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Motivation

The connection coefficients between solutions around different singular points
contain a wealth of fascinating Physics:

1. Quasi–normal modes [Aminov, Grassi, Hatsuda ’20]
2. Greybody factors and Love numbers [Bonelli, Iossa, Panea, Tanzini ’22]
3. Retarded Green’s function [Dodelson, Grassi, Iossa, Panea, Zhiboedov ’23]
4. Kerr Compton amplitudes [Bautista, Bonelli, Iossa, Tanzini, Zhou ’24]
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Scalar perturbations in AdS5 black holes



• The Klein–Gordon equation for a massive charged scalar field can be decom-
posed into two second–order ordinary differential equations by the ansatz

Φ(t, r, θ,ϕ1,ϕ2) = e−iωtY m1,m2
ℓ (θ,ϕ,ψ)R(r) (1)

• The angular part reduces to the scalar spherical harmonics on the three–
sphere Y m1,m2

ℓ (θ,ϕ,ψ), which satisfies the eigenvalue equation

∆Y m1,m2
ℓ (θ,ϕ,ψ) = −ℓ(ℓ+ 2)Y m1,m2

ℓ (θ,ϕ,ψ) , (2)
whereas the radial wave equation reads

1
r

d

dr

(
r3f(r)

dR

dr

)
+ U(r)R = 0, (3)

with

U(r) =
r2

f(r)

(
ω−

√
3

2
eQ

r2

)2
− µ2r2 − ℓ(ℓ+ 2),

f(r) =1 − M

r2 +
Q2

r4 +
r2

L2 :=

(
r2 − r2

0
) (
r2 − r2

−
) (
r2 − r2

+

)
L2r4 .

(4)

Here, ℓ is the angular momentum quantum number, and m1 and m2 are
integers associated with the magnetic quantum numbers.
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Radial ODE

• For convenience, we define

r̃ =
r

L
, r̃k =

rk

L
, f(r̃) = f(r), k = {0, −,+}

Q̃ =
Q

L2 , ω̃ = Lω, µ̃ = Lµ, ẽ =

√
3

2 Le,
(5)

so that equation (3) will take a dimensionless form:

1
r̃

d

dr̃

(
r̃3f(r̃)

dR

dr̃

)
+

[
r̃2

f(r̃)

(
ω̃− ẽQ̃

r̃2

)2
− µ̃2r̃2 − ℓ(ℓ+ 2)

]
R(r̃) = 0,

(6a)
where

f(r̃) =

(
r̃2 − r̃2

0
) (
r̃2 − r̃2

−
) (
r̃2 − r̃2

+

)
r̃4 . (6b)

• Equation (6) possesses four regular singular points in r̃2 variable, located
at the roots of f(r̃) and the point at infinity.
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• The characteristic exponents of the Frobenius solutions near the regular
singularities are given by

β±
k = ±1

2θk, k = {+, −, 0} (7)

where
θk =

i

2πT̃k

(
ω̃− ẽQ̃

r̃2
k

)
, (8)

and for r̃ = ∞, we have

β±
∞ =

1
2 (2 ± θ∞), θ∞ =

√
4 + µ̃2 := ∆ − 2. (9)

• To bring the radial equation (6) to the canonical form of the Heun’s equa-
tion, we perform a change of variables followed by a s-homotopic transfor-
mation

z =
r̃2 − r̃2

−
r̃2 − r̃2

0
, R(z) = zβ−

− (z0 − z)β−
+ (1 − z)β+

∞f(z) (10)
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Heun’s equation

d2f

dz2 +

[
1 − θ−
z

+
1 − θ+
z − z0

+
∆ − 1
z − 1

]
df

dz

+

(
κ1κ2

z(z − 1) − z0(z0 − 1)K0
z(z − z0)(z − 1)

)
f(z) = 0

(11a)

with

z0 =
r̃2
+ − r̃2

−
r̃2
+ − r̃2

0
,

κ1 =
1
2 (θ− + θ+ − ∆ − θ0), κ2 =

1
2 (θ− + θ+ − ∆ + θ0),

4z0(z0 − 1)K0 = −
ℓ(ℓ+ 2) + ∆(∆ − 4)r̃2

− − ω̃2

r̃2
+ − r̃2

0

−(z0 − 1)
[
(θ− + θ+ − 1)2 − θ2

0 − 1
]

− z0
[
2(θ+ − 1)(1 − ∆) + (∆ − 2)2 − 2

]
.

(11b)
Here, {z0,K0} are called the conformal modulus and the accessory parameter,
respectively.
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Trieste connection formula for Heun



Heun functions and Connection Coefficients

• The Heun equation (11a) can be obtained as the semiclassical limit of a
BPZ equation.

• Recently, the connection problem for (a class of) Heun equations has been
solved in terms of semiclassical conformal blocks [Bonelli, Iossa, Panea,
Tanzini, ’22-23]

• Diagramatically, two linearly independent solutions around z = t correspond
to

α1 α0 α2,1

α∞ αt
α αt± b→0, αi→∞, bαi=ai finite−−−−−−−−−−−−−−−−−−−−−→ f

(t)
± (z)

(12a)
while those around z = 1 are associated with

αt α∞ α2,1

α0 α1
α α1± b→0, αi→∞, bαi=ai finite−−−−−−−−−−−−−−−−−−−−−→ f

(1)
± (z)

(12b)
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• The connection coeffcients between z = t and z = 1 are

f
(t)
− (z) = C−−f

(1)
− (z) +C−+f

(1)
+ (z)

f
(t)
+ (z) = C+−f

(1)
− (z) +C++f

(1)
+ (z).

(13)

• The connection coefficients are given in terms of new elements:

C−∓ =

(
M−− (at, a; a0)M+∓ (a, a1; a∞) t−ae

1
2 ∂aF (t)

+ M−+ (at, a; a0)M−∓ (a, a1; a∞) tae− 1
2 ∂aF (t)

)
t

1
2 −a0−at (1 − t)at−a1 eiπ(at±a1)e

1
2 (∂a1 F (t)∓∂at F (t))

(14)

where a is the momentum of the intermediate channel, F (t) is the classical
conformal block, and

Mθθ′ (a1, a2; a3) =
Γ

(
−2θ′a2

)
Γ (1 + 2θa1)

Γ
( 1

2 + θa1 − θ′a2 + a3
)

Γ
( 1

2 + θa1 − θ′a2 − a3
)

(15)
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• The Heun’s parameters can be identified with the black hole parameters as

t = z0,

a0 = ±θ−
2 , at = ±θ+

2 , a1 = ± ∆ − 2
2 , a∞ = ±θ0

2 ,
(16)

• Via the AGT correspondence the classical conformal blocks have a
combinatorial expression

F (a; ai; t) =
(
a2 − a2

0 + a2
t − 1

4
) (
a2 + a2

1 − a2
∞ − 1

4
)

2
(
a− 1

2
) (
a+ 1

2
) t+ O

(
t2

)
(17)

• One can obtain a by solving Matone relation

u = −1
4 − a2 + a2

0 + a2
t + t∂tF (a; ai; t) , (18)

where

u = −z0K0 +
1
2θ− (1 − θ+) − 1

2 ∆ (1 − θ+) − (1 − θ+) (∆ − 1)
2 (z0 − 1) (19)
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• The most singular terms in, e.g., (a− 1/2)−(2n−1) in each order of tn,
will contribute to the appearance of logarithms after resummation [Gorsky,
Milekhin, Sopenko, ’18]

F (a; ai; t) =

[(
a2

0 − a2
t

) (
a2

1 − a2
∞

)
2(a− 1

2 )
+ . . .

]
t+

[(
a2

0 − a2
t

)2 (
a2

1 − a2
∞

)2

16(a− 1
2 )

3 + . . .

]
t2

+

[(
a2

0 − a2
t

)3 (
a2

1 − a2
∞

)3

48(a− 1
2 )

5 + . . .

]
t3 +

[
5

(
a2

0 − a2
t

)4 (
a2

1 − a2
∞

)4

512(a− 1
2 )

7 + . . .

]
t4

+

[
7

(
a2

0 − a2
t

)5 (
a2

1 − a2
∞

)5

1280(a− 1
2 )

9 + . . .

]
t5 + O

(
t6

)
(20)
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Small Reissner–Nordström–AdS5 black
holes



Some simplifications

• Consider the maximal charge at extremality (T̃+ = 0)

Q̃c = r̃2
+

√
1 + 2r̃2

+, (21)

such that the Q̃ can be parametrized as

Q̃ = q Q̃c = q r̃2
+

√
1 + 2r̃2

+, 0 ≤ q ≤ 1, (22)

where q is an extremality parameter, which describes the Schwarzschild-
AdS5 black-hole solution for q = 0 and the extremal RN-AdS5 black hole
for q = 1.

• Then, the conformal modulus (11b) in the small r̃+ limit yields

z0 =
(
1 − q2)

r̃2
+ − 2

(
1 − q4)

r̃4
+ + O

(
r̃6
+

)
(23)
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Cure the pole at a = 1
2

• The poles located at a = n/2 for n ∈ Z>0 in (17) are translated into poles
of the angular momentum quantum number at ℓ ∈ Z≥0

• One should consider contributions from all orders in the analytic expansion
of F (t) [B.A, da Cunha, Pallante ’18]

• Assume an ansatz close to the pole at a = 1
2 (ℓ = 0) of the form

a(ℓ = 0) = 1
2 − ν0r̃

2
+ + O

(
r̃4
+

)
(24)

• Substituting this into the Matone relation, we find that the right–hand side
organizes as

rhs = −1
2 + ν0r̃

2
+ − 1

8
(
1 − q2) (

(∆ − 2)2 − ω̃2)
r̃2
+

−
(
(1 + q6)ω̃2 − 2(1 + q4)qẽω̃ + (1 + q2)q2ẽ2)

r̃2
+

4 (1 − q2)2

− 2ν0x
(
1 + x+ 2x+ 5x3 + 14x4 + . . .

)
r̃2
+ + O

(
r̃4
+

)
,

(25)
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Resummation and Catalan numbers

• The left–hand side yields

lhs = −1
2 − (1 + α2)

2

[
(1 − α2) +

∆(∆ − 4)
2

− ω̃2

2(1 − α2)2 +
α2(4 + α2)ω̃2

2(1 − α2)2

]
r̃2
+ + O

(
r̃4
+

) (26)

• The terms proportional to ν0 in the rhs are related to the Catalan numbers:

1 + x+ 2x2 + 5x3 + 14x4 + . . . =
1 −

√
1 − 4x

2x , (27a)

with x given by

x =

(
1 + α2)4

ω̃2 (
(∆ − 2)2 − ω̃2)

26ν2
0

. (27b)
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• Equating the left and right sides leads to a quadratic equation for ν0

ν0 = ± 1
8

√
4 ((∆ − 2)2 − ω̃2) ((1 + q2)(ω̃− qẽ)2 + q4(ω̃2 − ẽ2)) + ((1 + q2) (3ω̃2 − ∆(∆ − 4)) − 4qẽω̃)2

(28)
• The resummation procedure to the derivatives of F gives

∂aF = −
(

2x+ 3x2 +
20
3 x

3 +
35
2 x

4 +
252
5 x5 + . . .

)
+ O

(
r̃2
+

)
(29a)

∂a1F =
1
2 (∆ − 2)

[(
1 − q2)

+

((
1 + q2)

(ω̃− qẽ)2 + q4 (
ω̃2 − ẽ2))

4ν0

×
(
1 + x+ 2x2 + 5x3 + 14x4 + . . .

)]
r̃2
+ + O

(
r̃4
+

)
(29b)

∂atF = −i (ω̃−qẽ)((∆−2)2−ω̃2)
8ν0

(
1 + x+ 2x2 + 5x3 + 14x4 + . . .

)
r̃+ + O

(
r̃3
+

)
(29c)
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• Equating the left and right sides leads to a quadratic equation for ν0

ν0 = ± 1
8

√
4 ((∆ − 2)2 − ω̃2) ((1 + q2)(ω̃− qẽ)2 + q4(ω̃2 − ẽ2)) + ((1 + q2) (3ω̃2 − ∆(∆ − 4)) − 4qẽω̃)2

(28)
• The resummation procedure to the derivatives of F gives

∂aF := ∂aF(0) + O
(
r̃2
+

)
= log 4 − 2 log

(
1 +

√
1 − 4x

)
+ O

(
r̃2
+

)
(29a)

∂a1F := ∂a1F(2)r̃
2
+ + O

(
r̃4
+

)
=

1
2 (∆ − 2)

[(
1 − q2)

+

(
(1 + q2)(ω̃− qẽ)2 + q4(ω̃2 − ẽ2)

)
4ν0

1 −
√

1 − 4x
2x

]
r̃2
+ + O

(
r̃4
+

)
(29b)

∂atF := ∂atF(1)r̃+ + O
(
r̃3
+

)
= −i

(ω̃− qẽ)
(
(∆ − 2)2 − ω̃2)
8ν0

1 −
√

1 − 4x
2x r̃+ + O

(
r̃3
+

) (29c)
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Greybody factor

The radial solution in the far–region approximation, which satisfies the incoming
wave behavior, reads

R
(∞)
in (r̃) = Cin

(
ω̃
r̃

)2
H

(1)
∆−2

(
ω̃
r̃

)
, (30)

where
Cin ∝ A (C−− + (i+ cotπ∆)C−+) (31)

At the horizon, the radial solution is given by

Rhor(r̃) = Az−θ−/2(z0 − z)−θ+/2(1 − z)∆/2f
(z0)
− (z) (32)

The greybody factor given as the ratio of the flux at the horizon and the incoming
flux at spatial infinity reads

γ(ℓ=0) =
Fhor

F (∞)
in

∝ |A|2

|Cin|2 (33)

16



More precisely, the greybody factor in the small horizon limit is

γ(0) = 22∆+7π3r̃3
+ω̃

2∆+4 (ω̃− qẽ)
sin2 π∆

(cosπ∆ − cosπω̃)2
e∂aF(0)(

e∂aF(0) + x
)2

1
χ
+O

(
r̃4
+

)
(34)

where

χ = 42∆Γ
( 1

2 (∆ − ω̃− 2)
)2

Γ
( 1

2 (∆ + ω̃− 2)
)2
ω̃8

+ 44Γ
( 1

2 (2 − ∆ − ω̃)
)2

Γ
( 1

2 (2 − ∆ + ω̃)
)2
ω̃4∆

+
4∆+4π2ω̃2∆+4 cos 2π∆

(cosπ∆ − cosπω̃) ((∆ − 2)2 − ω̃2)
.

(35)
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• The highlighted factor in (34) carries all the contributions from the zeroth
order term in ∂aF .

• The factor simplifies to

e∂aF(0)(
e∂aF(0) + x

)2 = 1, (36)

and it turns out that the asymptotic expansion reduces to

γ(0) = Ã ω̃2∆+4 (ω̃− qẽ)
22∆+6π sin2 π∆

(cosπ∆ − cosπω̃)2
1
χ
+ O

(
r̃4
+

)
(37)

where Ã = 2π2r̃3
+ is related to the area of the black hole.

• In the q = 0 limit, equation (37) gives the greybody factor for massive
scalar fields in small Schwarzschild-AdS5 black holes.
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Figure 1: Greybody factor as a function of ω̃ for different values of q, and fixed
r̃+ = 1/100, ẽ = 2

√
3, and ∆ = 46/10.
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Avoiding the pole vs. Curing the pole
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Figure 2: Comparison between the greybody factors with resummation (solid lines)
and without resummation (dashed lines) for different values of q, and fixed
r̃+ = 1/100, ẽ = 2

√
3, and ∆ = 46/10.
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Conclusions



• For the s–wave case, the effect of resummation simplifies the asymptotic
expansion of the greybody factor.

• The large-amplitude oscillations in the greybody spectrum are consistent
with the spacing between the normal modes frequencies in AdS5 spacetime.

• For small RN–AdS5 black holes, the spectrum decreases as we increase the
extremality parameter q. For 0 < ω̃ < qẽ, the greybody factor is negative,
corresponding to a superradiant instability (see Fig. 1).

• The greybody spectrum γ(0) (ω̃) is compressed compared with the spectrum
without the resummation procedure, as shown in Fig. 2.

Thank you!
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