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Perturbation method:

«* Perturbation expansion Excluding T'T perturbation
¢ All pegrturbation variables are M%H

% Wedkly nonlinear

% Strong gravity; tully relativistic
% Valid in all scales
¢ Fully nonlinear and Exact perturbations

Post-Newtonian method:

*» Abandon geometric spirit of GR: recover the good old
absolute space and absolute time

¢ Newtonian equations of motion with GR corrections

< Expansion in strength of gravity 6® GM  v?

2 Rc? 2

% Fully nonlinear

% No strong gravity; weakly relativistic

% Valid far inside horizon

¢ Case of the Fully nonlinear and Exact perturbations



Fully NL & Exact
Pert. Theory

HJ & Noh, MNRAS 433 (2013) 347
Noh, JCAP 07 (2014) 037




Covariant (1+3) approach

The linear perturbations are so surprisingly simple that a
perturbation analysis accurate to seecond order may be
feasible using the methods of Hawking (1966). ... One
could then judge the domain of validity of the linear
treatment and, more important, gain some insight into the

non-linear effects.
Sachs and Wolfe (1967)



Decomposition, possible

Convention: (Bardeen 1988) to NL order (York 1973)

ds* = —a® (1 + 2a) dn* — 2a° (52 + BZ?’U))

. 3 v
+a® (14 2¢) g} % + 70+

Xa,ﬁJrc&'g/ \IJ,EU)EB?;(U)Jra.Z- ),

N Spatial gauge condition No anisotropic stress
Ty = ptlatiy, + p (Ually, + Gab) Jya/b,

p=p+op=p(l+0), p=p+dp, wi=av;, vi=-v,;+v

Spatial gauge: =0=0"
i = X +a¥” =a (5 + Bf“))

(v)

1 9

Temporal gauge still not taken yet!

‘ Complete spatial gauge fixing.
Remaining variables are spatially gauge-invariant
to fully NL order! . Lose no generality!

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Metric:
ds® = —a? (1+ 2a) an — QQX@OZT]OZZE?: + a? (1+ 2¢) g(:-g)dl’idiﬂj,

ij
Energy-momentum tensor: Internal energy
— o o o 1 ~
Tap = 0C Uqlty, + P (§ab + Ualtp) , Q—>Q(1+§H),
Four-vector: Coordinate three-velocity of fluid
Vi | _ | _c
u=a—, =Vi=V,=—< [(1 +2¢) Vi — —)(;],
C y N a

Fluid three-velocity measured by Eulerian observer

k
v = \/ 1+ > V Vk ! : Lorentz factor
c(1 + 2(,0) \/1 B

62(1+2g0)
Scalar- & vector-type decomposition:

yvi=ci+x! Ti=E-vi+vT O =0=v

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Metric convention:

500 = —a’ (1 + 204); 5()@' = —axi, §z‘j =a’ (1 T 290) 5@7‘;

Inverse metric:
gooz_i 1+ 2¢ i _ 1 X'/a
a? (14 2¢)(1 +2a) + x*xn/a® a? (1+2p)(1 +200) + x"xi/a?

i 1 o X'x’ /a?
9= By (53 <1+2so><1+2a>+xkxk/a2>' Exact!

Using the ADM and the covariant
formalisms the rest are simple algebra.
We do not even need the connection!

HJ & Noh, MNRAS 433 (2013) 3472; Noh, JCAP 07 (2014) 037



Fully Nonlinear Perturbation Equations
without

Definition of x:

a [ 1 1 , c e ')('kip.k
s =3—(1—-—=| —-—— 304+ — { Y & ) , '
f ( N) N(1+2@)l¥/+a-2 (‘X T T g

a

ADM energy constraint:

3 /a* 8nG o Kc? Ac? N a N AAp
—_— RN L —_ — X
o\a2 " B2 T @21+ 29 3 a a1+ 2¢)?
1 o 4nGG . _ o 3 c:zga'i;p_i i
= —Rr°— +p) (77— 1 — — — — K K
6f 2 (o +p) (: ) + 2 a2(1+ 25)° Y

ADM momentum constraint:

2 ; ’ k l ke 8, PO PN
:_h-,z' + 2N l+ ) [ (A,Xi + X |ik) - ;X m‘) + A (1t + p) ay~ v

3
_ c Ni ¢ 1 (Xj . X’-j) L
AN(1+20) | \ N T42p) [2\0 175 gt b

) 1 N 1 ’ 2 &
_ ¥ m e i N B (S P A v BV ‘
Trace of ADM propagation:
1 [a\ &  AnG Ac? 1 a AN
3| = |- — 3p) — — —R 42—k

N (a) - a? - 3c? (i +3) 3 + N + a + a’N(1+2¢)
1 2 8ﬁ(_; — - ~2 ) C ’“| Nz o—i—j

—_= — Kk ! y Y — J_ - Vg C I& Iﬁ'f'
3+ S P 6 ) - gy (Ve Ty TR

Noh, JCAP 07 (2014) 037



Tracefree ADM propagation (with linear tensor perturbation)

ox® c
Vk) { a?N (1 + 2¢)

. : A —2K 1 0 a
hij +3Hhij — *=———hij + | == +3= — &
}J+ tij — € a2 bij (_/\[(')t+ a a?N (1 +2¢)
T ¢ ll (x xS ) _ léi*x"’m — (x'iw + el = 26ty k)]
ensor-type™ i X 37 1420 \ V70 T 37T
to linear order ] ]
c . )
_ 'V — =0;A O.»A
a,2(1+2;p)l1+2ip(VVJ 3 >Y+N<vv ’ >N1
¢ L ik okl
5 (.X Xglk — Xk|iX )

8w G ~ :Qﬁiﬁj Lo /‘2 ]
_ S 26 (7 - 1
2 I p .n|'l,‘i,r\ k‘ ; r\|lf\
) ()( Xi¥ Pk — X Xk¥ H",j)

3 i 1 it |k 1 i ) k
s (w P 303#9‘ @,A-) TV ( N+ N = —0 o "N )]

+

2
C

a?(1+ 2¢)?

Covariant energy conservation:
0 1 Sk C ok a_ .
la + a(1127) (Nz.- + X ) Vi ] o+ (e +p) { (35 — n)
Nt ) Nobpu 1
( )|k 4 ULk 4 =
;

+— —
a(l+2¢)  a(l+2¢)?
Covariant momentum conservation
T4 =X ) Vi | (avv; Vil —Ni—(1-=
j (vt ') "](a’”“ <a2(1+2¢> T =) ais 29

E+ a(l +2¢
1 {NC

L[z
2+ sy (02w o

Azszr’iz aer

+=
i+ p

Noh, JCAP 07 (2014) 037



with

)( Xk L. —i—j 1 Ly Lo
= , K F i — - ; o e Xy
N = \/ +2a+ 21+ 29) =1+0N, KK a4N2(l+2cp)2{2X (X5 +x00) — X X

B _X o (X X ) - in X | + S 'X"i'X’z"-’“'jiP an lx'ﬁ'x’japm j :

To Background order:

a> 811G K& A2 4 4nG (Q+ p) Ac?

. a p
— o + 5 I — = |+ P 3 ( + _) - Og
¢ a? 3 a 3 c? 3 e a e c?

ADM energy-constraint Trace of ADM propagation Covariant E-conservation

Noh, JCAP 07 (2014) 037



Temporal gauge (slicing, hypersurface):

comoving gauge :
zero—shear gauge :
uniform— curvature gauge :
uniform—expansion gauge :
uniform —density gauge :

Complete gauge fixing.

v=20

=

o O
Il

.

S N
T

(==

Fully NL formulation
Not available

Applicable to NL orders!

—

Remaining variables are gauge-invariant to fully

NL order!



Zero-pressure
Irrotational Fluid

HJ & Noh, MNRAS 433 (2013) 3472
Noh, JCAP 07 (2014) 037




Covariant energy-conservation:

Comoving gauge + irrotational Zero-pressure
d 1 ./ c IS ‘ (N )i
(AP X)) Vi i+ () (BH = m)N +

—
ot a(l+ 2p) all 4 2p)

Nf ¢ 1 { 0 1 . C
+ S (Wi + S ) v = 0.
adl +2¢)2 7 [0t a(l+2p) 0 ’

Comoving gauge + irrotational (Vi = 0) + zero-pressure:

Y0

f ' S L
(;+3H)(1+5)+5ﬁ;5ﬁ; 212, EXxact!

= 0, Background order

To 12%-order perturbation, say:

. 1
S—k = 6k— —x"0, (1 ~ 90 4 4p? — 803 + 16p* — 320°
a

16405 — 12807 + 25660° — 5120° + 10249010),



Zero-pressure fluid in the comoving gauge

Exact equations(flat backround):

. | : 2 "8,‘
S —Kk —8k+—x"'8;, = L,
a? a*(l + 2¢)

. 1 | 1 . 1 20x" Kk 4o(1 4 ¢)
2HK — 4G — —k* + = x'ki — — | x xij — = (Ax)*| = —
K4 2HKk —anGop — 17+ — X7k — — lx X.ij 3( x)] 1120 P11 207

. 1
lX"" Xij = 3 (AX)2]

+; E(A ) T — Dyl 4+ # l( ik .)2 + N
gy |3 A0 e =2 i+ s |3 W) acwaetes )
A 20A 1 1, . 3 301 1 .
— = 20009+ X7 @i — e + sxiA¢ — = i 3 il |-
<K+02X>.; a2(1+2§0)+ 013 207 [ (Ax)e, T 5X7 0k = Xikp” F S XiAY 31120 \ S Put AP0 | @

RHS = pure Einstein’s gravity corrections,
starting from the third order, all involving @

. 1
In(1+20)]; = 5=———— | x vir + x.iAp — (xi0x +3xx0:) 0" |

a2(1+2¢)? 1 +2¢

Identify: k= —iV -u
a




Linear-order:

8. + 225 — 417G m 5 = O, Relativistic/Newtonian correspondence
a to second order.

This equation is valid to fully nonlinear

order in Newtonian theory.

Second-order:

|

. 5 I
54225 —dnGus = ———1[aV-(su)]+ —=V - (u- Vu).
a a? ot a?

Pure relativistic correction

T h i r d -Oor d er: appearing from third order.
All involving @.

. 1 9 I
5 +225 —4nGus = ———[aV - (Su)] + —V - (u- Vu) j
a a? ot a?

I o 4 |
—|———{a[2gou—V(A_1X)] -Vé} ——=V - -|[lglu-Vu— -uV - u
a? ot a? 3

> A B I >
+ 3500 V(V w4 = VAT X)] - Su VX = 5 XV

3
XEZgDV-u—u-qu—I—EA_lV-[u-V(Vgo)—I—quo].




Power spectra:

fdif zk}{

JH, Jeong & Noh , arXiv:1509.07534



Leading Nonlinear Density Power-spectrum
in the Comoving gauge:

10% - EKH 7=6 |

-
¥

22 13,Newton

1072 Vishniac MN 1983

~ Pure Einstein” N
} ' DPL (k) S —

—_ -
=

O
IS

Power spectrum [Mpc/h]’

1078 PP (k) \\\P13E stei

NNNNNN

P+P

,,,,,,,

Unreasonable effectlvenes of
Newton’s gravity .in-cosmology!

Jeong, et al., ApJ 722, 1 (2011)




General Relativistic Continuity and Euler
equations to Third order in the Comoving
gauge: Newtonian

5+év-u+év-(5u):é(Vc§)-[2apu—A_l(VX+Y)},
1 . a 1 1( 2 1
EV-(qu—u)+4W(:Qo+a—zv-(u-Vu):—{——apu-V(V-u)+4V-[p(u-Vu—guV-u>]

a a? 3

+§Xvu+u-(VX+Y)—A{u-A—1(VX+Y)}} 2L LA (422, .

CLCI-

Vector

20V -u—u-Ve+ - A 'V.(u-VVe+ulyp),

X
Y =2[u-VVy+ulyp— VA 'V.(u-VVe+ uAp)|. +——Vector

Zij = Nij — 207"V N5 4 = A 2(ViVj 4 05,0) N™

a’Ni; = ks {fu,ng -ut+u-ug — %(5{,3’ (V- u)® +u- (Au)}} :

c2

o A
P = —4A7G o + ——V u.
aa

C

JH, Jeong & Noh , arXiv:1509.07534



Nonlinear Density Power-spectrum with
vector and tensor contributions:

10° ¢

10*}
103}
107 |
10!}

10°F

3

—
|
2

density power spectrum Py (k) [Mpc/h]?

03] |
(041 — Pulk) P (k) —  PEV(k) | J
J— P PR (k) P | |
10-5} |
| — PPy - PR - PRl |
jo-o—— |,
1 =2 10—1

JH, Jeong & Noh , arXiv:1509.07534 wavenumber k [7/Mpc]



Nonlinear Velocity Power-spectrum with
vector and tensor contributions:

10—
04— \ :
I P j
= 0 \
32 i N ,
(= ) P
= 10 22 I:;l ]
= o' ES ]
QiD P13 _--l ---------- -
g ]00'-- E .“.-""-. .
= R PtV S
8 p--""7 T T~ - .‘y
2 107" -l T ]
5 STy
3 1 - “\ QQ’ 3
o ~ s
o SO ]
b 10_37 \\.::Q
3 <
= 10-4L| — Pulk) Py (k) — P ]
- ]
g — PN Pl3 (k) PE (k)
107F . __
| — PH(k) - PR -- PE(K)
10-°L- =
10~2 10!

JH, Jeong & Noh , arXiv:1509.07534

wavenumber k [2/Mpc]



Newtonian Limit

Chandrasekhar, ApJ (1965): OPN, Minkowski
JH, Noh & Puetzfeld, JCAP (2008): cosmological
Here: @s a limit of FNL&E PT

JH & Noh, JCAP 04 (2013) 035



Infinite speed-of-light Limit in ZSG & UEG:

"j’ﬁk 1 = ’2](2

r<<l1l, <1, c_2<<1 p < oc, —H<<1

Covarian;c‘) energy—colnservatl(T
— ' V - —
[6t+a1+2 M /f"iﬁ” /4,{}43 K
v

1
Jk_y W/ A _
T +/2/1+ VTSR Prie 290) (w7t 20 )7 % 0

> 1,

L L,
a0 =——=U, ===V, V =YV,
=l ¢=3 N = \/1+/ zyf+2
ADM momentum—icélstrcalmt: 99
TG oa
k=——5—V-[(1+9)V],
Tracefree ADM propggatlon:
QY = —«.

a1 -
) 355+ V- (V) =0
a a



Equations in Newtonian limit:

L A 1 _
Covariant energy-conservation: O + 3— O = ——V. (QV) .
a a
. a 1 1 |
Covariant momentum-conservation: V + —V + —V VV = —VU - — V J2R
a a a ao
A

Trace of ADM propagation: —_— = — —
propag " U 4G (0 — 0) .



Post-Newtonian
Approximation

Chandrasekhar, ApJ (1965): 1PN, MinkowskKi
JH, Noh & Puetzfeld, JCAP (2008): cosmological
Here: @as a limit of FNL&E PT

Noh & JH, JCAP 08 (2013) 040



1PN convention: (Chandrasekhar 1965)

ds® = — [1 — %QU + % (2U2 — 4@)} Adt? — %QaPicdtdmi +a? (1 + %QV) ’}/ijdﬂjidﬂfj,
c C c c
~ = o2 1 o ~i_ 11 i~o ~Shear
p=p=gc (1+C2H), p=p, U =_-Tu,
Identification:
1 1 5 1 1 a I
a=-— {UC_2(U 2@)}, c,o—C—QV, h=—" (SEU 3V+EP k),
1 1 1
Xz:_gapu Ui—{@z 2|:€%(_E2+U+2V>P']}:
c c

without

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Basic 1PN Equations:

Tracefree ADM propagation: |/ = [].

Covariant energy-conservation:

| VNI R 1 [—(0 1 1 ~ a 1_ _\_
E(G3Q)+E(QV)J_:——[ (E_'_EV V)(2 +3U+H)+(3E+EVV)[9],
Covariant momentum—conservatlon

Il . 1. 1p, 1
Yewy +ds - Ly, o LRi —
a a a ao ¢

1 2 1 .1
VU, + = (CD U2) —(@P) + =7 (Pix — Py))
a a a

1 AN 1_ 1 1 1 _\_
+—(vz+4U+H+ﬁ)p:’—v,-(ﬁ+—v.v)(zv%w)—v,-,—,(ﬁ+—v.v)p,
0

a 0 ot a o\ot a
Trace of ADM propagation:
A _ 1]1 Py . a.. a
S U +4nG @ - 0) = ——{ = [2A0 = 2UAU + (aP' ) |+ 30 +9=U + 6-U
a’ ¢ | a? ’ a a
1, = 3 _
+87G [0V + E(QH—QH)+§(p—p) ,
ADM momentum-constraint:
| R 4(. a
0=— (P, — AP;) - 167GoV; + — (U+ —U) ,
a a a /i

3 1 _— y?
(I_L_ZU)VI Czpl, V,‘:(l—z—cz)v,‘,

JH, Noh & Puetzfeld , JCAP 03 (2008) 010; Noh & JH, JCAP 08 (2013) 040



Gauge conditions:

| : a

— P, +nU +m=U =0,

a a

Harmonic gauge :(Weinberg 1972) n = 4, m = arbitrary,
Chandrasekhar’s gauge : n = 3, m = arbitrary,
Uniform —expansion gauge: n =3 = m,

Transverse —shear gauge : n=0=m.

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Propagation speed issue

Under the general gauge:

Trace of ADM propagation:

A
?D + 471G (0 — o)

+ —){2—@ —(n=3)U—-(2n+m—29) %U + [(6 —m) ¢ ma—] U

c” a a?

+ 87G [ov” + 3 (oIl — 0Iy) + U (0 — 05) + 2 (p — pp)] } — 0.

C

Propagation speed is gauge dependent!

n—23

of the potential

JH, Noh & Puetzteld, JCAP 03 (2008) 010



Resolution using Weyl tensor:

A o
Ej=—= [ (U+V),;— 0 (U+V) qu-j] + L 7?0,

L1 , L, 1
H;; = —;—77(3-“ { [_ ( m\mz — APg) + §’U1A (U + V)] Yig) + Pyrgy — v (U + V)ij)}

+ L_QO_O,

E;;; H;; equations:

. a - a a2
Eii 4+ 3—-FE;; -+ = | E;
j+ p jt <a+a2> j

2
_ ¢ k 1 |k | p— kY |-,
— ? [AEij - E(-z'.|j)k _ §Ek(-z' 7) + 5 (E |kl — AEA«) & + §Ek|i.j

_ [(V#—QU)JJE@-.} % {(V%—QU} Ei }

[k [k

17)

+ % { (V+20) B

e
2

1 |
-3 [(V +2U)! E,ﬂ AJ} + (=AM + T ) - (225)

JH, Noh & Puetzteld, JCAP 03 (2008) 010



With Relativistic
Pressure

Infinite speed-of-light limit,
except for pressure
JH & Noh, JCAP 10 (2013) 054




Case with Relativistic Pressure in ZSG:

axl, <l —2<<1, p L oc, —2H<<1, 5 2>>1,
C C a-H

—)

Covariant energy-conservation:

- _a 7} | D | 2 _
o+ 3— (Q+£)+ -V. (Q %'v]:—z—Von,
a C a C c- d
Covariant momentum-conseryation: ~
a 1 | 1 1__
V+—=vV+-=v-Vv—- -VU = ——— 2(—Vp+£2v),
a . a a o+ p/c-\a C
Trace of ADM propagation: —_— —_—

A
—U =—-4nG (0 - 0),
a

No pressure!

JH & Noh, JCAP 04 (2013) 035



