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December 19, 2024

Black Holes Workshop XVII

Work in collab. with David Hilditch, Shalabh Gautam and Alex Vañó-Viñuales
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Introduction
Extraction of gravitational waves

We want to extract the gravitational wave signal from the code at J +.
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*Courtesy of A. Vaño-Viñuales

Hyperboloidal coordinates: τ = T − H(R) , R = r
Ω(r)
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General Relativity in GHG vs. GBU(F) model
Gauge choice is important!

The hyperboloidal method is for evolving hyperbolic equations.

We want to apply it to GR in Generalized Harmonic (i.e. to impose Ca ≡ Γa + F a = 0)

EOM for GR in GHG are

□Ψ = NΨ

□CR
− = − 1

2
(∇TΨ)2 − 2∇T F̌ +NCR

−

□CR
+ =

2

R
∇TCR

+ +NCR
+

□C±
A =

2

R
∇TC±

A +NC±
A

□ϵ =
2p2
R

∇T ϵ+Nϵ

□δ = ∇T F̌
σ +Nδ

The fields decay asymptotically as the
Good-Bad-Ugly (-F) model

□g ≃ 0

□b ≃ (∇Tg)
2 + 1

R
∇T f

□u ≃ 2
R
∇Tu

□f ≃ 2
R
∇T f + 2(∇Tg)

2

Smart choice of gauge source functions is important
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Asymptotic decay of the fields
GBU(F) model

The good, bad and ugly fields have different asymptotic decay:

□g ≃ 0

□b ≃ (∇Tg)
2 ⇒

□u ≃ 2
R
∇Tu

g ∼ G1(T − R)

R

b ∼ B1(T − R) + logR B2(T − R)

R

u ∼ mu

R

The quesion is: can we capture this asymptotic cancellation numerically?
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Geometric setup
The choice of variables and the metric representation

Take (T ,R, θ, ϕ) coordinates that asymptote spherical polars.

The functions C±(T ,R) are defined by requiring that the following vectors are null

ξa = ∂a
T + C+∂

a
R , ξa = ∂a

T + C−∂
a
R

The function δ(T ,R) is defined by the covectors

σa = e−δξa, σa = e−δξ
a

satisfying σa∂
a
R = −σa∂

a
R = 1 .

The metric takes the form

g =


2eδC+C−
C+−C−

eδ(C−+C+)
C−−C+

0 0
eδ(C−+C+)

C−−C+

2eδ

C+−C−
0 0

0 0 eϵR2 0
0 0 0 eϵR2 sin2 θ


In terms of lapse and shift

α = eδ/2
√

1
2 (C+ − C−)

β
R = − 1

2 (C+ + C−)
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Equations of motion
Reduced Einstein Field equations

Recall GHG is to impose Ca ≡ Γa + F a = 0, where Γa = gbc Γa
bc .

Spherical symmetry ⇒ F θ = R̊−2 cot θ , Fϕ = 0 .
(
R̊ = Reϵ/2

)

Define the reduced Einstein Field Equations

Rab −∇(aCb) +Wab = Tab −
1

2
gabTg

Coupling to a massless scalar field they read

Dσ

(
2

κ
R̊2DσC+

)
+ R̊Dσ

(
R̊Fσ

)
− DσR̊

2DσC+

κ
+Wσσ = −8πR̊2(Dσψ)

2 ,

Dσ

(
2

κ
R̊2DσC−

)
− R̊Dσ

(
R̊Fσ

)
− DσR̊

2DσC−

κ
+Wσσ = 8πR̊2(Dσψ)

2 ,

□2R̊
2 − 2 +Wθθ = 0 ,

□2δ + DνF
ν + 2eδ

(
DσC+DσC− − DσC+DσC−

κ3

)
+

2

R̊2

(
1− 2MMS

R̊

)
= 16π

eδ

κ
DσψDσψ ,

□4ψ = 0
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Asymptotics
Comparison with GBU(F) model

According to our classification:

ψ is a good wave equation

C+ and ϵ are uglies (by constraint addition)

δ is good/ugly depending on gauge choice

✱ C− has O(R−2) source ⇒ bad wave equation

To regularize C− we take

Fσ =
2

R̊
+

2p

R̊
(e−δ − 1) , Fσ = − 2

R̊
− p

R̊
(1 + C−) +

1

R̊
FGD

1

R̊
FGD

1

R̊
FGD

where FGD satisfies

□FGD ≃ 2

R
DσF1 + 16π(Dσψ)

2
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Hyperboloidal coordinates
Height function and Eikonal

Take a fixed compactification R =
r

(1− r 2)
1

n−1

We can construct hyperboloidal coordintes two ways:

With height function: τ = T − H(R) with H = R +mC+ logR − r

Through the eikonal equation: τ = u + r where g ab∇au∇bu = 0

Demanding ∇au ∝ σa implies outgoing coordinate lightspeed c r+ ≡ 1

Dual Foliation: (T ,R, θ, ϕ) REFEs components evolved in (τ, r) coordinates

- This approach allows us to keep hyperbolicity properties while reaching J +.
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Spherical GR numerical evolution
Evolution
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Spherical GR numerical evolution
Black Holes
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Spherical GR numerical evolution
Technicalities

The compactification R =
r

(1− r 2)
1

n−1

implies R ′ ≃ Rn (1 < n ≤ 2)

Formally singular terms in U− and F−
GD EOMs

∂τU
− = ...+

R′

R
U− + ...

∂τF
−
GD = ...+

R′

R
(F−

GD + 1
2
(G−)2) + ...
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Figure: Convergece for n ≤ 1.5

Can we avoid FST?

Adding constraint R2Cσ

New gauge source Fσ
new = Fσ + 1

R
(C+ − 1)
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Summary and outlook
Hyperboloidal approach for GR in GHG

We have:

Regularized REFEs at J + and extraction of radiation signal

Evolution code working and converging for every possible case

Constraint satisfying ID in spherical symmetry

What we aim for:

Full 3D GR

Thank you
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