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@ Stationary and axisymmetric solutions generating CTCs
@ The Godel Universe

@ Van Stockum spacetime

@ Solutions violating energy conditions

@ Paradoxes:

e Consistency paradoxes
e Causal loops

@ Remedies:

e Principle of Self-Consistency (l. Novikov);
e Chronology Protection Conjecture (S. Hawking).
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Stationary and axisymmetric solutions: CTCs

@ Tipping over of light cones seems to be a generic feature of
some solutions with a rotating cylindrical symmetry.

@ General metric for a stationary, axisymmetric solution:

ds* = —F(r)dt* + H(r) dr® + L(r) d¢® +2 M (r) d¢ dt + H (r) d=?
(1)

z is the distance along the axis of rotation;

¢ is the angular coordinate;

r is the radial coordinate;

t is the time coordinate.

@ The metric components are only functions of the radial
coordinate r.

@ The determinant, g = det(g,,,) = —(FL + M?)H?, is Lorentzian
provided that (FL + M?) > 0.
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Stationary and axisymmetric solutions: CTCs

@ Due to the periodic nature of the angular coordinate, ¢, an
azimuthal curve with v = {t = const, r = const, z = const} is a
closed curve of invariant length s2 = L(r)(27)>.

e If L(r) < 0, the integral curve with (¢, r, z) fixed is a CTC.
e If L(r) = 0, the azimuthal curve is a closed null curve.
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Stationary and axisymmetric solutions: CTCs

@ Due to the periodic nature of the angular coordinate, ¢, an
azimuthal curve with v = {t = const, r = const, z = const} is a
closed curve of invariant length s2 = L(r)(27)>.

e If L(r) < 0, the integral curve with (¢, r, z) fixed is a CTC.
e If L(r) = 0, the azimuthal curve is a closed null curve.

@ Consider a null azimuthal curve, not necessarily a geodesic nor
closed, in the (¢, t) plane with (r, z) fixed.
The null condition, ds? = 0, implies

0=—F+2M¢ + L?, )
with ¢ = dg/dt.
@ Solving the quadratic, we have
dp . —-M+vVM2+FL
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Stationary and axisymmetric solutions: CTCs

@ Due to the Lorentzian signature constraint, FL + M? > 0, the
roots are real.

@ If L(r) < 0 then the light cones are tipped over sufficiently far to
permit a trip to the past.

@ By going once around the azimuthal direction, the total backward
time-jump for a null curve is

27| L]

M+ /M2 = F|L]

AT = (4)
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Stationary and axisymmetric solutions generating
CTCs

@ Thus, the tilting of light cones are generic features of spacetimes
which contain CTCs.

L
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The Godel Universe

@ Kurt Gédel in 1949 discovered an exact solution to the EFEs of a
uniformly rotating universe containing dust and a nonzero
cosmological constant.

@ The total energy-momentum is given by

A g (5)

T = pUtUY —
8w

total

@ However, the latter may be expressed in terms of a perfect fluid,
with rotation, energy density p and pressure p, in a universe with
a zero cosmological constant, i.e.,

T =@+ U U +p g™, (6)

to

with the following definitions

A
=4+ — b= —— . 7
P p+87r and b 8w 7
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The Godel Universe

@ The manifold is R* and the metric of the Gddel solution is
provided by

1
ds? = —dt? — 2eV2%% dtdy — 3 V2T dy? 1 da? +d22 . (8)

@ The four-velocity and the vorticity of the fluid are,
UH* =9 =(1,0,0,0) and w* = (0,0, 0,w), respectively.

@ The Einstein field equations provide the following stress-energy
scenario:

~ w?

drp = w? = —A or p=p=—>0. (9)
8
@ Thus, the null, weak and dominant energy conditions are
satisfied, while the dominant energy condition is in the
imminence of being violated.
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The Godel Universe

@ The metric (8) is the direct sum of the metrics g; and gs.
@ The metric g1 is given by

ds? = —dt> — 2¢V2“% dtdy — %em‘” dy? +dz?,  (10)
with the manifold M; = R? defined by the coordinates (¢, z, ).

e The metric g2 is given by ds3 = dz?, with the manifold Mz = R,
defined by the coordinate =.
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The Godel Universe

@ The metric (8) is the direct sum of the metrics g; and gs.
@ The metric g1 is given by

ds? = —dt> — 2¢V2“% dtdy — %em‘” dy? +dz?,  (10)

with the manifold M; = R? defined by the coordinates (¢, z, ).
e The metric g2 is given by ds3 = dz?, with the manifold Mz = R,
defined by the coordinate =.
@ To analyze the causal properties of the solution, it is sufficient to
consider (M1, g1).
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The Godel Universe

@ Consider a set of alternative coordinates (¢',r, ¢) in (Mi,g1), in
which the rotational symmetry of the solution, around the axis
r = 0, is manifest (suppressing the irrelevant = coordinate):

wyeﬁww = sin¢ sinh(2r),
eV2Zwz cosh(2r) + cos ¢ sinh(2r),
tan {(¢ +wt— \/575/) /2} e " tan(¢/2).

@ Thus, the metric (10) takes the form

dﬁzﬂm”[fﬁa+m37@mﬁrfﬂmfﬂd&+2h@ﬁmﬁrwd4
(11)

e Moving away from the axis, the light cones open out and tilt in the
¢-direction.

e The azimuthal curves with v = {¢ = const, r = const, z = const}
are CTCs if the condition is satisfied:

7> In(1+V2) (12)
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Rotating solutions
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(Lanczos)-Van Stockum spacetime

The van Stockum spacetime (1938) describes a stationary,
cylindrically symmetric solution of a rapidly rotating infinite cylinder of
dust, surrounded by vacuum. (Lanczos, 1924)
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Solutions violating energy conditions

Solutions violating energy conditions: Wormholes
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Summary and Conclusion

@ GR has proven highly successful, with solid experimental
support, particularly in weak gravitational fields.

@ However, solutions to the EFEs that generate CTCs can be
found with relative ease.

@ This implies that if we consider GR valid, we need to include the
possibility of time travel in the form of CTCs.
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Summary and Conclusion

@ GR has proven highly successful, with solid experimental
support, particularly in weak gravitational fields.

@ However, solutions to the EFEs that generate CTCs can be
found with relative ease.

@ This implies that if we consider GR valid, we need to include the
possibility of time travel in the form of CTCs.

@ While paradoxes often lead to dismissing time travel, they don’t
prove it is mathematically or physically impossible.
e Consistent solutions to the EFEs, based on plausible physical
processes, have been discovered.
e They do seem to suggest that local information in spacetimes with
CTGCs is constrained in unfamiliar ways.
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Summary and Conclusion

@ The time travel paradoxes, without doubt, indicate strange
aspects of spacetimes that contain CTCs.
e Consistency paradoxes (grandfather paradox);
e Causal loops.
@ Two possible remedies to the paradoxes:

e Principle of Self-Consistency (1. Novikov);
e Chronology Protection Conjecture (S. Hawking).
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Summary and Conclusion

@ The time travel paradoxes, without doubt, indicate strange
aspects of spacetimes that contain CTCs.
e Consistency paradoxes (grandfather paradox);
e Causal loops.
@ Two possible remedies to the paradoxes:
e Principle of Self-Consistency (l. Novikov);
e Chronology Protection Conjecture (S. Hawking).
@ However, exploring the theory’s extreme predictions can reveal
its limitations and suggest ways to overcome them.
@ Time travel via CTCs is not just theoretical speculation but a
conceptual and epistemological tool for probing the depths of GR
and gaining clearer insights.
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THANK YOU FOR YOUR TIME AND ATTENTION!
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