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Introduction

CMB decoupling: z ' 1100, T ' 2.7(1 + z) K
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Figure 16: Creation and evolution of perturbations in the inflationary universe. Fluctuations are

created quantum mechanically on subhorizon scales. While comoving scales, k�1, re-

main constant the comoving Hubble radius during inflation, (aH)�1, shrinks and the

perturbations exit the horizon. Causal physics cannot act on superhorizon perturba-

tions and they freeze until horizon re-entry at late times.

Fluctuations are created on all length scales, i.e. with a spectrum of wavenumbers k. Cosmolog-

ically relevant fluctuations start their lives inside the horizon (Hubble radius),

subhorizon : k � aH . (153)

However, while the comoving wavenumber is constant the comoving Hubble radius shrinks during

inflation (recall this is how we ‘defined’ inflation!), so eventually all fluctuations exit the horizon

superhorizon : k < aH . (154)

10.2 Horizon Exit and Re-Entry

Cosmological inhomogeneity is characterized by the intrinsic curvature of spatial hypersurfaces de-

fined with respect to the matter, R or �. Both R and � have the attractive feature that they remain

constant outside the horizon, i.e. when k < aH. In particular, their amplitude is not a�ected by

the unknown physical properties of the universe shortly after inflation (recall that we know next to

nothing about the details of reheating; it is the constancy of R and � outside the horizon that allows

us to nevertheless predict cosmological observables). After inflation, the comoving horizon grows,

so eventually all fluctuations will re-enter the horizon. After horizon re-entry, R or � determine the

perturbations of the cosmic fluid resulting in the observed CMB anisotropies and the LSS.

In Lecture 1 we explained the evolution of the comoving horizon during inflation and in the

standard FRW expansion after inflation. In this lecture (Lecture 2) we will compute the primordial

power spectrum of comoving curvature fluctuations R at horizon exit. In the next lecture (Lecture

3) we will compute the relation of curvature fluctuations R to fluctuations in cosmological observables
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F igure 2 .1 : Here we see how the comoving scale � ⇠ k-1 stays constant
and then crosses the horizon at two times (the solutions of the
equation a(t)H(t) = k), one in the inflationary epoch and one
in the hot Big Bang epoch. In passing we note that the plot
does not really have this symmetric form (though this is not a
problem for our analysis): in fact after the end of inflation the
universe experiences (in this order) periods of MD (reheating),
RD, MD and the current ⇤D.

3 Contact with Observations

3.1 Introduction

So far, we have computed the power spectra of � and h at horizon exit. In this chapter, we

show how to relate these results to observations of the cosmic microwave background (CMB)

and large-scale structure (LSS). Making this correspondence explicit is crucial if the data is to

be used to extract information about the early universe.
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Figure 3.1: From vacuum fluctuations to CMB anisotropies.

The challenge is to relate the predictions made at horizon exit (high energies) to the observ-

ables after horizon re-entry (low energies). These times are separated by a time interval in which

the physics is very uncertain. Not even the equations governing perturbations are well-known.

How can we still make predictions? The only reason that we are able to connect late-time ob-

servables to inflationary theories is the fact that the wavelengths of the perturbations of interest

we outside the horizon during the period from well before the end of inflation until the relatively

near present (see fig. 3.1).

In the previous chapter, we showed that the curvature perturbation � freezes after horizon

crossing for inflation driven by a single scalar field. However, this is not enough. After in-

flation, the universe becomes filled with matter and radiation, and we need establish under

which conditions � remains conserved on superhorizon scales. In §3.2, we review two proofs

of the conservation of � outside of the horizon for adiabatic matter perturbations. In §3.3, we
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F igure 2 .2 : This is a more detailed version of cartoon plot 2.1, which ex-
plains how fluctuations are created quantum mechanically on
subhorizon scales during inflation, freeze in the times between
horizon exit and horizon re-entry, and finally evolve through
the “transfer function” into the anisotropies in the CMB and
the large-scale structure measured by experiments.

CMB as probe of primordial perturbations
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Baumann, 2009
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Observable Signatures
of Primordial Tensor Modes



CMB polarization

We expect the CMB to become polarized via Thomson scattering:
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E- and B-mode polarization pattern

‰ E-mode pattern: invariant for n̂! �n̂;

‰ B-mode pattern: odd under n̂! �n̂.
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Tensor perturbations and B-modes

Quantum fluctuations of spatial metric hi j ! two-point function Pt(k):

hi j(x) =

�
dk

(2⇡)

3/2

�
p=+,⇥

✏

p
ij(k)h

p
k

(t)e

ik·x�!hhp
k

h

q
k

0i0 = Pt(k)

Need quadrupole anisotropy to polarize CMB photons. Both scalar and tensor modes source

a quadrupole anisotropy !

C

XY
` =

�
d log k �

X
s,`(k)�

Y
s,`(k)Ps(k) +

�
d log k �

X
t,`(k)�

Y
t,`(k)Pt(k)

‰ tensor perturbations h

p
k

generate both E-modes and no B-modes.

‰ scalar perturbations ⇣

k

generate E-modes, but no B-modes: transfer functions �

B
s,` are 0;

angular power spectra of B-mode polarization CBB`
allow to probe the primordial tensor spectrum



GW contribution to radiation energy density
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Pritchard and Kamionkowski, 2004

tensor modes re-enter the horizon

! they begin to oscillate

propagate as massless modes

! contribute to ⇢rad

⌦rad = ⌦�

�
1 +
7
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� 4
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Ne↵

�
Ne↵ = 3.046 for

three families

of neutrinos

NGWe↵ =
h20
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� fUV
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d log f ⌦GW(f )

Maggiore, 1999

⌦GW(f ) =
1

⇢c

⇢GW
d log f

with



Giovanni Cabass (La Sapienza) 28th Texas Symposium, Geneva, 14/12/2015 10/20

⌦GW(f ) =
�2t (f )

24zeq
, with f /Hz = 1.6⇥ 10�15k/Mpc�1 Ungarelli et al., 2005

Watanabe and Komatsu, 2006

for �2t (k) = rAs

�
k

k?

�nt
NGWe↵ ⇡ 3⇥ 10�6 ⇥

rAs

nt

��
f

f?

�nt�fUV
fIR

IR and UV cutoffs, primordial tensor spectrum

The integral for NGWe↵ does not extend on all frequencies:

‰ at a given redshift, there is a IR cutoff equal to the horizon size at that redshift. Energy

of superhorizon modes is zero (they are frozen out);

‰ the UV cutoff is more arbitrary. In our analysis we take fUV to be the horizon size at the

end of inflation (kUV ⇡ 2⇥ 1023Mpc�1).
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Ota et al., 2014
Chluba et al., 2014

(see also Meerburg et al., 2015)

Constraints at different frequencies

‰ NBBNe↵ : contribution of GWs to ⇢rad at BBN. A large NBBNe↵ will result in an overproduction
of 4He. The IR cutoff is the horizon size at BBN;

‰ NCMBe↵ : contribution of GWs to ⇢rad at decoupling. It affects CMB anisotropies. The IR
cutoff is the horizon size at decoupling.
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0.001

0.010

0.100

1
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Multi-Wavelength Constraints

from Current Data
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Constraints from (not so) current data

‰ k? = 0.01: need blue nt for low tensor power at small `;

‰ additional datasets: cut nt exponentially ) r is lowered;

‰ adding NGW: tighter constraints than external datasets.

95% CL constraints

BAO +
Deuterium

9

be consistent with the low tensor power at large scales,
where the constraints from the Planck data come from,
a blue tilt is needed [106].

When we add the information from spectral distor-
tions, pulsar timing or GW direct detection, instead,
we find that the upper limits for the tilt decrease, in
agreement with the fact that a too large nt would lead
to a large and detectable tensor signal at small scales.
Moreover, there is an almost horizontal cut in the two-
dimensional posteriors for r and nt: the reason is that the
dependence of these three observables on the tilt is expo-
nential, and this causes the posterior probability density
function to be very steep in the nt direction. The left
panel of Fig. 3 shows that the most constraining dataset
is Planck + BKP + LIGO-Virgo, followed by Planck +
BKP + pulsar and Planck + BKP + FIRAS.

This hierarchy is expected since the tensor and scalar
contributions for spectral distortions are degenerate (as
one can see from Sec. II B), and Eqs. (18) show that the
scalar contribution hµis dominates over the tensor one
unless nt is very large. Regarding the Planck + BKP
+ pulsar and Planck + BKP + LIGO-Virgo datasets
we could have expected to obtain better constraints with
pulsar timing than with direct GW measurements, since
the former put more stringent upper limits on ⌦GW. The
reason why this does not happen is that the frequency
range where pulsar timing operates is closer to the hori-
zon size at recombination than LIGO-Virgo frequencies,
therefore giving a weaker lever arm to estimate the scale
dependence of the primordial tensor spectrum.

Our best bounds on the tensor parameters, obtained
using the Planck + BKP + LIGO-Virgo dataset, are r <
0.085 and nt = 0.04+0.61

�0.85 (both at 95%CL).
Another thing that we notice is the following: since

the low tensor power at large scales cannot be anymore
accommodated by having a blue tensor tilt, the upper
limits on the tensor-to-scalar ratio decrease as those on
nt become tighter. This does not happen, however, for
the Planck + BKP + FIRAS dataset: the reason is that
the best-fit of Planck + BKP is excluded by the combi-
nation Planck + BKP + FIRAS, so regions of parameter
space that were before forbidden at more than 2� become
again compatible with data at 95%CL. The same argu-
ment applies also to Planck + BKP + pulsar and Planck
+ BKP + LIGO-Virgo: in that case, however, the con-
straints on the tilt derived from ⌦GW are strong enough
that r must be brought down in order to have consistency
with the Planck + BKP bounds on the large-scale tensor
power.

The left panel of Fig. 4 and Tab. IV show that switch-
ing from BKP to BK14 polarization data has mainly the
e↵ect of tightening the bounds on the tensor-to-scalar ra-
tio, while those for nt are practically una↵ected. Given
that the BK14 dataset puts more precise bounds on the
BB power spectrum, one could expect to obtain also
strongest constraints on the tensor tilt. However, since
BK14 spectra prefer values of r lower than BKP ones, the
gain from the higher experimental accuracy is cancelled

by the lost sensitivity of the angular spectra to variations
in nt.
Similarly to the previous case, the best bounds on

tensor parameters (r < 0.067, nt = 0.00+0.68
�0.91, both

at 95%CL) are obtained by the combination of CMB
anisotropies and direct detection experiments.
When we add the contribution NGW

e↵ to the e↵ective
number of degrees of freedom Ne↵ , Tab. III shows that
we obtain more stringent constraints on r and nt, while
we see from the right panel of Fig. 3 that the steep slope
of the posterior in the nt direction is reproduced (recall
Eqs. (12)). In particular we see that in this case, even
if we are using “just CMB information” (i.e. the e↵ect
of Ne↵ on CMB anisotropies only), we reach a constrain-
ing power comparable to or even better than CMB com-
bined with GW direct detection experiments. Of course,
by adding external astrophysical datasets (as BAO and
primordial Deuterium abundance) we obtain even tighter
bounds. Our best limits, obtained using Planck + BKP
+ EXT, are r < 0.080 and nt = �0.05+0.57

�0.80, both at
95%CL.

Also in this case, adding the BK14 dataset leads to
better constraints on r: we see from Tab. IV that con-
sidering the Planck + BK14 + EXT dataset we reach
r < 0.061 (95%CL).

Dataset r nt

Planck + BKP < 0.089 1.7+2.2
�2.0

Planck + BKP + FIRAS < 0.098 0.65+0.86
�1.1

Planck + BKP + pulsar < 0.088 0.20+0.69
�0.96

Planck + BKP + LIGO-Virgo < 0.085 0.04+0.61
�0.85

Planck + BKP, with NGW
e↵ < 0.082 �0.05+0.58

�0.87

Planck + BKP + EXT, with NGW
e↵ < 0.080 �0.05+0.57

�0.80

Planck + BKP + aLIGO < 0.078 �0.09+0.54
�0.78

TABLE III. Constraints at 95%CL on the tensor-to-scalar ratio
r and the tensor spectral index nt for the listed datasets: the first
four results are obtained without considering the GW contribution
to Ne↵ . For a detailed description of the datasets used in the
analysis see Sec. III A. For the Planck + BKP + aLIGO forecast
we assumed no detection for AdvLIGO.

B. Forecasts

The results of our forecasts are reported in Figs. 5, 6
and Tabs. V, VI. For our first forecast we assume no de-
tection of ⌦GW in the future interferometer experiment
AdvLIGO. The datasets we consider are the combina-
tion of current CMB measurements (Planck + BKP and
Planck + BK14) and AdvLIGO experiment. Comparing
the results obtained with the current data alone and in
combination with AdvLIGO (Tabs. III, IV), we see that
the constraining power of the next generation of direct

AdvLIGO: 10⇥ improvement of LIGO

still no detection from interferometers

but stronger bounds than CMB + NGWe↵



Constraints from current data
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FIG. 5. Forecasts for r and nt with two di↵erent fiducials: r = 0.05 (left panel) and r = 0.01 (right panel). In both cases the inflationary
consistency relation nt = �r/8 has been assumed. The corresponding 95%CL limits for r and nt are reported in Tab. V.

Dataset r nt

Planck + BK14 < 0.067 1.8+2.0
�2.1

Planck + BK14 + LIGO-Virgo < 0.067 0.00+0.68
�0.91

Planck + BK14, with NGW
e↵ < 0.061 �0.12+0.65

�0.84

Planck + BK14 + EXT, with NGW
e↵ < 0.061 �0.10+0.63

�0.88

Planck + BK14 + aLIGO < 0.060 �0.16+0.63
�0.88

TABLE IV. Same as Tab. III, but considering BK14 polarization
data in addition to Planck power spectra. For a detailed description
of the datasets we refer to Sec. III A. As in table III for AdvLIGO
we assumed no detection of primordial GWs.

detection experiments will be similar to what can be ob-
tained by CMB experiments alone when the contribution
NGW

e↵ to Ne↵ is included.
We have then considered two fiducial cosmologies, one

with r = 0.05 and one with r = 0.01: in both cases we
have taken a fiducial value of the tilt given by r = �nt/8.
The two-dimensional posteriors in the r - nt plane (Fig. 5)
confirm what has been said in Sec. III C: when lensing B-
modes are removed, one is able to disentangle the e↵ects
of r and nt on the tensor B-mode spectrum (since more
scales become available and one can distinguish a tilted
spectrum from one that is simply rescaled by r).

Tab. V shows that COrE will be able to measure
r = 0.01 with a relative uncertainty of order 3⇥ 10�2

(10�2 with 10% delensing). On the other hand it also
shows that, even when delensing is considered, COrE will
not be able to probe the inflationary consistency rela-
tion with high enough accuracy to pin down single-field
slow-roll inflation as the mechanism for the generation of
primordial perturbations: in fact we see that �nt/nt will
be very large, of order 10 for the r = 0.05 fiducial, and

of order 100 for the r = 0.01 one. This tells us that the
range of scales probed by the CMB will not be su�cient
to test the scale dependence of the tensor spectrum in the
next future: combining CMB measurements with direct
detection experiments will be necessary.

Finally, we assume the best-fit from the Planck + BKP
+ LIGO-Virgo dataset, i.e. r = 0.045, nt = 0.35, as
our fiducial model [107]: the simulated datasets used are
Planck + BKP +AdvLIGO, COrE, COrE with 10% de-
lensing and COrE + AdvLIGO (without delensing). We
have chosen a ground-based direct detection experiment
as additional observable because the lever arm with the
scales probed by CMB anisotropies is the strongest avail-
able (see Fig. 1). Besides, since AdvLIGO will put con-
straints directly on ⌦GW, it will be less dependent on the
underlying cosmological models than observables like µ-
distortions.

The results are reported in Fig. 6 and Tab. VI. The
first thing to notice is that Planck + BKP + AdvLIGO
will give a detection of the tensor tilt, while at 95%CL we
will still have only upper bounds on r. This is due to the
fact that AdvLIGO will actually be able to detect the
stochastic background of GWs for these fiducial values
of the tensor parameters: however, the tensor power at
CMB scales is still too low for Planck + BKP to have a
detection of r.

Comparing the forecasts from COrE [108] with those
from the combination Planck + BKP + AdvLIGO, we
see that COrE + 10% delensing will result in better con-
straints on the tensor parameters than what can be ob-
tained from the evolution of LIGO to AdvLIGO. This is
worthy of notice also because the constraints from COrE,
that will be derived using data from a single experiment
(and then with better control of systematics), will be
more reliable.

We also see that combining COrE with the improved

smaller error bars from BK14

) tighter constraints on r

loss of sensitivity to nt
) constraints on nt do not improve a lot

however

95% CL constraints



Forecasts:

CMB and Direct Detection Experiments
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Forecasts for COrE-like mission

7

Parameter Fiducial value

⌦bh
2 0.02225

⌦ch
2 0.1198

100✓MC 1.04077

⌧ 0.079

ns 0.9645

log(1010As) 3.145

H0 67.77

zeq 3394

TABLE I. Fiducial cosmological parameters used for the COrE
forecasts: the fiducials for the tensor parameters r and nt are spec-
ified in the main text.

channel FWHM w�1/2 — T w�1/2 — Q, U

(GHz) (arcmin) (µK · arcmin) (µK · arcmin)

105 10 2.68 4.63

135 7.8 2.63 4.55

165 6.4 2.67 4.61

195 5.4 2.63 4.54

225 4.7 2.64 4.57

TABLE II. Temperature and polarization noise (in µK · arcmin)
and beam (FWHM in arcmin) specifications of the COrE exper-
iment, from [56]. We suppose that the ten additional frequency
channels (from 45GHz to 795GHz) are used for foreground clean-
ing. The fraction of sky covered is fsky = 0.8.

Gaussian B-mode signal [92]. While interesting in its own
right (see [93] for a review), it acts as another source of
foregrounds when the goal is studying primordial tensor
modes. However, if the lensing potential is reconstructed
on small scales, one can remove the lensing contribution
to the CMB B-mode spectrum at largescales, where the
contribution from tensors dominates [94–97].

In the recent work [61] (more precisely, we refer to
Fig. 4 – left panel) it is shown that, for an experiment
with a noise level of order ⇠ 1 µK · arcmin post compo-
nent separation, one can bring the power of lensing B-
modes down to 10% of their original value (see Fig. 2).
Since we expect that COrE could reach these noise levels
after component separation has been carried out, we im-
plement a 10% delensing in our forecasts following [58],
i.e. by rescaling the lensing B-mode angular spectrum
C lens

` of a factor of 0.1. This removal of lensing B-modes
allows us to gain sensitivity to the scale dependence of
�2

t on a larger range of multipoles. In Fig. 2 we see that
if the C lens

` are reduced to 10% in power, there are ⇠ 100
more multipoles available before the noise becomes larger
than the signal. Fig. 2 was obtained with r = 0.1: there-

fore, for a lower tensor-to-scalar ratio the gain would be
even larger [98].
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FIG. 2. Tensor and lensing B-modes, together with noise bias for
the COrE experiment. The blue spectrum corresponds to r = 0.1,
nt = 0, while green one is the lensing B-mode spectrum rescaled
by a factor of 0.1. We see that in this case the Clens

` go completely
below noise level.

IV. RESULTS

A. Current data

We begin this section with a discussion about priors. In
the absence of primordial GWs detection, the bounds
that one derives on the tensor tilt will be prior depen-
dent: while taking a flat prior around nt = 0 is strongly
motivated by scale invariance, there is no equivalently
strong guidance on the prior range: in fact the e↵ect
of a very blue tilt could always be cancelled by a very
small tensor-to-scalar ratio. For this reason, the limits
we put on nt depend on which sampling of r we use
for our MCMC exploration of parameter space: we have
used in our analysis a linear prior on r, with r > 0.01,
again motivated by the fact that a tensor-to-scalar ratio
of order 10�2 is in the detectability range for upcom-
ing ground- and balloon-based polarization experiments.
Had we chosen, e.g., a logarithmic prior on r, the tails
of the two-dimensional contours depicted in Fig. 3 would
have extended on a wider range on the nt-axis, and the
marginalized constraints on the tilt would have degraded:
the more one samples regions at low r, the less tight the
bounds on the tilt will be. This is a very important point,
that must be kept in mind when interpreting Fig. 3 and
Tab. III.

Turning to the actual results, the first thing we notice
is that, when NGW

e↵ is turned o↵, the posteriors for nt

favor a blue tilt. This is due to the fact that we normalize
our spectra at a pivot of 0.01 Mpc�1. In fact, in order to
be consistent with the low tensor power at large scales,
where the constraints from the Planck data come from,
a blue tilt is needed [99].
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COrE specifics (COrE Collab., 2011)

additional frequency channels
(from 45 GHz to 795 GHz):
used for foreground removal

Simulated likelihood (for simplicity consider only B-mode spectra) !

L =
�
`

(2`+ 1)

�
� 1 +

ˆCtens
` +

ˆC lens
` + N`

Ctens
` + C lens

` + N`
+ log

�
Ctens
` + C lens

` + N`
ˆCtens
` +

ˆC lens
` + N`

��

• ˆC`: evaluated for cosmological parameters that describe the (assumed) true universe

• assuming a Gaussian beam, N` is

N` =

� �
i

w(i)e
��2(i)`(`+1)

��1



C lens` ! 0.1⇥ C lens` , Ĉ lens` ! 0.1⇥ Ĉ lens`

� �� �� ��� ��� ������-�

��-�

��-�

����

�
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Creminelli et al., 2015

Delensing

For an experiment with a noise level of order ⇠ 1µK ·arcmin post component separation, one
can delens up to 10% (Errard et. al, 2015): COrE can do it.
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slow-roll parameter during inflation, ✏H ⌘ �Ḣ/H2, by

nt = �2✏H . (24)

Single-field slow-roll models do not violate the Null En-
ergy Condition (NEC) Ḣ < 0, thus predicting a red
tensor spectral index nt < 0. It is possible, however,
to construct models that violate the NEC and lead to
a blue tensor spectral index without incurring in insta-
bilities, like G-inflation [101] and Ghost inflation [102].
While in Ghost inflation gravitational waves are pre-
dicted to be completely unobservable, G-inflation can
give r = O(10�2), nt = O(10�1): however, it also pre-
dicts that the scalar and tensor modes tilt towards the
same direction [103], and a blue ns > 1 is well excluded
by current data (see Tab. I).

If these inflationary models are hard-pressed to acco-
modate such values of the tensor tilt and the tensor-to-
scalar ratio, there are other scenarios that can predict
a blue nt while keeping the scalar sector in accord with
observations. Particle or string sources produced during
inflation, for example, can generate blue tensor modes
consistent with the constraints from scalar fluctuations
[103, 104].

r nt

fiducial 0.05 �r/8 = �0.00625

COrE 0.0500± 0.0012 �0.0072+0.1108
�0.1143

COrE, delens. 0.05000± 0.00066 �0.0023+0.0632
�0.0640

fiducial 0.01 �r/8 = �0.00125

COrE 0.01001± 0.00061 �0.0024+0.1597
�0.1637

COrE, delens. 0.01000± 0.00024 �0.0019+0.1074
�0.1088

TABLE IV. Future constraints at 95%CL on tensor-to-scalar ratio
r and tensor spectral index nt from a COrE-like mission (with and
without 10% delensing), and from the combination of Planck +
BKP CMB data and bounds on ⌦GW from the upcoming AdvLIGO
(denoted by Planck + aLIGO in this table). In none of this cases
the contribution of NGW

e↵ to Ne↵ has been included.

r nt

fiducial 0.045 0.35

COrE · · · ± . . . . . .+...
�...

COrE, delens. · · · ± . . . . . .+...
�...

COrE + aLIGO · · · ± . . . . . .+...
�...

TABLE V. 95%CL constraints on r and nt that can be obtained,
for a fiducial equal to the best-fit of the Planck + BKP + LIGO-
Virgo analysis of Sec. IVA (i.e. r = 0.045, nt = 0.35), from COrE
alone (with and without delensing), and from COrE + AdvLIGO.

FIG. 5. Two-dimensional posterior distributions for r and nt from
COrE (with and without delensing) and COrE + AdvLIGO. The
fiducial values are fixed to the best-fit of the Planck + BKP +
LIGO-Virgo analysis, and the 95%CL constraints are reported in
Tab. V.

V. CONCLUSIONS

In this paper we investigate the constraints on the pri-
mordial tensor power spectrum, assuming that it is de-
scribed by a power law with tilt r and tensor-to-scalar
ratio r, normalized at a pivot scale k = 0.01 Mpc�1.
We compare the bounds from Cosmic Microwave Back-
ground temperature and polarization anisotropies alone
with those obtained by adding to the analysis CMB spec-
tral distortions (FIRAS), pulsar timing (European Pulsar
Timing Array), and direct detection experiments such as
LIGO-Virgo, finding that the increasingly stronger lever
arm allows to pass from r < 0.089, nt = 1.7+2.2

�2.0 (Planck

+ BKP, 95% CL) to r < 0.085, nt = 0.04+0.61
�0.85 (Planck +

BKP + LIGO-Virgo, 95% CL).
When one takes into account the contribution of grav-

itational waves to the e↵ective number of relativistic de-
grees of freedom Ne↵ = 3.046 + NGW

e↵ , and their e↵ect
on the CMB angular spectra and the primordial abun-
dances, the bounds on r and nt further improve, ar-
riving at r < 0.081, nt = �0.05+0.58

�0.84 (Planck + BKP,
95% CL). These limits on the tensor parameters are
stronger than what results from the Planck + BKP +
LIGO-Virgo dataset: it must be kept in mind, however,
that in order to express NGW

e↵ in terms of the primordial
tensor spectrum, one must make an explicit assumption
about the scale beyond which primordial GWs are not
produced (UV cuto↵ kUV): even by choosing this cuto↵
to be the scale crossing the horizon at the end of infla-
tion, there is still freedom to vary it due to the uncertain-
ties on the reheating mechanism. In this paper we make
the assumption kUV = 1023 Mpc�1, which corresponds to
having an instant transition to radiation dominance after
inflation ends: this is a conservative choice with respect
to other works (which choose, e.g., kUV given by the in-

95% CL constraints

‰ 10% delensing: break degeneracy between r and nt;

‰ r measured with a relative uncertainty of order 5⇥ 10�2;

‰ even with delensing, COrE cannot probe nt = �r/8.
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version of LIGO will allow to obtain tighter constraints
on the tensor tilt than those coming from to COrE alone,
even if a 10% delensing is taken into account. More
precisely, there is roughly a factor of 5 improvement of
�nt . On the other hand, we see that the bounds on the
tensor-to-scalar ratio are basically una↵ected if we add
AdvLIGO to the forecast.

We conclude this section with a brief discussion about
inflationary models: more precisely about the possibility
of having a model with r and nt equal to the best-fit
from the Planck + BKP + LIGO-Virgo dataset. One of
the main features of single-field slow-roll is the presence
of the so-called consistency relation: it relates the tilt of
the primordial tensor spectrum to the Hubble slow-roll
parameter during inflation, ✏H ⌘ �Ḣ/H2, by

nt = �2✏H . (24)

Single-field slow-roll models do not violate the Null En-
ergy Condition (NEC) Ḣ < 0, thus predicting a red ten-
sor spectral index nt < 0. It is possible, however, to con-
struct models that violate the NEC and lead to a blue
nt without incurring in instabilities, like G-inflation [109]
and Ghost inflation [110]. While in Ghost inflation grav-
itational waves are predicted to be completely unobserv-
able, G-inflation can give r = O(10�2), nt = O(10�1):
however, it also predicts that the scalar and tensor modes
tilt towards the same direction [111], and a blue ns > 1
is well excluded by current data (see Tab. I).

If these inflationary models are hard-pressed to acco-
modate such values of the tensor tilt and the tensor-to-
scalar ratio, there are other scenarios that can predict
a blue nt while keeping the scalar sector in accord with
observations:

• particle or string sources produced during inflation can
generate blue tensor modes consistent with the con-
straints from scalar fluctuations [111, 112];

• gauge field production in axion inflation [113, 114] can
also lead to blue tensor spectra;

• it is possible to violate the tensor consistency relation
also with higher-curvature corrections to the gravita-
tional e↵ective action (coming, e.g., from string theory)
[115, 116]. In these cases, a time-dependent speed of
sound of tensor perturbations changes the consistency
relation to

nt = �2✏H + Bp✏H . (25)

[116] shows that it is possible to make the factor B posi-
tive and of order one, and therefore have nt . O(10�1).

We refer to to Sec. VIC for a more detailed discussion
about these models.

V. CONCLUSIONS

In this paper we investigate the constraints on the pri-
mordial tensor power spectrum, assuming that it is de-
scribed by a power law with tilt nt and tensor-to-scalar

r nt

fiducial 0.05 �r/8 = �0.00625

COrE 0.0500± 0.0012 �0.0072+0.1108
�0.1143

COrE, delens. 0.05000± 0.00066 �0.0023+0.0632
�0.0640

fiducial 0.01 �r/8 = �0.00125

COrE 0.01001± 0.00061 �0.0024+0.1597
�0.1637

COrE, delens. 0.01000± 0.00024 �0.0019+0.1074
�0.1088

TABLE V. Future constraints at 95%CL on the tensor-to-scalar
ratio r and the tensor spectral index nt from a COrE-like mis-
sion (with and without 10% delensing). In none of this cases the
contribution of NGW

e↵ to Ne↵ has been included.

r nt

fiducial 0.045 0.35

P + BKP + aLIGO < 0.095 0.354± 0.020

COrE 0.0450± 0.0011 0.348± 0.061

COrE, delens. 0.04500± 0.00060 0.350± 0.029

COrE + aLIGO 0.0450± 0.0010 0.3483± 0.0053

TABLE VI. 95%CL constraints on r and nt from Planck +
BKP + AdvLIGO (denoted by P + BKP + aLIGO), COrE alone
(with and without delensing), and from COrE + AdvLIGO, for
a fiducial equal to the best-fit of the Planck + BKP + LIGO-
Virgo analysis of Sec. IVA (i.e. r = 0.045, nt = 0.35).

FIG. 6. Two-dimensional posterior distributions for r and nt from
COrE (with and without delensing) and COrE + AdvLIGO. The
fiducial values are fixed to the best-fit of the Planck + BKP +
LIGO-Virgo analysis, and the 95%CL constraints are reported in
Tab. VI. We preferred to not include the contours from Planck +
BKP + AdvLIGO (which extend outside of the frame of this plot)
to better show the improvement from COrE to COrE + AdvLIGO.

AdvLIGO will see ⌦GW,
but Planck will not see r

⇠ 10x improvement in �nt

important to combine CMB

with high-frequency observables
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Conclusions

‰ constraints from small-scale probes forbid very blue nt, resulting in tighter bounds on r ;

‰ including contribution of GWs to Ne↵ gives the strongest bounds, comparable to AdvLIGO;

‰ new BK14 data improve constraints on r , but not on nt;

‰ forecasts for COrE-like mission – 5 channels (assuming that foregrounds are subtracted).
Fiducials with nt = �r/8:

– �r/r ⇡ 10�2;

– COrE will not be able to test nt = �r/8 with high accuracy;

‰ combining CMB with small-scale probes will be necessary.
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Linear sampling and priors on r



NEC and blue tilt

Consistency relation between ✏H ⌘ �Ḣ/H2 and nt !

nt = �2✏H

EFT for ⇡ in decoupling limit (where the mixing between gravity and inflaton is negligible):

L⇡ = �M2PḢ
�
⇡̇2 �

(@i⇡)
2

a2

�

� �� �
+2M42

�
⇡̇2 + ⇡̇3 � ⇡̇

(@i⇡)
2

a2

�
+ . . . ,

Giovanni Cabass (La Sapienza) 28th Texas Symposium, Geneva, 14/12/2015 3/4

! FLRW metric: Ḣ < 0 is the Null Energy Condition, i.e. Tµ⌫kµk⌫ > 0 for all lightlike kµ.

coefficient of

(@i⇡)
2

is M2PḢ

Ḣ must be smaller than zero

to avoid instabilities

Suitable choice of higher derivative operators ! can have Ḣ > 0 while maintaining stability

(Creminelli et al., 2006).
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Number of e-folds of inflation

Number N? of e-folds of inflation after k? has left the horizon

N? ⌘ log
aend

a?
= � log

k?
H0
+ log

H?
H0
+ log

aend

areh
+ log

areh
a0

where tend marks the transition to radiation dominance.

Standard assumption: reheating is a period of matter domination. Then !

kend

Mpc

�1 = TCMB exp

�
log

3
�
� � log

p
3 + log

3
p
↵2 + log

3

�
⇡2

45

g⇤(TCMB)

�

• Eend = (↵MP)
4
: energy density at the end of inflation;

• Treh = �MP: temperature at beginning of radiation dominance.

Assuming to have instant reheating (↵ = �) at the GUT scale Eend ⇡ 1016 GeV

kend ⇡ 2⇥ 1023Mpc�1


