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The 1+3 Formalism

o Partial tetrad formalism' (Ehlers, Ellis, Hawking, ...)
@ Schematically:

> Introduce a preferred timelike congruence: u®
> Project onto surfaces orthogonal to fluid flow

hab = gab + uaup
@ 1+3 variables are physically and geometrically meaningful.

@ System of 1+3 equations:
> Algebraic constraints on R, via EFE:

Rap =K (Tab - %Tgab) + Agab
> Ricci identities applied to u®
2V[avb]uc = Rabcdud <+ Kinematic evolution
» Twice contracted Bianchi identities:
VT = 0 <+ Conservation equations
» Bianchi identities:

ViaRbc)jde = 0 > Evolution of Weyl curvature
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1+3 Formalism

Kinematics

@ Derivatives:

Tab...cdemf _ ukvaab...cde“.f
k

DgTamede...f = haihbj o hkhg' R hfnhgr VT tm...n

@ Kinematics:

. Expansion
Acceleration ,1—/H Shear Vorticity
& o N =~
Vaup = —UaUp + gehab + Oab + Wab
@ Energy-Momentum:
Energy Density Isotropic Pressure Momentum Flux Anisotropic Pressure

—— ~ =~ — PN

Top = puqup + Phab + 29wy + Tab
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1+3 Formalism

Why 1+3 Formalism?

@ 3-surfaces of homogeneity — System of ODEs involving scalar quantities

@ Inhomogeneity — Breaks this simple structure

@ Non-zero vectors and tensors — coupling terms!

@ We can recover the simple structure by introducing another vector field ...
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1+1+2 Formalism

Geometrical Picture
@ Introduce spacelike congruence n® — further split of 1 + 3 equations?
@ Projection tensor onto 2-sheets orthogonal to u® and n*: Nap = hap — Name
1+1+2 Splitting of Spacetime

Nat, = hat —nanp

@ All spacetime objects can be split into:

> Scalars
» 2-Vectors in the sheet
» Transverse-Traceless 2-tensors in the sheet

@ Supplement 1+3 equations with Ricci identity applied to n®

Rape = 2v[avb]nc - Rabcdnd =0
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1+1+2 Formalism
Splitting Spacetime Again

@ Example: Decomposition of 3-Vectors:

Vo= WUn® + W°

@ Term parallel to n* O\J

@ Term lying in sheet orthogonal to u“ and n”

@ New Derivatives:

wu.”b = neDewa”.b

Setar b = NN .N, 9 Dby
@ Kinematics of spacelike congruence:

Expansion -
Acceleration ,1—-«\ Shear Vorticity
Dany = NaGp + §¢Nab + Cab + gnab
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1+1+2 Formalism
The Variables

A Useful Dictionary...

Aa

{€,Ea,Eab}
{H,Ha,Has}
{E, Ya, Zab}
{2, Qa}

Expansion of u®

Sheet Acceleration

Sheet Expansion

Rotation of n® — Twisting of Sheet
Shear of n* — Distortion of Sheet
Radial component of acceleration of «¢
Acceleration of v lying in the sheet orthogonal to n®
Acceleration of n®

Projections of Electric Weyl Tensor E,;
Projections of Magnetic Weyl Tensor H,
Projections of Shear Tensor o,
Projections of Vorticity Vector w®

Plus 1+1+2 generalisations of the 1+3 Energy-Momentum variables...

us
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1+1+2 Formalism

Schwarzschild Spacetime: Background

@ Schwarzschild covariantly characterised by
X ={¢€ ¢ A}

.3 o1, _
E=-306 d=—30"—€ E=-A¢

@ Can relate 1+1+2 variables to metric functions

g=_2

@ Misner-Sharp mass®: Mys =

I
L — |
—
|

5
INInW
©-
[ V)
| I

University of Sussex

3Apparent horizon at r = 2m, H = ¢ — Oatr = 2m

G. Pratten (University of Sussex) Covariant Perturbations of Schwarzschild Tubingen, Germany 8/19



1+1+2 Formalism

Schwarzschild Spacetime: Perturbations

o Linear perturbations: ga, = g% + g}
@ Full system of 1+1+2 equations can be split into:

Propagation Equations: P=...
Evolution Equations: & = ...
Constraint Equations: C=0

@ Linearise all equations — Discard terms O[2] and higher
@ Use spherical symmetry to construct gauge-invariant quantities:

Uy =0,X = Uy ={Xo =0uE,Ya = 0utp, Za = 6o A}

us
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1+1+2 Formalism

Master Equations

Recipe for deriving a master equation for gravitational perturbations:
@ 1) Find complete set of gauge-invariant perturbations:

Y, =6, X
Xa = (EayGay--.)
Xab = (gab7<aby~~-)

@ 2) Re-write linearised 1+1+2 equations in terms of gauge-invariant perturbations
@ 3) Harmonic analysis — Two parities can be introduced, e.g.

Xab = XTQab + XTQab
@ 4) System of harmonic equations linear in perturbation variables & and ®
7+ A\b =T®

@ 5) D.o.f. governed by reduced set of frame independent master variables — Tough
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1+1+2 Formalism

Master Equations: Regge-Wheeler Tensor
@ Covariant Regge-Wheeler Tensor:
_ 1 2 1r
Wiay = 2¢7‘ Cab — 3 85{aXb}
@ Obeys a closed covariant wave equation:*®
Wian) = Wiany = AWiany + (67 = €) Wiany — 8" Wany = 0
@ Valid for both parities {Wr, Wr}

@ Introduce tortoise coordinates: r. = r + 2mlIn (% - 1)

@ Wave equation reduces to (¢ = Wr)

d? 9
(r—2m)

V = VRW = ) [€(£+1)r—6m]
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1+1+2 Formalism

Master Equations: Weyl Terms

@ Can find a master variable from magnetic Weyl scalar
V{ab} = T2(5{a5b}rH
@ Obeys a closed, covariant wave equation:6

]}{ab} — ]}{ab} — (A+3¢) {){ab} — [52 + ZK] V{ab} =0

@ Vis purely an axial variable.
@ Rescale V — P = r®V and introduce Tortoise coordinates
@ Wave equation reduces to (¢ = Pr)

d? 9
(r—2m)

V = VRW = ) [€(£+1)r—6m]
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1+1+2 Formalism

Master Equations: Weyl Terms

@ Define a master variable from electric and magnetic Weyl 2-tensors

Master Variable

ES c
Tiavy = Efavy £ €cfaHyy

@ Obeys a closed covariant wave equation:’

Master Equation

Jiowy — ﬁ{ﬁ;b} — (A+30) Ty F AA—29) Ty, — [0 + 2K — 4A° +4€] T, = 0

e Satisfied for both polar and axial sectors {7, J+ }
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1+1+2 Formalism

Correspondence with NP and 2+2

@ Can relate to the NP formalism

le = — (Uq + Na ke = (g — Na Me = —— (Vg — TWq
75 (e + ) (o = 1a) = (o0 — i)

Gab = —laky — kol + 2mamy).

@ NP Weyl scalars:
\IIO = ab + Er{a :| mam )

U, = [ _ZH]v

¢
1
2
Uy = [5ab eriaH ] e’ ~ —hy + hy.

@ Naturally identify # with & [¥5] — Agreement with Price® that this is a RW variable
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1+1+2 Formalism

Correspondence with NP and 2+2

@ Can relate to the 2+2 formalism
ds? = gap(z©) da® dz® + r*(2°)yapda®da®,
hag = (x+¢) (nang +uaup) + < (uanp + naup).
@ Master equation for metric gauge-invariants
_92 + X// = 8)(7
—¢ =38y,
—<=2v(x+¢) +x"

@ Can show that:

1
Sab = _5 (X+ Q@) Yab7

1

Hab = _§§Yab-

us
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Application to Scalar-Tensor Theories



Scalar-Tensor Theories

@ Similarly, consider a more general scalar-tensor theory:
St = / d'z /=g {wR - %V%vaw = V(@) + Ln(gab, ¥m)
@ Resulting field equations can be re-cast in the form:

1 c 1 v
Gap = % |:Va90Vb<,0 - igabV <,0ch0:| + P VoV — gapOg] — %gab7
(2w(p) +3) Ogp = —w' () VpVep + oV’ (p) — 2V (p).
@ No hair theorem demands®:

®w — Yo,
w(p) = w(po),
V(p) = V(o) =0
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Scalar-Tensor Theories

@ Effective curvature tensor:

w(p 1 c 1 V(p)
T, = ;2) [Vaw Ve = 59a0 V chw} + " [VaVip — gap Og ] — T3y Jo0
@ Energy-Momentum variables:
o= L [*+¢A+52 + 1y )}
W= [PHeet vty )
1 2. 2 . 2 1
o P S _ _ = i
PT= {w 3P g - AP —3dp 2V(<p)},
@ Scalar wave equation - these modes are not present in GR
N 1
—p+ pt+ 020 = " [0V (p) — 2V 1
P+o+(A+¢)p+dp 20(0) 3 [poV' () (¥)] M
@ Recover f(R) for o = f'(R), w(p) = 0and V(p) = Rf'(R) — f(R)
US
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Scalar-Tensor Theories
@ Can show that the Regge-Wheeler tensor in this class of theories is:

1 5
0500
300 o5 T 0{aOb} P

<Z>7‘ Cab — 5{aXb} +
@ No-hair theorem — Restricts field configurations
@ Linear order — scalar modes decouple from gravitational perturbations
@ More general scalar-tensor theories — No hair? Stability? Ugly expressions!

@ Second order? Expected to be suppressed in simple ST theories

@ Matter content? Electrovacuum perturbations? us
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