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1. Objectives and Motivation

• Hawking and Page (1983)
• Canonical ensemble of asymptotically anti-de Sitter (AdS) spaces.

• Gandum, Fernandes, Lemos, to be submitted (2024)
• Contribution of a self-gravitating thin shell filled with hot quantum matter.
• Euclidean path integral approach to quantum gravity.
• Semiclassical approximation using York’s formalism (1986).

• Understand the effect of self-gravitating matter in the context of black
hole thermodynamics.

• Can a hot thin shell in AdS space be the favorable state of the canonical
ensemble?
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2. Euclidean path integral approach to quantum gravity
in asymptotically anti-de Sitter spaces

• Canonical partition function in statistical mechanics

Z = e−
F
T∗ ,

T∗ is the ensemble inverse temperature, F the Helmholtz free energy.

• Canonical partition function in quantum field theory

Z =

∫
DϕDge−I [ϕ,g ] ,

ϕ is the matter field which vanishes asymptotically, g the positive-definite metric
on a Riemannian space M with fixed AdS boundary ∂M at spatial infinity, I the
Euclidean action.

• The integration is done over metrics and matter fields that are periodic in
Euclidean time, with the period being related to T∗.
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• Canonical partition function with implicit matter integration

Z = e−
F
T∗ =

∫
Dge−Ieff [g ] .

• Euclidean effective action

Ieff =
−1

16πℓ2p

∫
M

(
R +

6

ℓ2
− 16πℓ2pF

)
√
gd4x+

1

8πℓ2p

∫
∂M

K
√
γd3x−I0 ,

ℓp is the Planck length, R the Ricci scalar, ℓ =
√

− 3
Λ

and Λ the cosmological
length and constant, F the Euclidean effective Lagrangian density, K the trace of
the exterior curvature of ∂M with metric γ, I0 is such that AdS space to has a zero
action.

• Matter free energy density

F [g ] = ϵ[g ]− Tm[g ]sm[g ] ,

ϵ, Tm, sm are, respectively, energy density, temperature, entropy density of
matter.
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3. York’s formalism: Hot thin shell in anti-de Sitter
space

• Most general static and spherically symmetric metric

ds2 =


b20(y)

(
b1(ym)
b0(ym)

)2
dτ2 + a20(y)dy

2 + r2(y)dΩ2 if 0 ≤ y < ym

b21(ym)dτ
2 + α2dΩ2 if y = ym

b21(y)dτ
2 + a21(y)dy

2 + r2(y)dΩ2 if ym < y < 1

τ has period 2π, α is the shell radius, r̃+ < α the shell gravitational radius,
r(y → 1) → +∞.

• York’s formalism
• Type of ensemble as a choice of boundary conditions.
• For the canonical ensemble, usually, the fixed quantities are the

temperature and size of the boundary.
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• Temperature of the AdS boundary is zero: fix instead the temperature of
a conformal boundary T∗.

• Flat regularity conditions

b0(0) positive and finite , r(0) = 0 ,

b′0
a0

∣∣∣∣
y=0

= 0 ,
r ′

a0

∣∣∣∣
y=0

= 1 ,
1

r ′

(
r ′

a0

)′ ∣∣∣∣
y=0

= 0 .

• AdS boundary conditions

lim
y→1

b1(y)

r(y)
=

1

2πT∗ℓ
, lim

y→1

a1(y)r(y)

r ′(y)
= ℓ .
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• Reduced action as a first step to the semiclassical approximation,
obtained by imposing the constraints.

• Hamiltonian constraints outside the shell

G τ
(i)τ =

3

ℓ2
⇔

g rr
0 =

(
r ′

a0

)2
= 1 + r2

ℓ2

g rr
1 =

(
r ′

a1

)2
= 1 + r2

ℓ2
− r̃+(1+r̃2+/ℓ

2)
r

,

which are the rr component of the AdS and Schwarzschild-AdS metrics.

• Hamiltonian constraint at the shell

m(r̃+, α) =
α

ℓ2p

√
1 +

r2

ℓ2
−

√
1 +

r2

ℓ2
−

r̃+(1 + r̃2+/ℓ
2)

r

 ,

m is the shell mass.

• Momentum constraints are trivially satisfied.
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• Reduced action

I∗(T∗; r̃+, α) =
1

ℓ2pT∗

r̃+
(
ℓ2 + r̃2+

)
2ℓ2

− Sm(r̃+, α) .

• Constrained partition function

Z (T∗) =

∫
dr̃+dα e−I∗(T∗;r̃+,α) .

• One loop partition function

Z1(T∗) = e−I0(T∗)

∫
Dω e−Hijδω

iδωj
,

I0 = I∗
∣∣
0

is the reduced action evaluated at the stationary points, Hij =
∂2I∗

∂ωi∂ωj

∣∣∣
0
,

ωi = (r̃+, α).
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• Semiclassical (zero loop) partition function

Z0 = e−I0 ,

• Energy expectation value

E = T 2
∗
∂ lnZ0

∂T∗
=

1

2ℓ2p

(
r̃+ +

r̃3+
ℓ2

)
= M̃ ,

M̃ is the ADM mass of Schwarzschild-AdS.

• Entropy

S =
E

T∗
+ lnZ0 = Sm ,

Sm is the matter entropy.

• Heat capacity

C =
∂E

∂T∗
=

1

2

(
1 + 3

r̃2+
ℓ2

)
∂ r̃+
∂T∗

.
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• Stationary conditions{
∂αI∗(T∗; r̃+, α) = 0

∂r̃ I∗(T∗; r̃+, α) = 0
⇔

{
pm(r̃+, α) = pGR(r̃+, α)

T∗ = Tm(r̃+, α)

√
1 + r2

ℓ2
− r̃+(1+r̃2+/ℓ

2)
r

,

pm is the matter pressure and pGR its gravitational pressure.

• To find equilibrium solutions -
r̃+(T∗) , α(T∗) , m(T∗) , pm(T∗) , Sm(T∗) , Tm(T∗) - two equations of
state are needed.

• Barotropic equation of state

pm(m, α) = λ
m

4πα2
.

• Entropy power law

Sm(m, α) = ℓ−2γ
p ℓ(1−2λ)γ

c mγ(4πα2)γλ ,

ℓc is the Compton wavelength of each particle in the shell.
F. J. Gandum (CENTRA) Canonical ensemble of a thin shell in AdS December 20, 2024 11 / 19



4. Equilibrium solutions

• λ = 1
3 , γ = 3

4 .

• Mechanical equilibrium
pm = pGR ⇒ α(r̃+) , m(r̃+) , pm(r̃+) , Sm(r̃+) .

• Mechanical stability

∂r̃+α < 0 .
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• λ = 1
3 , γ = 3

4 .

• Thermal equilibrium

T∗ =

(
∂m

∂Sm

)
α

√
1 +

r2

ℓ2
−

r̃+(1 + r̃2+/ℓ
2)

r

⇒Tm(r̃+) , r̃+(T∗) .

• Thermal stability

C > 0 ⇔ ∂ r̃+
∂T∗

> 0 .
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5. Phase transitions in the semiclassical approximation
• Three phases at zero order: AdS, black hole and shell.

• Most probable phase minimises the free energy and, in zero order, the
action.

• Each phase is represented by the respective stable solutions.

• 1st order phase transition from the shell to the black hole: the shell
dominates for sufficiently low T∗, otherwise the black hole does.
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6. Conclusions

• Using the Euclidean path integral approach to quantum gravity, in the
semiclassical approximation, we studied the effect of self-gravitating hot
quantum matter to the canonical ensemble of asymptotically AdS spaces.

• The action and the partition function of a hot thin shell in AdS space were
calculated.

• Equilibrium solutions determined for specific equations of state. Only
one of four branches is fully stable (solution 21). This is the most
probable phase for sufficiently low temperatures.

• In the future
• Place the system inside a finite cavity (ongoing).
• Include the effect of a black hole inside the shell.
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Extra slide λ = 1/3, γ = 3/4
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Extra slide λ = 1/3, γ = 3/4
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Extra slide λ = 1/3, γ = 3/4
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Extra slide λ = 1/3, γ = 3/4
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