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e QCD at non-zero density or with a @ term, real-time QF'Ts, etc.

» Usual lattice approach (importance sampling) not applicable.
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or  ox \dx  Ox

Gy OP(X,T) O ( 0 N dS(x))p(x, A

drift term

(Gaussian noise:

(n(r)) =0
(n(on(7)) = 25(z — 7)
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drift term

Gaussian noise: probability density:
(n(r)y =0 Iim p(x, 7) e W
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Langevin and Fokker-Planck equations
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The complex Langevin equation

- Klauder '83; Parisi E_;:?’._

o Complexifyx — z = x4+ 1y.

» —>* probability density P(x, y, 7).
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» Simulate the process

£: step size

S

n,: real Gaussian noise

W




Complex Langevin simulation

B

» Simulate the process

£: step size

* Generate configurations to produce equilibrium distribution for averaging.
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* Can infer incorrect solutions from non-vanishing boundary terms.
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Integration cycles

* Integration paths connecting zeros of p(z) .

Z4
» Example: p(z) = e~ 7.

* Three independent cycles, y, is the relevant one.

Y5
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Y6

* Vanishing boundary terms only imply that result is
linear combination of integration cycles:

Y3

12



Kernel and integration cycles

13



Kernel and integration cycles

(O)er = ), a(0), |
= \‘

13



1.0 -
0.8 -
0.6 -
0.4
0.2
0.0 -

~0.2 -

—0.4 -

—0.6 A

Kernel and integration cycles

H>- oA

- oA

0000606

Re a;
Im a;
Re a,
M a»r
Re as
M as

BAAARAA

A AA AL 4

o vy

AHAANRBH

BO6

AAcA

10

20

30

40

13



1.0 -
0.8 -
0.6 -
0.4
0.2
0.0 -

~0.2 -

—0.4 -

—0.6 A

Kernel and integration cycles

H>- oA

- oA

00000

Re a;
Im a;
Re a,
M a»r
Re as
M as

BHAAAAH

A AA AL 4

o vy

AHAANRBH

BO6

AAcA

10

20

30

40

13



1.0 -
0.8 -
0.6 -
0.4
0.2
0.0 -

~0.2 -

—0.4 -

—0.6 A

Kernel and integration cycles

H>- oA

- oA

00000

Re a;
Im a;
Re a,
M a»r
Re as
M as

BHAAAAH

A AA AL 4

o vy

BO6

AAcA

10

20

30

40

13



e —_—

(O)e, = D, @ (0),

=1

~, e e R R e — ——

* Kernel can favor certain cycles.

1.0 -
0.8 -
0.6 -
0.4
0.2
0.0 -

~0.2 -

—0.4 -

—0.6 A

Kernel and integration cycles

H>- oA

- oA

00000

Re a;
Im a;
Re a,
M a»r
Re as
M as

BEAAHAHH

A AA AL 4

o vy

BO6

AAcA

10

20

30

40

13



sz —— e e e —————— — — —— —— - B B

* Kernel can favor certain cycles.

* Fits are unreliable in the presence of
boundary terms.

1.0 -
0.8 -
0.6 -
0.4
0.2
0.0 -

~0.2 -

—0.4 -

—0.6 A

Kernel and integration cycles

H>- oA

- oA

-0000666-

Re a;
Im a;
Re a,
M a»r
Re as
M as

-BEBABAHH-

A AA AL 4

o vy

BO6

AAcA

10

20

30

40

13



sz —— e e e —————— — — —— —— - B B

* Kernel can favor certain cycles.

* Fits are unreliable in the presence of
boundary terms.

* Only proven for a single degree of freedom. -os1{,

1.0 -

0.8 A

0.6

0.4 -

0.2 -

0.0 A

—0.2 A

—0.4 -

Kernel and integration cycles

H>- oA

- oA

-0000666-

Re a;
Im a;
Re a,
M a»r
Re as
M as

-BEBABAHH-

A AA AL 4

o vy

BO6

AAcA

10

20

30

40

13



Higher dimensions

14



Higher dimensions

14



Higher dimensions

- Ao o
. Consider 5(z;,2,) = 4(21 + 25)°.

14



Higher dimensions

- Ao o
. Consider 5(z;,2,) = 4(21 + 25)°.

Six

 Example: 1 = €76,

14



Higher dimensions

2.0
JE—— e —— 1.5
05(z1, 2») i
. [> <2 i .
;> 7, — € +/ el n; | O
aZi | 0.5
S — —— ’I\\T
~ 0.0
£
: A 2 2\2 —0.5
. Consider 5(z;,2,) = Z(Zl + 25)°.
—-1.0
Sim
 Example: 4 = €5, . 1
-2.0
—-2.0 -1.5 -1.0 -0.5 0.0
Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

2.0
JE— R— 1.5
1 (3S(Z1 Zz) ;
| ? | 1.0
G > € 3 +Vern;]
< | 0.5
e — e ’I;lz
~— 0.0
=
. I  —o0s
. Consider 5(z;,2,) = Z(Zl + 25)°. |
—1.0
Sir
 Example: 4 = €5, . 1

—2.0
—-2.0 -1.5 -1.0 -0.5 0.0

Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

A
. Consider 5(z;,2,) = Z(le 1 222)2. 0.5

Six

 Example: 1 = €76, : 1.5

—2.0
—-2.0 -1.5 -1.0 -0.5 0.0

Re (z;)

0.5

1.0

1.5

2.0

14



Higher dimensions

A
. Consider 5(z;,2,) = Z(le 1 222)2. 0.5

Six

 Example: 1 = €76, : 1.5

—2.0
—-2.0 -1.5 -1.0 -0.5 0.0

Re (z;)

0.5

1.0

1.5

2.0

14



Higher dimensions

2.0
i—_ S—— e — ————ema——— 1.5
| 05(z21, %) Y 1.0
L aZi }i 0.5

e S o s e R ’I\\T
~ 0.0

S
: A 2 2N\2 —-0.5

. Consider S(z;,2,) = Z(Zl + ;)"
—1.0
Sir
 Example: 4 = €5, . 1
—-2.0
-20 -15 -1.0 -05 0.0 O5 10 15 2.0

Re (z))

14



Higher dimensions

2.0
— e ————— 1.5
'4 05(z2, 2p) ;
. I°> 42 n 1.0
> — € 3 + 1/ € ;i |
L < }i 0.5
—— — ’I\\T
~ 0.0
£
: A 2 2\2 -0.5
. Consider 5(z;,2,) = Z(Zl + 25)°.
—1.0
Sin
 Example: 4 = €5, . 1
—-2.0
-2.0 -1.5 -1.0 -0.5 0.0
Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

2.0
— e ————— 1.5
'ﬁ 05(z2, 2p) 5
. I°> 42 n 1.0
> — € 3 + 1/ € ;|
L < }i 0.5
—— — ’I\\T
~ 0.0
£
: A 2 2\2 -0.5
. Consider 5(z;,2,) = Z(Zl + 25)°.
—1.0
Sin
 Example: 4 = €5, . 1
—-2.0
-2.0 -1.5 -1.0 -0.5 0.0
Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

Im (Z,')

A
. Consider 5(z;,2,) = Z(Z12 1 222)2. 0.5

Six

 Example: 1 = €76, : 1.5

—2.0
—-2.0 -1.5 -1.0 -0.5 0.0

Re (z;)

0.5

1.0

1.5

2.0

14



Higher dimensions

2.0
JE—— e m—— 1.5
" 05(z2, 2p) 3
. I°> 42 n 1.0
G > € 3 + /€ i |
L < }i 0.5
—— — ’I\\T
~ 0.0
£
: A 2 2\2 -0.5
. Consider 5(z;,2,) = Z(Zl + 25)°.
—1.0
Sin
 Example: 4 = €5, . 1
—-2.0
-2.0 -1.5 -1.0 -0.5 0.0
Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

2.0
R —— e —— 1.5
" 05(z2, 2p) 3
. [s> 42 n 1.0
>3 —€ 3 + 1/ € i |
L < }i 0.5
—— .- ’I\\T
~ 0.0
£
: A 2 2\2 -0.5
. Consider 5(z;,2,) = Z(Zl + 25)°.
—1.0
Sin
 Example: 4 = €5, . 1
—-2.0
-2.0 -1.5 -1.0 -0.5 0.0
Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

2.0
— e ————— 1.5
" 05(z2, 2p) 3
. I°> 42 n 1.0
G > € 3 + /€ i |
L < }i 0.5
—— .- ’I\\T
~ 0.0
£
: A 2 2\2 -0.5
. Consider 5(z;,2,) = Z(Zl + 25)°.
—1.0
Sin
 Example: 4 = €5, . 1
—-2.0
-2.0 -1.5 -1.0 -0.5 0.0
Re (z))

0.5

1.0

1.5

2.0

14



Higher dimensions

- Ao o
. Consider 5(z;,2,) = 4(21 + 25)°.

Six

 Example: 1 = €76,

0.4 -

0.2 1

0.0 A

—0.2 A

—0.4 A

©

b

S/

e

Re (z%)cL

Im (z%)cL

566660600666°

10

14



Higher dimensions

i = = % Re (Z%)CL
: aS(Z], ZZ) i 0.4 - |m(Z%)CL
aZi ?i 0.2 -
L#’aw - N ' 5©6660660666°
(S
0.0 1
A5 a0 )
. Consider S(z;,2,) = Z(Zl + ;)" 021 o
Sir _ 1
 Example: 4 = €5, o
SAAAAAAAAAAAL
0 10




Higher dimensions

I Re(z2) SAAAAAAAAAAA,
= — ———— e 7“,\ 1/CL
| | 2
g 65(21, Zz) % 0.4 - Im (Zl)CL 1906
L aZi ?i 0.2 1 ©
- _7ﬁ_;:*_._i-_r-‘h.ﬁf,4> 566606006000666°
S
0.0 A
. ‘2’ p) o\?2 ° Seoco00000006(
. Consider S(z;,2,) = Z(Zl + 25)°. 021 e .
Sin _0.4- =T
 Example: 1 = €76, |
SAAAAAAAAAAA
(I) 1IO 2IO 3IO 4IO

14



Integration cycles in higher dimensions

15



Integration cycles in higher dimensions

A
e 5(21,2) = Z(le + Z22)2-

15



Integration cycles in higher dimensions

A
e 5(21,2) = Z(le + Z22)2-

o ¢ has § zeros but there are only
2 independent integration cycles.

15



Integration cycles in higher dimensions

A
e 3(Z1,2) = Z(le + z22)2.
o ¢ has § zeros but there are only
2 independent integration cycles.

* Check validity of

—_—

‘: Z
(0o = a1 (0), +a,(0), |

Sa—— — ———

15



Integration cycles in higher dimensions

A
S5(z1,20) = Z(le + z22)2.

e %) has 8 zeros but there are only
2 independent integration cycles.

Check validity of
‘: Z
[ Per = @ 0+ @O
Sim iTm

Example: A =¢6,K = e 24,

15



Integration cycles in higher dimensions

A
S5(z1,20) = Z(le + z22)2.

e %) has 8 zeros but there are only
2 independent integration cycles.

Check validity of

H

P

Sirm

Example: A =¢e6, K

—_—

__lmm
24

‘¢ 2
@_ “{0), >y2

1.0 A

0.8 A1

0.6 A

0.4 -

0.2 -

e 0-0-6-0-06-6-0

0.0 1@ &

Re a;
m a;
Re ar
M a»>

H— e

A/ NAAA-A

10

15

20

25

30 35

15



Integration cycles in higher dimensions

A
S5(z1,20) = Z(le + z22)2.

e %) has 8 zeros but there are only
2 independent integration cycles.

Check validity of

H

P

Sirm

Example: A =¢e6, K

—_—

__lmm
24

‘¢ 2
@_ “{0), >y2

1.0 A

0.8 A1

0.6 A

0.4 -

0.2 -

e 0-0-6-0-06-6-0

0.0 1@ &

Re a;
m a;
Re ar
M a»>

H— e

A/ NAAA-A

10

15

20

25

30 35

15



Breaking O(2) symmetry

16



Breaking O(2) symmetry

* Consider more general interactions:

16



Breaking O(2) symmetry

* Consider more general interactions:

S5(z1,20) = Z(zf + z§ + azlzzzz .

16



Breaking O(2) symmetry

* Consider more general interactions:

S5(z1,20) = Z(zf + z§ + azlzzzz) .

* Number of independent integration
cycles depends on a.

16



Breaking O(2) symmetry

* Consider more general interactions:

S5(z1,20) = Z(zf + z§ + azlzzzz .

* Number of independent integration
cycles depends on a.

# independent cycles

O

o0
1

~
1

o
1

ul
1

D
1

W
1

N

©__
o

0.5

1.0

1.5

2.5

3.0

3.5

4.0

16



More general kernels

17



More general kernels

VKo,

17



More general kernels




More general kernels

Sirm

 Example:a =1,4=¢€7,

17



More general kernels

 0SGhn)
.‘i g &4 — € (;1 ZZ) + \/8_ H; }!
e A

Sirm

° Examp]e: a = 1, ﬂ — eT,

Im (Zz)

17



More general kernels

Im (z1)

Sirm

 Example:a =1,4=¢€7,

Im (z3)

17



More general kernels

Im (z1)

Sirm

 Example:a =1,4=¢€7,

Im (z3)

17



Sampling different integration cycles

18



Sampling differentintegration cycles

e 5(21,20) = 4(21 + 2z, + azizy).

* Example:a = 0.5, /1—657

18



Sampling differentintegration cycles

S

ANNNNNNN

Sim wm;

* Example:a = 05,1 =¢%, K —¢ 7. -0

1.0 A e a;
. a
e ——— e 0.8 - —r
»« aS(Zla Zz) 14 06 : ZZ
> € o T/ €L T, | | S
- 0.4- iy
0.2 -
A
e S(z1,2) =—(zF + 25 +az’z?). 0.0-
1> 42 4 1 2 12

OO

~0.2 -
(10,10) (10,22) (10.34) (22,10) (22.22) (22.34) (34.10) (34,22) (34,34)
(my, my)




Sampling differentintegration cycles

| 25(z;, 25)

> — € ENHi
w 0z,

.

® :;(;31,4222) — 41,(2:l '+' 222 '+' CZJZIAZé?) .

Sirx

* Example:a =0.5,A=¢%, K = ¢

iﬂﬂﬁ

24

1.0

0.8

0.6

0.4

0.2

0.0

—0.2

—0.4 -

S

\\\\\\\\

ANNNNNNN

(10,10) (10,22) (10.34) (22,10) (22.22) (22.34) (34.10) (34,22) (34,34)
(my, my)

18



Conclusions & open questions

19



Conclusions & open questions

* Evidence for validity of Salcedo-Seiler theorem beyond 1D.

19



Conclusions & open questions

* Evidence for validity of Salcedo-Seiler theorem beyond 1D.

» Kernel can favor certain integration cycles.

19



Conclusions & open questions

* Evidence for validity of Salcedo-Seiler theorem beyond 1D.

» Kernel can favor certain integration cycles.

* Complex Langevin can be extended to theories of physical interest.

19



Conclusions & open questions

Evidence for validity of Salcedo-Seiler theorem beyond 1D.

Kernel can favor certain integration cycles.

Complex Langevin can be extended to theories of physical interest.

Also there, kernels are possible. But how to choose them?

19



Conclusions & open questions
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Kernel can favor certain integration cycles.

Complex Langevin can be extended to theories of physical interest.
Also there, kernels are possible. But how to choose them?

What about integration cycles in realistic theories?
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