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COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Average spectrum



PIXIE: Primordial Inflation Explorer

• 400 spectral channel in the frequency 
range 30 GHz and 6THz (Δν ~ 15GHz) 

• about 1000 (!!!) times more sensitive than 
COBE/FIRAS  

• B-mode polarization from inflation (r ≈ 10-3) 
• improved limits on µ and y  
• was proposed 2011 as NASA EX mission 

(i.e. cost ~ 200 M$)

Kogut et al, JCAP, 2011, arXiv:1105.2044

Average spectrum
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Physical mechanisms that lead to spectral distortions

• Cooling by adiabatically expanding ordinary matter                                                                     

(JC, 2005; JC & Sunyaev 2011; Khatri, Sunyaev & JC, 2011) 

• Heating by decaying or annihilating relic particles                                                       
(Kawasaki et al., 1987; Hu & Silk, 1993; McDonald et al., 2001; JC, 2005; JC & Sunyaev, 2011; JC, 2013; JC & Jeong, 2013) 

• Evaporation of primordial black holes & superconducting strings                                                                            
(Carr et al.  2010; Ostriker & Thompson, 1987; Tashiro et al. 2012; Pani & Loeb, 2013) 

• Dissipation of primordial acoustic modes & magnetic fields                                                                
(Sunyaev & Zeldovich, 1970; Daly 1991; Hu et al. 1994; JC & Sunyaev, 2011; JC et al. 2012 - Jedamzik et al. 2000; Kunze & Komatsu, 2013) 

• Cosmological recombination radiation                                                                     
(Zeldovich et al., 1968; Peebles, 1968; Dubrovich, 1977; Rubino-Martin et al., 2006; JC & Sunyaev, 2006; Sunyaev & JC, 2009) 

•                                                                                   

• Signatures due to first supernovae and their remnants                                        
(Oh, Cooray & Kamionkowski, 2003) 

• Shock waves arising due to large-scale structure formation                                    
(Sunyaev & Zeldovich, 1972; Cen & Ostriker, 1999) 

• SZ-effect from clusters; effects of reionization                                                              
(Refregier et al., 2003; Zhang et al. 2004; Trac et al. 2008) 

• more exotic processes                                                                                          
(Lochan et al. 2012; Bull & Kamionkowski, 2013; Brax et al., 2013; Tashiro et al. 2013)
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Another way to do CMB-based cosmology! 
Direct probe of recombination physics!
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New detailed and fast computation!

JC & Ali-Haimoud, arXiv:1510.03877
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CosmoSpec: fast and accurate computation of the CRR

JC & Ali-Haimoud, arXiv:1510.03877

• Like in old days of CMB anisotropies! 
• detailed forecasts and feasibility studies 
• non-standard physics (variation of α, 

energy injection etc.)

CosmoSpec will be available here: 

www.Chluba.de/CosmoSpec 
 

http://www.Chluba.de/CosmoSpec
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Different regimes for photon injection

JC 2015, ArXiv:1506.06582
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢

2
xiy�(zi)

�N�
N�
. (33)

This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].
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portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).
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At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter
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caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function
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We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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Figure 8. Survival probability for di↵erent injection frequencies and red-
shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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Figure 8. Survival probability for di↵erent injection frequencies and red-
shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)
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#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
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, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢

2
xiy�(zi)

�N�
N�
. (33)

This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].
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Figure 5. Photon injection Green’s function for injection at low redshifts, zi . 5⇥104. In purple we show the analytic approximations for the Green’s function
using Eq. (35) for x . 1 and Eq. (39) for higher frequencies. Notice, that for several cases the approximation fully covers the numerical result. Usually, the
high-frequency y-type distortion contribution is relatively small, unless photons are injected at xi & 1/y�, for which heating through recoil becomes important
(e.g., see panel for xi = 15). We have x ' 0.017 (⌫/GHz).
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Figure 5. Photon injection Green’s function for injection at low redshifts, zi . 5⇥104. In purple we show the analytic approximations for the Green’s function
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢

2
xiy�(zi)

�N�
N�
. (33)

This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].

c� 0000 RAS, MNRAS 000, 000–000

Photon injection 11

These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).

10-3 10-2 10-1 100 101

xi

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

P s(x
i, z

i)

zi =105

zi = 8 x 104

zi = 5 x 104

zi = 2 x104

zi = 104

Figure 8. Survival probability for di↵erent injection frequencies and red-
shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)
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e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢

2
xiy�(zi)

�N�
N�
. (33)

This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].
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Figure 9. COBE/FIRAS limits (68% c.l.) on photon production for red-
shifts during the µ-distortion era. Around xi ' 3.6, the net chemical po-
tential created by photon production vanishes so that the tightest limit is����N�/N�

��� . 0.07 (68% c.l.) from measurements of the light element abun-
dances (Simha & Steigman 2008).

at very low frequencies and around xi ' 3.6 (see Fig. 9). At high
frequencies, one also has

������
�N�
N�

������ .
8.9 ⇥ 10�5

(xi � 3.6)J⇤bb
(68% c.l.), (46)

which imposes a very tight limit on energetic photon production
during the µ-era.

To derive constraints on photon injection at di↵erent frequen-
cies and for zi . 3 ⇥ 105, one would need to consider the precise
shape of the final distortion in light of COBE/FIRAS data, since
the distortion can no longer be parametrized as a simple µ or y-
distortion (see Fig. 5 and 7). In particular, for 1 . xi . 10, cor-
responding roughly to the COBE/FIRAS channels 68 GHz . ⌫ .
640 GHz, one could expect residual narrow features from the direct
photon injection event at these redshifts. While we leave a detailed
discussion for the future, for injection at very high and very low fre-
quencies (outside the regime directly probed with COBE/FIRAS)
one can still obtain some constraints. For injection at low frequen-
cies (xi ⌧ 1), the overall heating of the plasma (which would leave
a high-frequency µ/y-distortion) remains small unless we allow for
a very large photon production, �N�/N� ' 1. In this case, more
detailed computations of the distortion may be required, since non-
linear e↵ects could become important. This statement may also ap-
ply to soft photon injection at high redshift.

For injection of energetic photons (xi & 10) at zi . 3 ⇥ 105,
from Eq. (40) we have the total energy release

�⇢�
⇢�
⇡ ↵⇢x

2
i y�

1 + xiy�

�N�
N�
, (47)

between zi and today. For photon injection at late times (103 . zi .
5 ⇥ 104 and y� ⌧ 1), this gives

������
�N�
N�

������ .
8.1 ⇥ 10�5

x2
i y�

(68% c.l.). (48)

This limit weakens strongly towards lower redshifts, since only a
small fraction / xiy� of the total injected photon energy is con-
verted into heating of the medium, simply because electron recoil
becomes ine�cient.
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Figure 10. Regions for net heating and cooling by photon injection. At high
frequencies, depending on the injection redshift, the transition between net
cooling and heating occurs around xi ' 3.6�3.83, while at low frequencies
it occurs over a wide range of frequencies at di↵erent resifts (blue dash-
dotted lines). In black, we also show the injection frequency for which the
total recoil exceeds unity and the critical frequency at which Ps ⇡ 1/e
(optical depth ⌧ ⇡ 1). The horizontal lines also indicate redshifts of constant
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5 CONCLUSIONS

We studied the spectral distortions signatures caused by photon in-
jection over a wide range of energies and redshifts. Our calculations
illustrate the rich phenomenology of the final distortion shapes,
with several examples shown in Fig. 5 and 7. They also constitute
the starting point for future investigations of distortions created by
specific photon injection scenarios.

In Sect. 2, we discussed a detailed picture for the shape of the
photon injection Green’s function in di↵erent regimes. Figure 10
summarizes the di↵erent domains. Generally, we find that for pho-
ton injection at high (xi > 3.6 � 3.83) and very low frequencies
(xi . 10�4 � 10�3) a net heating of the plasma occurs. At low fre-
quencies this is because photons are e�ciently absorbed and thus
directly converted into heat, while at high frequencies it is because
on average photons have to down-scatter to thermalize. At interme-
diate regimes, a net cooling of the plasma occurs.

For photon injection during the µ-era (z & 3⇥105), simple an-
alytic approximations for the amplitude of µ are given in Sect. 2.2.
Similarly, for moderate scattering y-parameter (zi . 3 ⇥ 104), we
found simple approximations for the photon injection Green’s func-
tion. In particular, we obtained a new Compton scattering solution,
Eq. (38) for single photon injection, which is valid over a wide
range of energies. The solution merges the high and low frequency
domain, simultaneously including Doppler broadening and boost-
ing, electron recoil and stimulated scattering. At intermediate red-
shifts, detailed numerical calculations are required, since the final
distortion can be found in a partially comptonized state (Fig. 5
and 7). The introduced Green’s function method provides a sim-
ple way to accelerate the computations in this regime and will be
made available at www.Chluba.de/CosmoTherm.

Our calculations show that photon injection can o↵set the dis-
tortion signals created by pure energy release. In particular, since
photon injection can create negative µ and y distortion contribu-
tions, this may lead to significant limitations for the interpretation
of future CMB spectral distortions measurements. However, for
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