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Tidal Love numbers: what are they?

✦ TLNs reflect a body’s response to an external field (forcing).

✦ In a gravitational setting, they measure the deformability caused by the presence 
of a neighboring object.

in isolation:

in the presence
of a companion:

Tidal Love numbers (TLNs)
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✦ TLNs impact the gravitational wave signal produced by inspiralling binaries.

[Flanagan-Hinderer, 2007]

from [Abbott et al., PRL 116, 061102 (2016)]

δΨ( f ) ∝ ( v
c )

5
× Love number

Specifically, they affect the phase of the signal (at 5PN order):

Tidal Love numbers: what are they?TLNs in asymptotically flat spacetime
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✦ (Static) TLNs of black holes in vacuum GR are identically zero

both for non-rotating

and for rotating black holes.

Tidal Love numbers: what are they?TLNs of vacuum Black Holes in GR

[Binnington-Poisson, 2009] [Damour-Nagar, 2009]

[Le Tiec-Casals, 2020] [Le Tiec-Casals-Franzin, 2020]

[Fang-Lovelace, 2005]

[Chia, 2020]
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TLNs beyond vacuum GR

✦ (Static) TLNs generically do not vanish if:

— matter fields are present (e.g., neutron stars);

— the number of spacetime dimensions is ;

— the gravitational theory is modified;

— a cosmological constant  is included;

D ≠ 4

Λ [Emparan-Fernández-Luna, 2017]
[Franzin-Frassino-JVR, 2024]

[Nair-Chakraborty-Sharkar, 2024]

[Hinderer, 2007]

⋮

[Cardoso-Franzin-Maselli-Pani-Raposo, 2017]
[Herdeiro-Panotopoulos-Radu, 2020]

[Kol-Smolkin, 2011]
[Hui et al., 2021]

[Rodriguez et al., 2023]
[Charalambous-Ivanov., 2023]

⋮

[Cardoso-Franzin-Maselli-Pani-Raposo, 2017]
[Yazadjiev-Doneva-Kokkotas, 2018]

[De Luca-Khoury-Wong, 2023]
⋮
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Anti-de Sitter spacetime

✦ Fix    and a negative cosmological constant   .

Consider only static spacetimes satisfying                      .

D = 4 Λ = − 3
L2

Rμν = Λgμν

✦ Ground state is  Anti-de Sitter (AdS).

Recall that  AdS ~ box .  (With its ‘size’ set by  .)L

This is global AdS
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Anti-de Sitter spacetime

✦ Fix    and a negative cosmological constant   .

Consider only static spacetimes satisfying                      .

D = 4 Λ = − 3
L2

Rμν = Λgμν

✦ Ground state is  Anti-de Sitter (AdS).

Recall that  AdS ~ box .  (With its ‘size’ set by  .)L

This is global AdS

✦ Positive energy ( ) solutions:  

Schwarzschild-AdS4 black holes

M > 0
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✦ AdS black holes are relevant for AdS/CFT. 

✦ The AdS/CFT correspondence posits 
total equivalence (duality) between 

classical gravity in AdSD  &  conformal field theory CFTD-1   

(can be thought of as living on the boundary of AdSD)

[Maldacena, 1997]

AdS/CFT essentials

stationary BH in AdS
with temperature T dual to

conformal plasma 
at temperature T

✦  
[Witten, 1998]



8

TLNs in AdS

✦ In AdS, tidal Love numbers acquire a holographic meaning:

TLNs determine how the plasma’s  
stress-energy tensor locally adapts to

deformations of the boundary geometry

✦ The main tool used is BH perturbation theory.

A given perturbation mode determines an induced metric on the boundary.

The associated TLN controls how the stress-energy tensor adapts. 

We computed the TLNs in two alternative perturbation schemes:  

Regge-Wheeler (gauge-fixed)   and   Kodama-Ishibashi (gauge-invariant)

Deformed
boundary of
AdS space

[Emparan-Fernández-Luna, 2017]

tidal Love numbers
of BH in AdS

dual to
geometric polarization  

of corresponding plasma
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Results for Tidal Love Numbers of Schwarzschild-AdS4

    Regge-Wheeler                                                 Kodama-Ishibashi
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With these results we can obtain an explicit visualization 

of  the geometric polarization effect, taking into account              

the background curvature of  the 2-sphere.
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A 2-sphere, deformed by an  l = 2, m = 0  polar mode 

M / L = 1
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A 2-sphere, deformed by an  l = 2, m = 0  polar mode 

Deformed sphere colored according to the local value of the Ricci curvature

M / L = 1
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A plasma on a deformed 2-sphere

Deformed sphere colored according to the local value of the energy density

M / L = 1
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Geometric polarization

Correlations between local curvature and the plasma’s stress-energy tensor components

M / L = 1
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More results for different values of  l  and of  M / L
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✦ We computed static TLNs of non-rotating BHs in global AdS4 

(and their holographically dual interpretation as the 
geometric polarization of a conformal plasma on a spherical space.)

✦ A precise map between the RW and the KI formalisms was obtained.                 
This allows to convert numerical results using one language into the other.                           
The agreement is excellent, with sub-percent deviations for all  . 

✦ The holographic dual plasma energy density is (anti-)correlated with the 
curvature of the deformed  (its ambient space) depending on the mass  of 
the bulk BH and the multipole  of the perturbation considered. 

2 ≤ l ≤ 50

S2 M
l

Conclusions
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Extras
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Comparison with TLNs of AdS black branes

[Emparan-Fernández-Luna, 2017]
✦ TLNs have been computed for AdS black branes (in )

  perturbations expanded in plane waves.  (Wavenumber is a continuous parameter.)

D = 4, 5

unperturbed perturbed

✦ Poincaré coordinates cover only a patch of AdS.
In these coordinates the boundary is flat, 3D Minkowski.

The event horizon is also flat                black branes
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✦ Differences with respect to                                            :

  global AdS spacetime considered (with a BH in its interior);

  the ‘boundary’ is a 2-sphere (deformed, if there is a tidal field);

  perturbations are decomposed in spherical harmonics. 
  (discrete set of modes, parametrized by  — although TLNs are only sensitive to  ){l, m} l

[Emparan-Fernández-Luna, 2017]
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✦ Fix a background solution,  and study its linearized perturbations.

  In GR (with or without cosmological constant) the resulting perturbation equations 
give rise to two decoupled 2nd order ODEs in the radial variable (if non-rotating).

Tidal Love numbers:  how are they computed?

0.368254 r

hN

0.368254 r

hNN

 rh      rh     

✦ Each of these equations admits two linearly independent solutions: 

One is normalizable,  h
— ;  the other is non-normalizable,  h+ . 

- +

polar and axial

Controls the 
stress-energy tensor

Controls the 
boundary metric
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✦ The non-normalizable solution represents an external field.
It is turned on only if the body is not in isolation.

non-normalizable:  onnon-normalizable:  off
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✦ Regularity at the horizon selects a linear combination of the two solutions: 

hR  =  C
—

  h
—

  +  C+  h+

Regular solutions tend asymptotically to a specific combination of the two modes. 
(The overall normalization of the amplitudes is irrelevant.)

0.368254 r

hN

0.368254 r

hNN

0.368254 r

hR

=  C—

 x + C+ x

k = C−

C+
✦ The ratio of the two coefficients yields the Love number:

- +


