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Motivation (I)
Accretion disks around BHs arise naturally in astrophysical scenarios such as 
the aftermath of compact binary mergers (if they involve at least one neutron 
star) or in the environment of SMBHs at the center of galaxies.


 



Motivation (I)
Accretion disks around BHs arise naturally in astrophysical scenarios such as 
the aftermath of compact binary mergers (if they involve at least one neutron 
star) or in the environment of SMBHs at the center of galaxies.


To study the electromagnetic emission of these sources without the need of 
performing ab initio simulations, it is necessary to start from equilibrium 
solutions of accretion disks around the BH as initial data.


 



Motivation (II)
The standard equilibrium solutions mostly used as initial data for simulations are 
the AJS1 and the FM2 solutions or some extension of them. These models are 
characterized by a non self-gravitating, perfect, ideal fluid which undergoes 
circular motion around the central object with a constant distribution of angular 
momentum in the disk.


Therefore, including new physical ingredients to these simple equilibrium models 
is key to improve the library of initial data to be used in numerical evolutions.
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Motivation (III)
In this work, we extend the AJS solution by considering a spin fluid.


In particular, we consider a Weyssenhoff spin fluid (formulated using Riemannian 
geometry instead of the original that used Riemann-Cartan geometry)1,2,3.


This approach takes into account the potential contribution of an intrinsic angular 
momentum possessed by the particles that comprise the fluid.

[1] J. Weyssenhoff, A. Raabe -  Acta Phys. Pol. 9, 7 (1947). 

[2] Y. N. Obukhov and V. A. Korotky - Class. Quantum Grav. 4 1633 (1987).

[3] Y. N. Obukhov and O. B. Piskareva - Class. Quantum Grav. 6 L15 (1989).




Framework (I)
Equilibrium solutions are obtained by starting from the continuity equation and 
energy-momentum conservation.


And further impose stationarity and axisymmetry
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Framework (II)
The energy-momentum tensor for the Weyssenhoff spin fluid is:


Frenkel SSC:                           Spin tensor:


We further assume that the spin vector is purely polar: 


Under these conditions:                                                          with
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Framework (III)
From the conservation of energy-momentum we get


where the first two terms correspond to the usual Euler equation.


To integrate this, we need to fulfill a set of integrability conditions, 
analogous to the von Zeipel conditions for an ideal fluid.


                              + additional conditions I will not discuss here.


We consider a polytropic equation of state and we neglect the contribution 
of the internal energy and a constant distribution of specific angular 
momentum
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Framework (IV)
Considering all of this, we arrive at


and we use the ansatz:


Therefore, we have to unknown functions we have to determine.

S. Lahiri, C. Lämmerzahl - Phys. Rev. D 108, 123032 (2023) 


<latexit sha1_base64="gsJeIUDsoby/2QyO1WUKGT2IjDM="></latexit>

@µ✏ =
(✏2�� + ✏)

��
@µ ln(�ut)�

(2Sµ�Da� +R⇢�⌧µS⇢�u⌧ )

�✏��1

<latexit sha1_base64="uO46+mOSG7UlEsbng6lmaViK07g=">AAAB/3icbZC7TgJBFIZnvSLeVi21mEhMrMiuMWhJ1MISE7kkLJLZ4QATZnbXuZCQDYW+jFZG7XwHX8C3cVgpFDzVN+f/Jzn/HyacKe15X87C4tLyympuLb++sbm17e7s1lRsJIUqjXksGyFRwFkEVc00h0YigYiQQz0cXE70+hCkYnF0q0cJtATpRazLKNF21XYPrnAA94YNsblLA2HGQURCTtoZt92CV/SywfPgT6GAplNpu59BJ6ZGQKQpJ0o1fS/RrZRIzSiHcT4wChJCB6QHTYsREaBaaZZijI+6scS6Dzh7//amRCg1EqH1CKL7alabLP/TmkZ3z1spixKjIaLWYrWu4VjHeFIG7jAJVPORBUIls1di2ieSUG0ry9v4/mzYeaidFP1SsXRzWihfTIvIoX10iI6Rj85QGV2jCqoiih7RM3pD786D8+S8OK8/1gVn+mcP/Rnn4xuFXpZl</latexit>

D ⌘ uµrµ

<latexit sha1_base64="pTsJbH6cFaHrgpteqNfwK42zx6E=">AAACI3icbZBLSwMxFIUzvq2vqks3wSK0oGVGRN0IRTfurGhtoVPLnfS2DU1mhiQjlKE/R/+MXYkKLvwvprWCr7s6uecL3HOCWHBtXPfNmZqemZ2bX1jMLC2vrK5l1zdudJQohhUWiUjVAtAoeIgVw43AWqwQZCCwGvTORn71DpXmUXht+jE2JHRC3uYMjF01s6WrvNqlvumigQI9obrpUh9jzUUU3qZ+B6QEuucNaM9yX1je2/MvJHaAikIzm3OL7njoX+FNRI5MptzMDv1WxBKJoWECtK57bmwaKSjDmcBBxk80xsB60MG6lSFI1I10nHRAd9qRovYKOn5/Z1OQWvdlYBkJpqt/e6Plf149Me3jRsrDODEYMotYr50IaiI6Koy2uEJmRN8KYIrbKynrggJmbK0ZG9/7HfavuNkveofFw8uDXOl0UsQC2SLbJE88ckRK5JyUSYUw8kCG5IW8OvfOo/PkPH+iU87kzyb5Mc77B/xXoVM=</latexit>

S(r, ✓) = s0✏
��1k(r, ✓)(1� ⌦l)



Framework (V)
In this work, we focused on extending to the Kerr case previous results of 
equilibrium solutions accretion disks with a spin fluid around a 
Schwarzschild BH. In that case the equations simplify a lot and it is 
possible to solve them analytically. For the Kerr case that is no longer 
possible and we have to resort to numerical methods.


For the sake of comparison with the Schwarzschild case, we take the 
following assumptions.


At the cusp:                        and
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Framework (V)
In this work, we focused on extending to the Kerr case previous results of 
equilibrium solutions accretion disks with a spin fluid around a 
Schwarzschild BH. In that case the equations simplify a lot and it is 
possible to solve them analytically. For the Kerr case that is no longer 
possible and we have to resort to numerical methods.


For the sake of comparison with the Schwarzschild case, we take the 
following assumptions.


At the cusp:                        and
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Framework (VI)
Taking into account these simplification, and considering the compatibility 
condition of the mixed second order partial derivatives of the energy 
density:


We obtain an additional PDE for k that completes our system: 

If we go to the equatorial plane, we can see that:


We set                       which is compatible with all our equations.
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Results
We solve the set of two ODEs for the energy density and the PDE for k 
different values of the spin of the BH a, the angular momentum of the disk l 
(both for co and counter-rotating orbits) and the spin parameter of the fluid 
s0.


We explored all the possible combinations in orientation of the three 
parameters, but I will focus on the results for both a and l > 0, as the 
qualitative behavior is similar.
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Results
In addition to the change in size of the disk, the radius of the inner edge of 
the disk also changes
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Results
A question naturally arises, is it always possible to compensate the lack or 
excess of orbital angular momentum with a particular amount of intrinsic 
spin? The answer is no!




Results

There are valid solutions outside the 
range of l allowed in the non spin fluid 
case, but they mostly require big values 
of s0…


There are two critical points in the 
parameter space, that mark the maximum 
and minimum possible value of (l, s0) 

The red dashed part marks a region of the 
parameter space where the code gives us 
a solution, but at least one of the 
boundary conditions for the energy 
density is not fulfilled.
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Results

For a highly spinning Kerr BHs the both 
the maximum and minimum allowed 
values for the s0 parameter are smaller.


It also can be seen that the maximum 
value of l is closer to lmb



Conclusions
- We are doing a first exploration of Weyssenhoff spin fluids in the context of 
equilibrium configurations around Kerr BHs.


- We have characterized how the presence of spin modifies the morphology of the 
equilibrium solutions and put some constraints in the parameter space.


- Mechanisms of orbital angular momentum transport and of intrinsic angular 
momentum transport are not the same, so it would be interesting to do numerical 
simulations.
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