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One can ask if a geometric t ransit ion can replace the
source with topology. We consider a more suitable choice
of coordinates, (φ = χ − 1

k
β, y = Ryβ) to study the

orbifold of the near-bubble metric (2.1) [18],

ds2
4 = d⇢2 + d✓2 +

sin2 ✓⇢2

R2
β

dχ2 +
1

k2
R2
βDβ2

Dβ = dβ − k
sin2 ✓

R2
β

dχ, R2
β = ⇢2 + sin2 ✓. (2.3)

The space is an S1
β -bundle over a three-dimensional base

given by (⇢,✓, χ). At ⇢ = 0, the χ-circle shrinks and
(✓, Dβ) forms a S2/ Zk bubble.

The connect ion of the S1
β -bundle has monopole charges

k at the north pole, (⇢= 0,✓= 0), and − k at the south
pole, (⇢= 0,✓= ⇡ ). Each pole corresponds to a single-
center Gibbons-Hawking (GH) space, R4/ Zk , with charge
k. The orbifold singularity can be classically resolved by
split t ing the GH center into k centers of charge one where
the β-fiber shrinks. There are two-cycles between any
two centers and the singularity is replaced by a smooth
space with k − 1 bubbles. They exist in a limit where
their characterist ic size is much smaller than the original
bubble.

Figure 2: Schemat ic descript ion of a generic topological star.

Our one-bubble solut ion is a highly symmetric space-
t ime that highlights a much richer space of states via the
classical resolut ion of its orbifold singularity (see Fig.2).
We can turn on magnet ic fluxes along each small bubble.
We expect large degrees of freedom on the fluxes while
fixing the conserved charge which implies a larger class
of mult i-bubble solut ions without spherical symmetry.

3. T he B lack St r ing

When rS > r B , the first coordinate singularity is the
horizon at r = r S. I t has a S1⇥S2 topology where the S2

has a radius r S while the S1 has a radius
p

r S− r Bp
r S

Ry .

The coordinate singularity at r = r B is hidden behind
the horizon. In this region, the spacelike Killing vector
@y shrinks, thereby defining a bubble behind the horizon.
The causal st ructure of the spacet ime is depicted by the
Penrose diagram Fig.3.

Unlike(2.1), thisbubble isa t imelikesurfaceand sitsat
theorigin of a two-dimensional Milnespace [19] described
by the (⇢, y) subspace. It is defined as the quot ient of
R1,1 by a boost γ2 = r S− r B

4r 3
B

R2
y , and corresponds to cones

in R1,1 connected at their t ips. The spacet ime has no
curvature singularity or closed t imelike curves. However,
geodesics with y-momentum are singular and experience
a Cauchy horizon. Geodesics without y-momentum can
be uniquely extended past the t ip of the cone. This sug-
gests that if we rest rict to energies and part icles bellow
theKK scale, wecan connect two of theblack holegeome-
t ries in Fig 3 by ident ifying their bubble regions. This
describes a new class of possibly stable wormholes bellow
the KK scale, and deserves further study.

Figure 3: Penrose diagram of the black st ring.

From an external four-dimensional perspect ive, we
have a magnet ic black hole of mass and charge given
by (1.9), its horizon is at r = r S and its ent ropy is

2
4 S = 8⇡ 2

p
r 3

S (r S − r B ) .
In the limit r B ! rS, the bubble approaches the hori-

zon and the solut ion is an ext remal black st ring when
r B = r S = m. Considering r = ⇢2 + m, the metric is

ds2 = ⇢2 ⇢2 + m
− 1 ⇥

− dt2 + dy2
⇤

+ ⇢− 2 ⇢2 + m
2 ⇥

4d⇢2 + ⇢2 d⌦2
2

⇤
.

(3.1)

The near-horizon region, ⇢ ! 0, corresponds to an
AdS3⇥S2. The radius of the AdS3 and the S2 are 2m
and m respect ively.

4. Phase Space

We consider the phase space of spherically-symmetric so-
lut ions with fixed ADM mass M , charge Qm and radius
Ry . The solut ions are given in terms of two parameters
(r B , r S) related to (M , Qm ) as in (1.9). In general, there
are two solut ions for (r B , r S) given (M , Qm ). In Fig.4,
we plot the ranges for when topological stars and black
st rings exist . On the same plot , we include the allowed
range for magnet ic Reissner-Nordst röm black holes (RN)
in four dimensions. Note that it is not a solut ion of (1.7)
and must be seen as an illust rat ive comparison. Its hori-

zon radius is 8⇡ RR N = 2
4

⇣
M +

p
2
4M 2 − 32⇡ 2Q2

m

⌘
.

For small mass (region (2) in Fig.4), both solut ions
of (r B , r S) correspond to topological stars. However,
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Motivations
➢ Fuzzball program of string theory: classical BH horizon as a coarse-grained description of a superposition of 

regular quantum states:

▪ Some microstates involve smooth horizonless geometries: 
gravity coupled with extra degrees of freedom (gauge and scalar fields).

▪ Higher dimensions and non-trivial topologies

➢ Study toy theories and toy models (gravity + extra fields) whose solutions share key aspects
with the fuzzball paradigm:

▪ These solutions are quite involved, and the study of their dynamics is a hard task!

Task: study stability and spectroscopy of these solutions.

• Einstein – Maxwell in 5D 
4D reduction

Einstein – Maxwell – scalar in 4D that admits magnetically charged BH 
and regular solitons (topological stars TS)
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Topological stars (TS) and magnetized black string
Consider Einstein – Maxwell theory in 5D
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Topological stars (TS) and magnetized black string
Consider Einstein – Maxwell theory in 5D

This theory admits black string with magnetic charge and topological star: 

2 parameters family 
of solutions

▪▪ topological starmagnetized black string 2

1. T he Solut ions in 4 + 1 dim ensions

In this sect ion, we review the class of solut ions of [14, 16].
A bubbling topology is induced by a shrinking circlewhile
other compact direct ions keep a finite size. A mass can
be generated by turning on flux à la microstate geome-
t ries. We consider solut ions of five dimensional Einstein-
Maxwell theory,

S =

Z

d5x
p
− g

✓
1

2 2
5

R −
1

4
Fµ⌫F µ⌫

◆

, (1.1)

that asymptote to four-dimensional Minkowski t imes a
circle and where 5 is the gravitat ional coupling, F is
thefield st rength. A spherically-symmetric met ric ansatz
with a magnet ic flux leads to

ds2 = − f S(r ) dt2 + f B (r ) dy2 +
dr 2

h(r )
+ r 2 d⌦2

2,

F = P sin✓d✓^ dφ,

(1.2)

where d⌦2
2 = d✓2 + sin2 ✓dφ2. The coordinate y

paramet rizes a circle with period 2⇡ Ry . First , we con-
sider the vacuum solut ions, P = 0:

1. f S(r ) = h(r ) = 1−
r S

r
, f B (r ) = 1 , (1.3)

2. f B (r ) = h(r ) = 1 −
r B

r
, f S(r ) = 1 . (1.4)

The first one, (1.3), is a product of a four-dimensional
Schwarzschild black hole with a circle. It has a hori-
zon at r = r S where the t imelike Killing vector, @t ,
shrinks. The second solut ion, (1.4), is a smooth mass-
less solut ion that corresponds to stat ic bubble of nothing
at r = r B where the spacelike K illing vector, @y , shrinks.
The two solut ions are related by double Wick rotat ion
(t, y, r S, r B ) ! (i y, i t , r B , r S).

We superpose both vacuum solut ions by imposing the
double Wick rotat ion as a symmetry [14, 16]

f B (r ) = 1 −
r B

r
, f S(r ) = 1−

r S

r
, (1.5)

and the equat ions are solved providing

h(r ) = f B (r ) f S(r ), P = ±
1

5

r
3 r Sr B

2
. (1.6)

There are two coordinate singularit ies, a horizon at
r = r S and a degeneracy of the y-circle at r = r B . De-
pending on the order, they either correspond to a massive
magnet ic bubble for r B > r S or a magnet ic black st ring
for r S ≥ rB .

By KK reduct ion along y, they are solut ions of an
Einstein-Maxwell-dilaton system [17]

S4 =
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d
4
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p
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✓
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2 2
4
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2
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@aΦ@
a
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e− 2Φ

4e2
Fµ⌫F

µ⌫

◆

,

(1.7)

Figure 1: Penrose
diagram of the

topological star. The
spacet ime ends as a

smooth bubble at
r = r B .

where 2
4 =

2
5

2⇡R y
and e2 = 1

2⇡R y
given by

e2Φ = f
− 1/ 2

B , F = ±
e

4

r
3r B r S

2
sin✓d✓^ dφ

ds2
K K = f

1/ 2

B − f S dt2 +
dr 2

f B f S

+ r 2 d⌦2 . (1.8)

The four-dimensional ADM mass, M , and the magnet ic
charge, Qm , are

M = 2⇡

✓
2 r S + r B

2
4

◆

, Q2
m =

3

2

r B r S

2
4

. (1.9)

2. T he Topological St ar

For r B > r S, the y-circle shrinks at r = r B providing an
end to spacet ime. We describe the local metric taking

⇢2 =
4( r − r B )

r B − r S
with ⇢! 0,

ds2
5 = −

r B − r S

r B

dt2 + r 2
B ds2

4 , (2.1)

ds2
4 = d⇢2 +

r B − r S

4 r 3
B

⇢2 dy2 + d⌦2
2 .

The lineelement , d⌦2
2, describesa two-sphereof radius r B

while the (⇢, y) subspace makes a flat surface. In general,
we can allow for a conical defect and take the constant
t ime-slices as R2/ Zk ⇥S2, k 2 Z+ . The Penrose diagram
is summarized in Figure 1. The orbifold condit ion relates
the radius of the y-circle with the parameters as

k2R2
y =

4 r 3
B

r B − r S

$ r S = r B

✓

1− 4
r 2

B

k2R2
y

◆

. (2.2)

In general, Ry is considered as a fixed asymptot ic quan-
t ity, and therefore we interpret the regularity condit ion
as fixing r S. We write the mass and charge as

M =
2⇡ r B

2
4

✓

3− 8
r 2

B

k2R2
y

◆

, Q2
m =

3r 2
B

2 2
4

✓

1− 4
r 2

B

k2R2
y

◆

.

The radius of the bubble has an upper bound 2r B kRy .
At equality, thechargevanishesand thesolut ion issimply
a vacuum bubble of nothing.

For macroscopic objects, we must have a bubble with
large k. For k = 1, the spacet ime is smooth. For k ≥ 2,
there is a source corresponding to a conical defect local-
ized at r = r B , wrapping the bubble.
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Our one-bubble solut ion is a highly symmetric space-
t ime that highlights a much richer space of states via the
classical resolut ion of its orbifold singularity (see Fig.2).
We can turn on magnet ic fluxes along each small bubble.
We expect large degrees of freedom on the fluxes while
fixing the conserved charge which implies a larger class
of mult i-bubble solut ions without spherical symmetry.
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The near-horizon region, ⇢ ! 0, corresponds to an
AdS3⇥S2. The radius of the AdS3 and the S2 are 2m
and m respect ively.
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are two solut ions for (r B , r S) given (M , Qm ). In Fig.4,
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The near-horizon region, ⇢ ! 0, corresponds to an
AdS3⇥S2. The radius of the AdS3 and the S2 are 2m
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(r B , r S) related to (M , Qm ) as in (1.9). In general, there
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Kaluza – Klein dimensional reduction to 4D

Let us assume no y – dependence in the involved fields:
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Kaluza – Klein dimensional reduction to 4D

Let us assume no y – dependence in the involved fields:

4D metric
dilatonic field

extra gauge field

4D Maxwell field extra scalar field
The action in 4D reduces to
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Fields equations in 4D
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4D background solution

The background solution in 4D that describes both the magnetized BH and the topological star is

decoupled

odd parity (axial)

even parity (polar)

• singular at (just  an artifact of the 4D reduction)

ADM mass magnetic charge

5
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Parameter space
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Parameter space

2nd kind
unstable + stable photon spheres

1st kind
unstable photon sphere
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Parameter space

2nd kind
unstable + stable photon spheres

1st kind
unstable photon sphere

The solution interpolates between BHs, ultracompact objects and stars.
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Linear perturbations in Regge-Wheeler gauge

gravity

EM field

scalar field
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Linear perturbations in Regge-Wheeler gauge

gravity

EM field

scalar field

Type I sector:
odd-parity metric

even-parity EM
l ≥ 1
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Linear perturbations in Regge-Wheeler gauge

gravity

EM field

scalar field

Type I sector:
odd-parity metric

even-parity EM
l ≥ 1

Type II sector:
even-parity metric

odd-parity EM
scalar

l ≥ 0
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Master equations
Type I and Type II l=0

BH  e Qm / M = 1.149

TS 2nd kind
e Qm / M = 1.160

BH  e Qm / M = 1.032

TS 1st kind
e Qm / M = 1.220

cavity for TS!

typical effective potential
for a BH

peculiar  negative divergent 
potential for radial perturbation
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QNMs of magnetized BHs (rB < rS)

Type I l=1

Type I l=2

Type II l=0

(EM perturbation)

(gravitational +
EM perturbations)

(scalar perturbation)

RN BH QNMs spectrum
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QNMs of TSs (rB ≥ rS)

Type I l=1
even EM perturbation

Type II l=0
scalar perturbation

Type I l=2
odd grav. induced

Type I l=2
even EM induced
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QNMs of TSs (rB ≥ rS)

Type I l=1
even EM perturbation BH-like QNMs

(w-modes)

long-lived QNMs
(echoes)

2nd kind

2nd kind

1st kind

1st kind

Type II l=0
scalar perturbation stable modes !
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Echoes in the ringdown

A time-domain analysis confirms the QNMs spectrum and finds echoes! 

2

FIG. 1. Comparison between the linear response of a nearly-ext remal magnet ized BH and a second-kind TS with same mass
and similar charge-to-mass rat io to l = 2 Type-I perturbat ions (even-parity EM, and odd-parity gravitat ional). The left and

right panel refer to gravitat ional-driven and EM-driven perturbat ions, respect ively. For comparison we show also the case of a
first -kind TS, which displays a di↵erent prompt ringdown and no long-lived modes.

Furthermore, regardless of the details of horizon-scale
st ructure, the large Hilbert space describing the states
that give rise to the huge BH ent ropy will contain co-
herent states. These will resemble classical solut ions in
low-energy theories coupled with gravity. Thus, from
a four-dimensional perspect ive, one is left with General
Relat ivity coupled to various forms of mat ter, including
gaugefields and scalars, and potent ial singularit ies which
are anyway well behaved from the 5D perspect ive.

Einstein-Maxwell theory in five dimensions allows for
magnet ized black st rings and regular solitons known as
topological stars (TSs) [13]. The scope of this paper is
to study the linearized dynamics and stability of these
objects as a toy model for more complicated and realis-
t ic microstate geometries. These solut ions are part icu-
larly interest ing because they contain several ingredients
of more complicated microstate geometries while keep-
ing a certain degree of symmetry and hence being more
tractable. In part icular, while being regular in five di-
mensions, from a four dimensional perspect ive they con-
tain an extra scalar field that diverges at the boundary of
the TS solut ion, where also the metric becomes singular.
This implies that ext ra care should be put in invest igat -
ing theboundary condit ions(BC) in thefour-dimensional
theory. Furthermore, the spherically symmetric solut ion
has a magnet ic field which mixes sectors with di↵erent
parity. In general, scalar, elect romagnet ic (EM), and
gravitat ional perturbat ions are coupled to each other in
a nont rivial way, as generically expected from classical
solut ions of a low-energy e↵ect ive theory.

Due to their nont rivial st ructure, a natural quest ion
concerns the stability of these solut ions. Linear pertur-
bat ions of magnet ized BHs in this theory were part ially
studied in [14, 15]. Dueto thepresenceof magnet ic fluxes
in the background, polar (i.e., even-parity) gravitat ional
perturbat ions are coupled to axial (i.e., odd-parity,) EM
perturbat ions and viceversa. We shall refer to the sec-

tor containing odd-parity (resp. even-parity) gravita-
t ional perturbat ions as Type-I (resp. Type-I I). In [15],
the quasinormal modes (QNMs) of magnet ized BHs in
this theory were obtained for the Type-I sector, which is
easier than the Type-I I sector since it contains less dy-
namical degrees of freedom. For the case of TSs, only
the linear dynamics of a test scalar field in the frequency
domain has been studied [16, 17], finding di↵erent fam-
ilies of modes depending on parameters of the TS. In
part icular, in some regions of the parameter space, TSs
can develop a pair of stable and unstable photon spheres
which can support long-lived modes [18] and can give rise
to echoes [19–22] in the ringdown signal at late t imes.
From this perspect ive, TSs provide a concrete model for
ult racompact objects [23] arising from a well-defined the-
ory and are therefore an ideal testbed to invest igate the
phenomenology of these objects.

Here, we great ly extend this program by studying the
complete linearized dynamics (in which scalar, EM, and
gravitat ional perturbat ions are coupled to each other)
both in the frequency and in the t ime domain. This will
also allow us to discuss the linear stability of magnet ized
BHs and TSs. While we will derive the equat ions for all
kinds of perturbat ions, in this work we numerical solve
for the dynamics of radial perturbat ions and of nonradial
perturbat ions in the Type-I sector. Nonradial Type-I I
perturbat ions will be studied in a companion paper [24].
Overall, in the radial Type-I I and nonradial Type-I sec-
tors we found no evidence for linear instabilit ies1, even
despite the fact that the e↵ect ive potent ial for radial per-
turbat ionsof TSs is negat iveand divergent near the inner

1 Beside a known radial instabilit y [25–27] associated to the

Gregory-Laflamme instabilit y of black st rings [28], which occurs

only in a certain range of the parameters, see below for further

details.

echoes!

BH ringdown

TS ringdown

cavity for the TS
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Type II sector spectroscopy
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Conclusions
➢ Toy models (Einstein-Maxwell in 5D) are useful to capture key aspects of the fuzzball paradigm:

• These models describe gravity coupled with extra degrees of freedom.

• The solutions may come from a higher dimensional theory.

• They show attractive beyond GR features (e.g. echoes!).

• Much simpler to study.

➢ Next steps (ongoing) :

• Complete the QNMs spectrum and t-domain analysis for Type II sector. (to appear soon)

14

• EMRI around topological stars (ongoing project in collaborations with R. Brito and P. Pani)
see next slide

➢ Future steps:

• Love numbers for magnetized BHs and TSs
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Scalar energy flux resonance
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resonance!

𝑀 𝜔𝑄𝑁𝑀,𝑙=1 = 0.066859  −𝑖 3.3662 ×  10−13

very small!
narrow 

resonance 

circular orbit with 
this frequency at 

𝑟0

𝑀
= 5.3019266572
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C

O

XVII Black Holes Workshop, Aveiro – December 20th , 2024



Marco Melis, Sapienza, University of Rome | INFN Roma1

Thank you for the attention
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Appendix: Gregory-Laflamme instability
▪ Black strings suffer of the Gregory-Laflamme instability for                           . 

magnetized BH (in 4D): instability against spherical perturbations with eiky

▪ Double Wick rotation: BHs              TSs   by 

Type II l=0
Instability of TS

If there is a zero mode for BHs

purely imaginary mode for TSs for 
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