and Quark 
Gluon Plasma phases:


• chiral observables (  symmetry in limit )   


• deconfinement observables (  symmetry in limit  )

SU(2) × SU(2) mq → 0

Z3 mq → ∞
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Chiral observables

• order parameter: chiral condensate 




• chiral susceptibility 


• disconnected chiral susceptibility 
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T
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Deconfinement observables

• order parameter: Polyakov loop 


• 


• : static quark free energy

P ∼ e−FQ/T

P( ⃗x) =
Nt−1

∏
x4=0

U4( ⃗x, x4)
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• static quark entropy 


• scheme-independent peak position
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 vs LT   ( )Tc μB = 0

•    , ,  increase with 
the volume


• ,  decrease with the volume


•  ,  have milder volume 
effects than , , 

T(χR
disc)

c T(χR)
c T(<ψ̄ψ>)

c

T (SQ)
c T (FQ)

c

T (SQ)
c T (FQ)

c

T(χR
disc)

c T(χR)
c T(<ψ̄ψ>)

c

•   <   <   for T (SQ)
c T(χR

disc)
c T(χR)

c LT ≥ 3 Previous result of TUMQCD Collaboration

[1603.06637]: agreement within errors
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Volume effects at larger μB

chiral observables
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Coming to the last results
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Going back over the path up here:


• Goal: explore phase diagram up to high  


•  Sign problem: complex fermion determinant in MC simulations


• Chosen method: Taylor  (no rooting ambiguities) 


• Still cancellations problem!  we need small volumes


• For small volumes we can rely better on deconfinement observables

μB

→
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Results 
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• First step: compute the derivatives of  


• As said, it is difficult

Q = | < P > |2

@6
uQ = +2hPRihFuPRi+ 20hPRihCuCuPRi+ 30hPRihBuDuPRi+ 30hPRihBuBuBuPRi+ 12hPRihAuEuPRi

+120hPRihAuBuCuPRi+ 30hPRihAuAuDuPRi+ 90hPRihAuAuBuBuPRi+ 40hPRihAuAuAuCuPRi
+30hPRihAuAuAuAuBuPRi+ 2hPRihAuAuAuAuAuAuPRi � 20hCuPIihCuPIi+ 30hBuPRihDuPRi
+90hBuPRihBuBuPRi+ 120hBuPRihAuCuPRi+ 180hBuPRihAuAuBuPRi � 12hAuPIihEuPIi
�120hAuPIihBuCuPIi � 60hAuPIihAuDuPIi � 180hAuPIihAuBuBuPIi � 120hAuPIihAuAuCuPIi
�120hAuPIihAuAuAuBuPIi � 12hAuPIihAuAuAuAuAuPIi � 120hAuBuPIihCuPIi � 180hAuBuPIihAuBuPIi
+30hAuAuPRihDuPRi+ 90hAuAuPRihBuBuPRi+ 120hAuAuPRihAuCuPRi+ 180hAuAuPRihAuAuBuPRi
+30hAuAuPRihAuAuAuAuPRi � 40hAuAuAuPIihCuPIi � 120hAuAuAuPIihAuBuPIi � 20hAuAuAuPIihAuAuAuPIi
+30hAuAuAuAuPRihBuPRi � 2hFuihPRihPRi � 60hDuihPRihBuPRi � 60hDuihPRihAuAuPRi
+60hDuihAuPIihAuPIi � 20hCuCuihPRihPRi � 60hBuihPRihDuPRi � 180hBuihPRihBuBuPRi
�240hBuihPRihAuCuPRi � 360hBuihPRihAuAuBuPRi � 60hBuihPRihAuAuAuAuPRi � 180hBuihBuPRihBuPRi
+240hBuihAuPIihCuPIi+ 720hBuihAuPIihAuBuPIi+ 240hBuihAuPIihAuAuAuPIi � 360hBuihAuAuPRihBuPRi
�180hBuihAuAuPRihAuAuPRi � 30hBuDuihPRihPRi � 180hBuBuihPRihBuPRi � 180hBuBuihPRihAuAuPRi
+180hBuBuihAuPIihAuPIi � 30hBuBuBuihPRihPRi � 12hAuEuihPRihPRi � 240hAuCuihPRihBuPRi
�240hAuCuihPRihAuAuPRi+ 240hAuCuihAuPIihAuPIi � 120hAuBuCuihPRihPRi � 60hAuAuihPRihDuPRi
�180hAuAuihPRihBuBuPRi � 240hAuAuihPRihAuCuPRi � 360hAuAuihPRihAuAuBuPRi
�60hAuAuihPRihAuAuAuAuPRi � 180hAuAuihBuPRihBuPRi+ 240hAuAuihAuPIihCuPIi
+720hAuAuihAuPIihAuBuPIi+ 240hAuAuihAuPIihAuAuAuPIi � 360hAuAuihAuAuPRihBuPRi
�180hAuAuihAuAuPRihAuAuPRi � 30hAuAuDuihPRihPRi � 360hAuAuBuihPRihBuPRi
�360hAuAuBuihPRihAuAuPRi+ 360hAuAuBuihAuPIihAuPIi � 90hAuAuBuBuihPRihPRi
�40hAuAuAuCuihPRihPRi � 60hAuAuAuAuihPRihBuPRi � 60hAuAuAuAuihPRihAuAuPRi
+60hAuAuAuAuihAuPIihAuPIi � 30hAuAuAuAuBuihPRihPRi � 2hAuAuAuAuAuAuihPRihPRi
+90hBuihDuihPRihPRi+ 540hBuihBuihPRihBuPRi+ 540hBuihBuihPRihAuAuPRi
�540hBuihBuihAuPIihAuPIi+ 270hBuihBuBuihPRihPRi+ 360hBuihAuCuihPRihPRi
+540hBuihAuAuBuihPRihPRi+ 90hAuAuihDuihPRihPRi+ 1080hAuAuihBuihPRihBuPRi
+1080hAuAuihBuihPRihAuAuPRi � 1080hAuAuihBuihAuPIihAuPIi+ 270hAuAuihBuBuihPRihPRi
+360hAuAuihAuCuihPRihPRi+ 540hAuAuihAuAuihPRihBuPRi+ 540hAuAuihAuAuihPRihAuAuPRi
�540hAuAuihAuAuihAuPIihAuPIi+ 540hAuAuihAuAuBuihPRihPRi+ 90hAuAuihAuAuAuAuihPRihPRi
+90hAuAuAuAuihBuihPRihPRi � 360hBuihBuihBuihPRihPRi � 1080hAuAuihBuihBuihPRihPRi
�1080hAuAuihAuAuihBuihPRihPRi � 360hAuAuihAuAuihAuAuihPRihPRi

@8
uQ = has 405 terms

1

n = 6



Is the expansion converging well?
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Results from previous reference up to order 2: 
D’Elia, arXiv 1907.09461
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 coefficientsFQ

•  vs : null strangeness-chemical potential vs 
strangeness neutrality


• interpolate the coefficients, then for each  compute 


•

μS = 0 nS = 0

μB FQ(μB)

FQ(T, μB) = FQ(T,0) + ∑
n=2,4,...,8

Fn(T) ̂μn
B

n!
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From  to FQ SQ

• From the interpolations of :  FQ SQ(T, μB = fixed) = −
∂FQ(T, μB = fixed)
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Phase diagrams to different orders in Taylor expansion

• 8th order negligible up to 
 MeV for  and  

 MeV for 


• 1 sigma errorbars of 8th and 6th 
order touch at  MeV for 
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And, the CEP?
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What next?

• Go on with Taylor up to order…? Which order?


• The truncation error in  is uncontrolled. We can’t really know if at  MeV we 
should stop at 8th order, or at 10th, or 12th: it depends only on the available statistics

μB μB = 400

B

μB• In a canonical formulation that would be controlled


• Baryon number  is fixed,  is computed


• Several attempts in the past by various 
collaborations: arXiv:0507020, 0602024, 
0906.1088,… 


• Hope to have some new results for that by Quark 
Matter 2025!!

B μB (sketch)



Backup slides
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Reweighting for staggered fermions
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• Difference between between the full reweighted result and the 8th-order Taylor 
expansion 
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• We are interested in the deconfinement transition 

• Order parameter: Polyakov loop  P ∼ e−FQ/T
Hadron Gas

Crossover
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Vacuum
Nuclear 
Ma�er

Quark-Gluon Plasma

Color 
S uperconductor

The Phases of QCD

1st Order Phase Transition
Critical
Point

Plot from arXiv:1906.00936• Problem: scheme-dependent


• , where  depends on the scheme


•    depends on the 
scheme, but the inflection point does not


• Better way to find deconfinement temperature : 
peak of static quark entropy  

Pren ∼ cP Pbare cP

FQ = − T log P ∼ Fbare
Q − cF → cF

Tc

SQ = −
∂FQ(T)

∂T

Plot from arXiv:1603.06637

first used in arXiv:1603.06637, first 
used by this collaboration in 
2405.12320



• tree-level Symanzik improved gauge action


•  staggered fermions with 4stout 
smearing


• Details in Phys. Rev., D92(11):114505, 2015 


• simulations at imaginary   extrapolations to real 
values


• For  simulations also at 0, 3, 
4, 5, 6, 6.5, 7 


• strangeness neutrality setting: 

Nf = 2 + 1 + 1

μB →

Ns = 32, 40 , 48 Im
μB

T
π
8

=

< NS > = 0

a

T =
1

a Nt

L = a Ns
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Lattice setup for 2405.12320

• 20, 24, 28, 
32, 40, 48, 64 
Ns =

(μB = 0)

• Nt = 12
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Statistics for 2410.06216
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