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Linear PT
Perturbation Theory

3 Linear displacement and velocity fields in metric theories of Gravity

3.1 Geometry

The next section applies to any metric theory of gravity, with a covariant derivative defined by,
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with the Christo↵el connection �⌫

µ�

. We do not refer to the equations that source the metric with a
matter configuration. That is, we define all modifications of gravity as those that change the Einstein
equations and / or those that can be written as additional matter content inside the energy-momentum
tensor.

3.2 Hydrodynamics

At the linear level and hence at the Cauchy surface of N-body simulations, the cosmic density fields
under consideration can be described as fluids. Let us hence first layout the definitions for relativistic
hydrodynamics. All contents of this section can be traced back to Refs. [38–41].

This paper focusses on dynamics entirely attributable to scalar quantities. All is perturbed
about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
background quantities have only time dependence while perturbed quantities (indicated by �) have
time and space dependence. Hereafter we drop the time and space dependence in most functions. For
a fluid with four-velocity Uµ = dxµ/

p
�ds2, UµU

µ

= �1, define the transverse projector5,
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which projects into the plane orthogonal to Uµ, the spatial slices for an observer comoving with the
fluid. The unperturbed Ū i = 0, and @

i

�U i ⌘ ✓.
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then carries the following information,
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Owing to the scalar nature of the system one can further simplify with
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where we chose pre-factors for convenience, such that � corresponds to the definition in Ma &
Bertschinger [40] when q = 0.

In an arbitrary gauge, the scalar part of the metric can be written as [42],
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5The symbol ? can be pronounced ‘perp’, for ‘perpendicular’.
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where all scalar potentials A, B, H
L

and H
T

are small and spacetime dependent6.
Any number density in the frame of an observer comoving with the fluid at velocity Uµ is a

scalar n = n̄+ �n = n̄(1+�
n

), and the number transport is nµ = �nUµ. If the number is conserved,
we have at the linear level and independent of whether the fluid’s energy is conserved,

r
µ

nµ =0, [number conservation] (3.10)

n̄ /a�3, (3.11)

�̇
n

=� (✓ + 3Ḣ
L

), [linear order] (3.12)

where an overdot denotes a derivative with respect to conformal time ⌧ . The number can be associated
with microscopic particles, but just as well with macroscopic simulation vertices (also often referred
to as ‘particles’).

The energy conservation equation r
µ

Tµ⌫ = 0 corresponds to the continuity and Euler equations,
at linear level in Fourier space7
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(✓ + kB � q)� k2�, (3.15)

where H ⌘ ȧ(⌧)/a(⌧) and w(⌧) ⌘ ¯

P

⇢̄

. Note that at the linear level, the continuity equation is only
sensitive to the trace of the spatial perturbations of the metric, 3H

L

. The scalar potentials A and B
only a↵ect the Euler equation for the velocities, while the transverse traceless potential H

T

does not
enter the energy conservation equations at the linear level.

3.3 Constant or variable mass per vertex during the fluid phase

The phase-space of a fluid is discretised for the purpose of a numerical simulation, upon the start of
which a particle picture may be followed, which goes beyond the fluid description when perturbations
become nonlinear and trajectories start crossing. This means that a mesh is laid out in real space
with a velocity associated to each vertex of the mesh, the ‘particles’. For a summary of the existing
methods for discretisation, see Appendix B.

Although this it is not a fundamental condition, all numerical cosmological simulations known
to the authors are based on a fixed number of vertices in phase-space (particles) which is preserved
throughout the simulation. This is not to be confused with the Poisson solver, which during the
simulation at any time can choose an adaptive mesh to approximate the gravitational potential(s) at
the desired resolution, provided the positions of the fixed number of particles.

If the vertices of the fluid are comoving with the velocity field of the fluid, then their proper
number density follows Eq. (3.12). Comparing Eq. (3.12) to Eq. (3.14), it is clear that the special
case of a fluid with constant equation of state ẇ = 0, constant sound speed w = c2

s

which for this case
is equal to c2

s

= �P/�⇢, and zero energy flow q = 0, can be modelled discretely by only accounting for
the positions and velocities of vertices, associating an energy density to each vertex with,

�
⇢

= (1 + w)�
n

. [ẇ = q = 0, w = c2
s

, r
µ

Tµ⌫ = 0 ] (3.16)

6Compare with the convention in [40], in the longitudinal gauge we have (A =  , HL = ��) and in the synchronous
gauge (6HL = h,HT = 6⌘ + h).

7See Ref. [43] for the special case of the perfect fluid, i.e. q = � = 0.
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L

⌘

+ 3H
�

w � c2
s

�

�
⇢

, (3.14)
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about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
background quantities have only time dependence while perturbed quantities (indicated by �) have
time and space dependence. Hereafter we drop the time and space dependence in most functions. For
a fluid with four-velocity Uµ = dxµ/

p
�ds2, UµU

µ

= �1, define the transverse projector5,

?
µ⌫

= g
µ⌫

+ U
µ

U
⌫

, (3.3)

which projects into the plane orthogonal to Uµ, the spatial slices for an observer comoving with the
fluid. The unperturbed Ū i = 0, and @
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3 Linear displacement and velocity fields in metric theories of Gravity

3.1 Geometry

The next section applies to any metric theory of gravity, with a covariant derivative defined by,
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with the Christo↵el connection �⌫

µ�

. We do not refer to the equations that source the metric with a
matter configuration. That is, we define all modifications of gravity as those that change the Einstein
equations and / or those that can be written as additional matter content inside the energy-momentum
tensor.

3.2 Hydrodynamics

At the linear level and hence at the Cauchy surface of N-body simulations, the cosmic density fields
under consideration can be described as fluids. Let us hence first layout the definitions for relativistic
hydrodynamics. All contents of this section can be traced back to Refs. [38–41].

This paper focusses on dynamics entirely attributable to scalar quantities. All is perturbed
about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
background quantities have only time dependence while perturbed quantities (indicated by �) have
time and space dependence. Hereafter we drop the time and space dependence in most functions. For
a fluid with four-velocity Uµ = dxµ/

p
�ds2, UµU

µ

= �1, define the transverse projector5,

?
µ⌫

= g
µ⌫

+ U
µ

U
⌫

, (3.3)

which projects into the plane orthogonal to Uµ, the spatial slices for an observer comoving with the
fluid. The unperturbed Ū i = 0, and @

i

�U i ⌘ ✓.
The energy momentum tensor T

µ⌫

then carries the following information,

• energy density ⇢ = ⇢̄+ �⇢ = ⇢̄(1 +�
⇢

) ⌘ UµU⌫T
µ⌫

,

• pressure P = P̄ + �P = P̄ (1 +�
P

) ⌘ 1

3

?µ⌫ T
µ⌫

,

• energy flow (or heat transfer) qµ ⌘?µ⌫ U�T
⌫�

,

• anisotropic shear perturbation ⌃µ⌫ ,

and is decomposed as

Tµ

⌫

=⇢UµU
⌫

+ P ?µ

⌫

+Uµq
⌫

+ U
⌫

qµ + ⌃µ

⌫

. (3.4)

Owing to the scalar nature of the system one can further simplify with

qµ =� a(⌧) (⇢+ P ) ?µ⌫

r
⌫

r2

q, (3.5)

⌃µ⌫ =� 3

2

a(⌧)2 (⇢+ P )
�

?
µ�

?
⌫↵

� 1

3

?µ⌫?�↵

� r
�

r
↵

r2

�, (3.6)

where we chose pre-factors for convenience, such that � corresponds to the definition in Ma &
Bertschinger [40] when q = 0.

In an arbitrary gauge, the scalar part of the metric can be written as [42],

ds2

a(⌧)2
= �(1 + 2A)d⌧2 � 2B

i

d⌧ dxi +
⇥

(1 + 2H
L

)⌘
ij

+ 2hT

ij

⇤

dxidxj , (3.7)

5The symbol ? can be pronounced ‘perp’, for ‘perpendicular’.
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where ⌘
µ⌫

is the Minkowsky metric, and

B
i

=

Z

d3k

(2⇡)3
k
i

k
B

~

k

ei
~

k·~x, (3.8)

hT

ij

=



@
i

@
j

r2

� 1

3

⌘
ij

�

H
T

, (3.9)

where all scalar potentials A, B, H
L

and H
T

are small and spacetime dependent6.
Any number density in the frame of an observer comoving with the fluid at velocity Uµ is a

scalar n = n̄+ �n = n̄(1+�
n

), and the number transport is nµ = �nUµ. If the number is conserved,
we have at the linear level and independent of whether the fluid’s energy is conserved,

r
µ

nµ =0, [number conservation] (3.10)

n̄ /a�3, (3.11)

�̇
n

=� (✓ + 3Ḣ
L

), [linear order] (3.12)

where an overdot denotes a derivative with respect to conformal time ⌧ . The number can be associated
with microscopic particles, but just as well with macroscopic simulation vertices (also often referred
to as ‘particles’).

The energy conservation equation r
µ

Tµ⌫ = 0 corresponds to the continuity and Euler equations,
at linear level in Fourier space7

˙̄⇢ =� 3H
�

⇢̄+ P̄
�

, (3.13)

�̇
⇢

=(1 + w)
⇣

q � ✓ � 3Ḣ
L

⌘

+ 3H
�

w � c2
s

�

�
⇢

, (3.14)

✓̇ + kḂ � q̇ =k2A+ k2�
P

�H(1� 3w)(✓ + kB � q)� ẇ

w + 1
(✓ + kB � q)� k2�, (3.15)

where H ⌘ ȧ(⌧)/a(⌧) and w(⌧) ⌘ ¯

P

⇢̄

. Note that at the linear level, the continuity equation is only
sensitive to the trace of the spatial perturbations of the metric, 3H

L

. The scalar potentials A and B
only a↵ect the Euler equation for the velocities, while the transverse traceless potential H

T

does not
enter the energy conservation equations at the linear level.

3.3 Constant or variable mass per vertex during the fluid phase

The phase-space of a fluid is discretised for the purpose of a numerical simulation, upon the start of
which a particle picture may be followed, which goes beyond the fluid description when perturbations
become nonlinear and trajectories start crossing. This means that a mesh is laid out in real space
with a velocity associated to each vertex of the mesh, the ‘particles’. For a summary of the existing
methods for discretisation, see Appendix B.

Although this it is not a fundamental condition, all numerical cosmological simulations known
to the authors are based on a fixed number of vertices in phase-space (particles) which is preserved
throughout the simulation. This is not to be confused with the Poisson solver, which during the
simulation at any time can choose an adaptive mesh to approximate the gravitational potential(s) at
the desired resolution, provided the positions of the fixed number of particles.

If the vertices of the fluid are comoving with the velocity field of the fluid, then their proper
number density follows Eq. (3.12). Comparing Eq. (3.12) to Eq. (3.14), it is clear that the special
case of a fluid with constant equation of state ẇ = 0, constant sound speed w = c2

s

which for this case
is equal to c2

s

= �P/�⇢, and zero energy flow q = 0, can be modelled discretely by only accounting for
the positions and velocities of vertices, associating an energy density to each vertex with,

�
⇢

= (1 + w)�
n

. [ẇ = q = 0, w = c2
s

, r
µ

Tµ⌫ = 0 ] (3.16)

6Compare with the convention in [40], in the longitudinal gauge we have (A =  , HL = ��) and in the synchronous
gauge (6HL = h,HT = 6⌘ + h).

7See Ref. [43] for the special case of the perfect fluid, i.e. q = � = 0.
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with the Christo↵el connection �⌫
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. We do not refer to the equations that source the metric with a
matter configuration. That is, we define all modifications of gravity as those that change the Einstein
equations and / or those that can be written as additional matter content inside the energy-momentum
tensor.

3.2 Hydrodynamics

At the linear level and hence at the Cauchy surface of N-body simulations, the cosmic density fields
under consideration can be described as fluids. Let us hence first layout the definitions for relativistic
hydrodynamics. All contents of this section can be traced back to Refs. [38–41].

This paper focusses on dynamics entirely attributable to scalar quantities. All is perturbed
about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
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where all scalar potentials A, B, H
L

and H
T

are small and spacetime dependent6.
Any number density in the frame of an observer comoving with the fluid at velocity Uµ is a

scalar n = n̄+ �n = n̄(1+�
n

), and the number transport is nµ = �nUµ. If the number is conserved,
we have at the linear level and independent of whether the fluid’s energy is conserved,
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nµ =0, [number conservation] (3.10)

n̄ /a�3, (3.11)
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=� (✓ + 3Ḣ
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), [linear order] (3.12)

where an overdot denotes a derivative with respect to conformal time ⌧ . The number can be associated
with microscopic particles, but just as well with macroscopic simulation vertices (also often referred
to as ‘particles’).

The energy conservation equation r
µ

Tµ⌫ = 0 corresponds to the continuity and Euler equations,
at linear level in Fourier space7
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(✓ + kB � q)� k2�, (3.15)

where H ⌘ ȧ(⌧)/a(⌧) and w(⌧) ⌘ ¯
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⇢̄

. Note that at the linear level, the continuity equation is only
sensitive to the trace of the spatial perturbations of the metric, 3H

L

. The scalar potentials A and B
only a↵ect the Euler equation for the velocities, while the transverse traceless potential H

T

does not
enter the energy conservation equations at the linear level.

3.3 Constant or variable mass per vertex during the fluid phase

The phase-space of a fluid is discretised for the purpose of a numerical simulation, upon the start of
which a particle picture may be followed, which goes beyond the fluid description when perturbations
become nonlinear and trajectories start crossing. This means that a mesh is laid out in real space
with a velocity associated to each vertex of the mesh, the ‘particles’. For a summary of the existing
methods for discretisation, see Appendix B.

Although this it is not a fundamental condition, all numerical cosmological simulations known
to the authors are based on a fixed number of vertices in phase-space (particles) which is preserved
throughout the simulation. This is not to be confused with the Poisson solver, which during the
simulation at any time can choose an adaptive mesh to approximate the gravitational potential(s) at
the desired resolution, provided the positions of the fixed number of particles.

If the vertices of the fluid are comoving with the velocity field of the fluid, then their proper
number density follows Eq. (3.12). Comparing Eq. (3.12) to Eq. (3.14), it is clear that the special
case of a fluid with constant equation of state ẇ = 0, constant sound speed w = c2

s

which for this case
is equal to c2

s

= �P/�⇢, and zero energy flow q = 0, can be modelled discretely by only accounting for
the positions and velocities of vertices, associating an energy density to each vertex with,

�
⇢

= (1 + w)�
n

. [ẇ = q = 0, w = c2
s

, r
µ

Tµ⌫ = 0 ] (3.16)

6Compare with the convention in [40], in the longitudinal gauge we have (A =  , HL = ��) and in the synchronous
gauge (6HL = h,HT = 6⌘ + h).

7See Ref. [43] for the special case of the perfect fluid, i.e. q = � = 0.
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matter configuration. That is, we define all modifications of gravity as those that change the Einstein
equations and / or those that can be written as additional matter content inside the energy-momentum
tensor.

3.2 Hydrodynamics

At the linear level and hence at the Cauchy surface of N-body simulations, the cosmic density fields
under consideration can be described as fluids. Let us hence first layout the definitions for relativistic
hydrodynamics. All contents of this section can be traced back to Refs. [38–41].

This paper focusses on dynamics entirely attributable to scalar quantities. All is perturbed
about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
background quantities have only time dependence while perturbed quantities (indicated by �) have
time and space dependence. Hereafter we drop the time and space dependence in most functions. For
a fluid with four-velocity Uµ = dxµ/
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�ds2, UµU
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where we chose pre-factors for convenience, such that � corresponds to the definition in Ma &
Bertschinger [40] when q = 0.

In an arbitrary gauge, the scalar part of the metric can be written as [42],
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where all scalar potentials A, B, H
L

and H
T

are small and spacetime dependent6.
Any number density in the frame of an observer comoving with the fluid at velocity Uµ is a

scalar n = n̄+ �n = n̄(1+�
n

), and the number transport is nµ = �nUµ. If the number is conserved,
we have at the linear level and independent of whether the fluid’s energy is conserved,

r
µ

nµ =0, [number conservation] (3.10)

n̄ /a�3, (3.11)

�̇
n

=� (✓ + 3Ḣ
L

), [linear order] (3.12)

where an overdot denotes a derivative with respect to conformal time ⌧ . The number can be associated
with microscopic particles, but just as well with macroscopic simulation vertices (also often referred
to as ‘particles’).

The energy conservation equation r
µ

Tµ⌫ = 0 corresponds to the continuity and Euler equations,
at linear level in Fourier space7

˙̄⇢ =� 3H
�

⇢̄+ P̄
�

, (3.13)
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=(1 + w)
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q � ✓ � 3Ḣ
L
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s
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, (3.14)

✓̇ + kḂ � q̇ =k2A+ k2�
P

�H(1� 3w)(✓ + kB � q)� ẇ

w + 1
(✓ + kB � q)� k2�, (3.15)

where H ⌘ ȧ(⌧)/a(⌧) and w(⌧) ⌘ ¯

P

⇢̄

. Note that at the linear level, the continuity equation is only
sensitive to the trace of the spatial perturbations of the metric, 3H

L

. The scalar potentials A and B
only a↵ect the Euler equation for the velocities, while the transverse traceless potential H

T

does not
enter the energy conservation equations at the linear level.

3.3 Constant or variable mass per vertex during the fluid phase

The phase-space of a fluid is discretised for the purpose of a numerical simulation, upon the start of
which a particle picture may be followed, which goes beyond the fluid description when perturbations
become nonlinear and trajectories start crossing. This means that a mesh is laid out in real space
with a velocity associated to each vertex of the mesh, the ‘particles’. For a summary of the existing
methods for discretisation, see Appendix B.

Although this it is not a fundamental condition, all numerical cosmological simulations known
to the authors are based on a fixed number of vertices in phase-space (particles) which is preserved
throughout the simulation. This is not to be confused with the Poisson solver, which during the
simulation at any time can choose an adaptive mesh to approximate the gravitational potential(s) at
the desired resolution, provided the positions of the fixed number of particles.

If the vertices of the fluid are comoving with the velocity field of the fluid, then their proper
number density follows Eq. (3.12). Comparing Eq. (3.12) to Eq. (3.14), it is clear that the special
case of a fluid with constant equation of state ẇ = 0, constant sound speed w = c2

s

which for this case
is equal to c2

s

= �P/�⇢, and zero energy flow q = 0, can be modelled discretely by only accounting for
the positions and velocities of vertices, associating an energy density to each vertex with,

�
⇢

= (1 + w)�
n

. [ẇ = q = 0, w = c2
s

, r
µ

Tµ⌫ = 0 ] (3.16)

6Compare with the convention in [40], in the longitudinal gauge we have (A =  , HL = ��) and in the synchronous
gauge (6HL = h,HT = 6⌘ + h).

7See Ref. [43] for the special case of the perfect fluid, i.e. q = � = 0.
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3 Linear displacement and velocity fields in metric theories of Gravity

3.1 Geometry

The next section applies to any metric theory of gravity, with a covariant derivative defined by,

r
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v⌫ =@
µ
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v�, (3.1)

�⌫
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2
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µ

g
�↵

+ @
�

g
↵µ

� @
�

g
µ↵

) , (3.2)

with the Christo↵el connection �⌫

µ�

. We do not refer to the equations that source the metric with a
matter configuration. That is, we define all modifications of gravity as those that change the Einstein
equations and / or those that can be written as additional matter content inside the energy-momentum
tensor.

3.2 Hydrodynamics

At the linear level and hence at the Cauchy surface of N-body simulations, the cosmic density fields
under consideration can be described as fluids. Let us hence first layout the definitions for relativistic
hydrodynamics. All contents of this section can be traced back to Refs. [38–41].

This paper focusses on dynamics entirely attributable to scalar quantities. All is perturbed
about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
background quantities have only time dependence while perturbed quantities (indicated by �) have
time and space dependence. Hereafter we drop the time and space dependence in most functions. For
a fluid with four-velocity Uµ = dxµ/

p
�ds2, UµU

µ

= �1, define the transverse projector5,

?
µ⌫

= g
µ⌫

+ U
µ

U
⌫

, (3.3)

which projects into the plane orthogonal to Uµ, the spatial slices for an observer comoving with the
fluid. The unperturbed Ū i = 0, and @

i

�U i ⌘ ✓.
The energy momentum tensor T

µ⌫

then carries the following information,

• energy density ⇢ = ⇢̄+ �⇢ = ⇢̄(1 +�
⇢

) ⌘ UµU⌫T
µ⌫

,

• pressure P = P̄ + �P = P̄ (1 +�
P

) ⌘ 1

3

?µ⌫ T
µ⌫

,

• energy flow (or heat transfer) qµ ⌘?µ⌫ U�T
⌫�

,

• anisotropic shear perturbation ⌃µ⌫ ,

and is decomposed as

Tµ

⌫

=⇢UµU
⌫

+ P ?µ

⌫

+Uµq
⌫

+ U
⌫

qµ + ⌃µ

⌫

. (3.4)

Owing to the scalar nature of the system one can further simplify with

qµ =� a(⌧) (⇢+ P ) ?µ⌫

r
⌫

r2

q, (3.5)

⌃µ⌫ =� 3

2

a(⌧)2 (⇢+ P )
�

?
µ�

?
⌫↵

� 1

3

?µ⌫?�↵

� r
�

r
↵

r2

�, (3.6)

where we chose pre-factors for convenience, such that � corresponds to the definition in Ma &
Bertschinger [40] when q = 0.

In an arbitrary gauge, the scalar part of the metric can be written as [42],

ds2

a(⌧)2
= �(1 + 2A)d⌧2 � 2B

i

d⌧ dxi +
⇥

(1 + 2H
L

)⌘
ij

+ 2hT

ij

⇤

dxidxj , (3.7)

5The symbol ? can be pronounced ‘perp’, for ‘perpendicular’.
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ds2

a(⌧)2
= �(1 + 2A)d⌧2 � 2B

i

d⌧ dxi +
⇥

(1 + 2H
L

)⌘
ij

+ 2hT

ij

⇤

dxidxj , (3.7)

5The symbol ? can be pronounced ‘perp’, for ‘perpendicular’.
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Linear displacement field

3 Linear displacement and velocity fields in metric theories of Gravity

3.1 Geometry

The next section applies to any metric theory of gravity, with a covariant derivative defined by,

r
µ

v⌫ =@
µ

v⌫ + �⌫

µ�

v�, (3.1)

�⌫

µ�

= 1

2

g⌫↵ (@
µ

g
�↵

+ @
�

g
↵µ

� @
�

g
µ↵

) , (3.2)

with the Christo↵el connection �⌫

µ�

. We do not refer to the equations that source the metric with a
matter configuration. That is, we define all modifications of gravity as those that change the Einstein
equations and / or those that can be written as additional matter content inside the energy-momentum
tensor.

3.2 Hydrodynamics

At the linear level and hence at the Cauchy surface of N-body simulations, the cosmic density fields
under consideration can be described as fluids. Let us hence first layout the definitions for relativistic
hydrodynamics. All contents of this section can be traced back to Refs. [38–41].

This paper focusses on dynamics entirely attributable to scalar quantities. All is perturbed
about a background Friedmann-Lemâıtre-Tolman-Bondi solution, denoted by overbars, such that
background quantities have only time dependence while perturbed quantities (indicated by �) have
time and space dependence. Hereafter we drop the time and space dependence in most functions. For
a fluid with four-velocity Uµ = dxµ/

p
�ds2, UµU

µ

= �1, define the transverse projector5,

?
µ⌫

= g
µ⌫

+ U
µ

U
⌫

, (3.3)

which projects into the plane orthogonal to Uµ, the spatial slices for an observer comoving with the
fluid. The unperturbed Ū i = 0, and @

i

�U i ⌘ ✓.
The energy momentum tensor T

µ⌫

then carries the following information,

• energy density ⇢ = ⇢̄+ �⇢ = ⇢̄(1 +�
⇢

) ⌘ UµU⌫T
µ⌫

,

• pressure P = P̄ + �P = P̄ (1 +�
P

) ⌘ 1

3

?µ⌫ T
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• energy flow (or heat transfer) qµ ⌘?µ⌫ U�T
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,

• anisotropic shear perturbation ⌃µ⌫ ,

and is decomposed as
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. (3.4)

Owing to the scalar nature of the system one can further simplify with

qµ =� a(⌧) (⇢+ P ) ?µ⌫
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q, (3.5)
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where we chose pre-factors for convenience, such that � corresponds to the definition in Ma &
Bertschinger [40] when q = 0.

In an arbitrary gauge, the scalar part of the metric can be written as [42],

ds2
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Scale dependent 
growth in DM: curves

z = 10

z = 55

z = 100

Figure 2. A 3x5 of patch of a 1282 slice of a realization 1283 vertices (particles) of a Dark Matter density
field at a comoving size of 200 Mpc (1.56 Mpc inter-vertex distance), at newtonian displacements varying from
redshift z = 100 down to z = 10, in a cosmology endowed with designer f(R) gravity in wCDM background
(w = �0.95) with B

0

= 0.9, compared to a plain ⇤CDM cosmology. The f(R) trajectories can be distinguished
from the ⇤CDM counter parts, by their curved shape, as emphasised in the inset. The straight dashed line
connecting start and end points serves as a guide to the eye, to recognise the curved shape of the trajectory.
This displacement field is linear, yet the particles do not follow straight lines.

with the definition of the background matter density, around which perturbation theory was setup.
Properly taking this mismatch into account, amounts to the Buchert formalism (see Ref. [54] for a
review), which schematically can be summarised as,

Ḡ
µ⌫

(ḡ
µ⌫

(⌧)) =T̄
µ⌫

(⇢̄(⌧), P̄ (⌧), . . .), (4.9)

�G
µ⌫

(�g
µ⌫

(⌧, ~x)) =�T
µ⌫

(�⇢(⌧, ~x), �P (⌧, ~x), . . .), [ordinary perturbation theory] (4.10)
⌦

G
µ⌫

(gfully nonlinear

µ⌫

(⌧, ~x))
↵

6=T̄
µ⌫

(⇢̄(⌧), P̄ (⌧), . . .), [averaging vs. background] (4.11)

where both the left and right-hand side of the last line are pure functions of ⌧ , but di↵erent pure
functions of ⌧ .

In General Relativity, intuition tells that wavelengths larger than the scales considered, can
be included as a locally constant spatial curvature term (the universe locally is open or closed).
However, this only addresses the density contributions, while the Einstein equations contain higher
order gradients in the potential as well. Under general modifications of gravity, Birkho↵’s theorem
no longer holds, and the above intuition is flawed.

In summary, it is not obvious that two perturbation theories that are identical in their linear
limits, are identical in their full nonlinear regimes.

In [55] is was found numerically that the mismatch between average and background quantities
may be tiny, but a rigorous mathematical proof of the agreement between fully nonlinear Newtonian
gravity and General Relativity in cosmic structure formation does currently not exist.

5 Scale dependent growth in the quasi-static approximation

In this section, we show that for Dark Energy and Modified Gravity models (in short DE/MG models)
the velocities of Dark Matter particles are scale dependent in linear perturbation theory, already in
the quasi-static approximation. Scale dependence of the density transfer function of Dark Matter in
Fourier space generally translates into a varying direction in real space. That is, the dust particles do
not move on straight lines. Here we choose to apply the quasi-static approximation in order to make
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Anything that is not DM

Note that the fluid need not be perfect, as � need not be zero for this condition, which is why the
statement above may apply to other fluids than dust. The quantity �

⇢

is to be evaluated on the
discrete vertices on which initial conditions are generated.

If any of the three conditions is broken during the time span of the simulation, one needs to model
the dynamical energy density of the vertices. In other words, the ‘particles’ do not have a ‘constant
mass’, and energy density and pressure at each vertex are given by equating ⇢(⌧, ~x) = m(⌧, ~x)n(⌧, ~x)
and p(⌧, ~x) = n(⌧, ~x)T (⌧, ~x), where m can be thought of as mass and T as temperature, although
strictly speaking they can have other meanings,

m =
⇢̄

n̄
(1 +�

⇢

��
n

) , (3.17)

T =
P̄

n̄
(1 +�

P

��
n

) =
⇢̄

n̄

✓

w +
�P

�⇢
�

⇢

� w�
n

◆

. (3.18)

It should be clear now that m and T are evaluated at the discrete set of vertices (‘particles’). One
is free to set for example ⇢̄

n̄

= 1 at some given time. Moreover, depending on the extent to which a
gauge is fixed, one may have further freedom to set �

m

= 0 at a convenient time of choice, which
amounts to di↵erent choices of cutting the density field into particles.

3.4 Bare densities and velocities

A simulation acts in a coordinate space. The bare density of vertices is at any time step given by
the number of vertices inside a given volume in coordinate space [44]. This is related to the proper
density by,

nbared3x = n
p

g(3)d3x, (3.19)

where g(3) = det g
ij

= a(⌧)6(1 + 6H
L

) +O(✏2), the determinant of the spatial part of the metric, the
three-metric, such that8

�
n

= �bare

n

� 3H
L

. (3.20)

Thus, the displacement fields are expressed in terms of coordinates (and not proper distances), such
that they must be generated in coordinate space based on the bare densities. Density fields, on the
other hand, continue to express proper densities and need no notion of bare density.

A displacement field based on number density n, must be consistent with the theory at any time
step. This implies that the motion along a displacement field at di↵erent time steps must reproduce
the correct velocities. Indeed, we find,

✓bare = ��̇bare

n

= ��̇
n

� 3Ḣ
L

= ✓, (3.21)

as per Eq. (2.5) and Eq. (3.12).
Note that the definitions of mass and temperature are una↵ected by the notion of bare density,

m =
⇢̄

n̄
(1 +�

⇢

��
n

) =
⇢̄

n̄

�

1 +�bare

⇢

��bare

n

�

, (3.22)

T =
P̄

n̄
(1 +�

P

��
n

) =
P̄

n̄

�

1 +�bare

P

��bare

n

�

. (3.23)

In summary, particle positions in a relativistic simulation are obtained from applying the density–
distance duality to bare number densities, while particles masses and internal energies are set through
the equations above. Again, these quantities are to be evaluated on the discrete positions of the
simulation particles.

8As noted in [44], for simulations in the longitudinal gauge, nbare

(long)

corresponds to n
(comov)

⌘ nbare

(comov)

/
q

g
(3)

(comov)

of

the comoving gauge, but this coincidence does not occur for other gauges in which the transverse traceless perturbation
of the metric does not vanish.
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other hand, continue to express proper densities and need no notion of bare density.
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In summary, particle positions in a relativistic simulation are obtained from applying the density–
distance duality to bare number densities, while particles masses and internal energies are set through
the equations above. Again, these quantities are to be evaluated on the discrete positions of the
simulation particles.
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Summary
•Imperfect fluid: m(x) and T(x) 
•Toward nonlinear simulations 
•Code for ICs available:  
http://falconb.org 
http://git.falconb.org
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