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Introduction

History and motivation

Penrose process requires high relative velocity of the fragments

BSW effect for extremal Kerr seems ideal – collisions with arbitrarily
high centre-of-mass energy with particles coming from rest at infinity:
M. Bañados, J. Silk, S. M. West, PRL 103, 111102 (2009).

However, strict upper bounds on the extracted energy were found:
T. Harada, H. Nemoto, U. Miyamoto, PRD 86, 024027 (2012).

Electrostatic variant – no unconditional bounds on extracted energy
for maximally charged black hole: O. B. Zaslavskii, PRD 86,
124039 (2012).

Can be combined for extremal Kerr-Newman – no unconditional
bounds on extracted energy whenever Qq3 6= 0, also compatible with
|q|/m� 1: FH, J. P. S. Lemos, O. B. Zaslavskii, PRD 105, 024014
(2022) & Acta Phys. Polon. Supp. 15, 1-A5 (2022).

What happens beyond extremality? Does this effect survive?
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Introduction

The setup

For simplicity, let us consider subextremal Reissner-Nordström solution
Both for Kerr and Reissner-Nordström, one can write:

pt =
X
N2 pr =

σ

N
√
grr

√
X 2 − N2

(
m2 +

L2

gϕϕ

)
Here X is. . . for Kerr: and for Reissner-Nordström:

X = E − ωL X = E − qφ

Mass m, angular momentum L = ml , energy E = mε and charge
q = mq̃, σ = ±1, for Reissner-Nordström we can put L = 0
For particles with m 6= 0, we can factorise

pr =
σm
N
√
grr

√
(ε− V+) (ε− V−)

ε > V+ implies (pr )2 > 0 and pt > 0; V+ ≡ V is effective potential
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Introduction

Different notions of critical particles

Due to the causality restriction (pt > 0), we can say that particles
with XH > 0 fall into the black hole, whereas particles with XH < 0
cannot get close to horizon, critical particles are on the verge
Around extremal black holes, for locally critical particles with
XH = 0⇐⇒ ε = V |rH , centre-of-mass collision energy with a usual
particle can be arbitrarily high; ECM ∼ (rC − rH)−1

Simultaneously, particle must be produced as (nearly-)critical to be
able to escape from the vicinity of an extremal black hole
However, for subextremal black holes, locally critical particles make no
sense; must consider globally critical particles with ε = Vmax (particles
with ε > Vmax can cross rmax, particles with ε < Vmax cannot)
Hence, for subextremal black holes, ECM is bounded. What about E3?
Let us consider a 2→ 2 scattering process involving a critical particle
1 and a usual particle 2, both moving towards a black hole
One of the produced particles (No. 4) must fall into the black hole
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Introduction

Escape possibilities, extremal case

εcr
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Four (or five?) ways to produce particle 3: +/– combined with
IN/OUT (plus the slope of the effective potential)
+/− is the sign of C3 in the formal expansion
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Introduction

Escape possibilities, subextremal case
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Results Solutions to the conservation of momentum

extremal Kerr, E1 = E2 = m1 = m2 = m, L1 = 2Mm, L2 = 1.3Mm,
m3 = m4 = 0, r = 3M
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Results Solutions to the conservation of momentum

extremal Kerr, E1 = E2 = m1 = m2 = m, L1 = 2Mm, L2 = 1.3Mm,
m3 = m4 = 0, r = 1.2M
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Results Solutions to the conservation of momentum

extremal Reissner-Nordström, m1 = m2 = m3 = m4 = m,
E1 = q1 = E2 = 1.1m, q2 = 0, r = 2M
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Results Solutions to the conservation of momentum

Reissner-Nordström with Q = 0.999M, m1 = m2 = m3 = m4 = m,
q1 = E2 = 1.1m, E1 = Ecr.glob., q2 = 0, r = 1.2M
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Results

Mass limit
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Conclusions and outlook

“Super-Penrose process” (i.e. no unconditional bound on E3) is
possible even around subextremal charged black holes for q3 6= 0
With deviation from extremality, upper bound on m3 appears
Charged, spinning black holes have magnetic field; particles’ charges
will contribute to centrifugal effects
In a more realistic situation |Q|/M � 1, |q|/m� 1
These things were not a problem in the extremal case, will it change?
Realistic charging mechanism requires external magnetic field
This was invisible for the extremal case in the r → rH limit due to the
Meissner effect; cf. Jiří Bičák, FH, PRD 92, 104006 (2015).

Acknowledgement:
This work was supported by the European Union and the Czech
Ministry of Education, Youth and Sports (Project: MSCA Fellowships
CZ FZU III - CZ.02.01.01/00/22 010/0008598)
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