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Introduction

• The interior of black hole solutions in General Relativity (GR) contains space-time
singularities, where our ability to prediction comes to an end.

• This suggests the need to extend the GR in its strong-field regime while remaining
compatible with current observational constraints. This can be addressed by modifying 3
building blocks:
1. Restoration of the metric and the affine connection as independent identities.
2. Changing the gravitational Lagrangian, .
3. Taking non-linear electrodynamics (NED).
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Introduction

• The interior of black hole solutions in General Relativity (GR) contains space-time
singularities, where our ability to prediction comes to an end.

• This suggests the need to extend the GR in its strong-field regime while remaining
compatible with current observational constraints. This can be addressed by modifying 3
building blocks:
1. Restoration of the metric and the affine connection as independent identities.
2. Changing the gravitational Lagrangian, .
3. Taking non-linear electrodynamics (NED).

• The objective is to complete the regularity analysis by introducing the effects of NED.
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Introduction

Inside the familly of metric-affine gravities there is a subgroup Ricci-based gravities (RBGs),
defined by the action

S =
1

2κ2

∫
d4x

√
−gLG(gµν ,Rµν(Γ)) + Sm(gµν , ψm), (1)

where gµν is the independent metric, LG is the gravitational Lagrangian and Rµν is the Ricci
tensor of the independent connection. From (1) one finds a system of Einstein-like equations

Gµ
ν(q) =

κ2

|Ω|1/2 [Tµ
ν − δµν (LG + T/2)] , (2)

for an auxiliary metric defined as
qµν = gµαΩα

ν , (3)

where Ωα
ν on-shell is a function of the matter fields and, perhaps, of the metric.
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Null geodesic motion with NED fields

This work is framed on NED models defined by Lagrangian densities of the form

φ = φ(X,Y) with X = −1
2FµνFµν ; Y = −1

2FµνF⋆µν . (4)

We are interested in purely electric configurations, where only Ftr ̸= 0, for which Y = 0, and
for any spherically symmetric geometry, the field equations can be solved via a quadrature
as

Xφ2
X =

Q2

r4 , (5)

where Q is an integration constant identified as the electric charge and φX ≡ dφ/dX.
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Null geodesic motion with NED fields

From the requirement of continuity of the electromagnetic field across a given surface of
discontinuity, the light rays propagate on an effective metric as

geff
µνkµkν = 0 , (6)

geff
µν = φXgµν + 2φXXFµαFα

ν . (7)

For non-trivial NED functions, the non-conformal structure of this equation implies a
different causal cone of photons as compared to usual Maxwell electrodynamics. The
effective metric is parameterized as

ds2
eff = H(x)(−A(x)dt2 + B(x)dx2) + h(x)r2(x)dΩ2 , (8)

where H(x) and h(x) are functions determined by the (effective) null geodesic metric (7) as

H(x) = φX + 2XφXX ; h(x) = φX . (9)
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Null geodesic motion with NED fields

Assuming motion in the plane θ = π/2 without loss of generality given the spherical
symmetry of the space-time, the geodesic equation takes the form

ABH2
(

dx
du

)2
= E2 − L2AH

hr2 . (10)

This is the main equation we need in order to study the restoration of geodesic
completeness in the effective metric, which we tackle in the next section.
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Effective geodesic completeness in f(R) gravity

The action of f(R) gravity is

S =
1

2κ2

∫
d4x

√
−gf(R) + Sm(gµν , ψm) (11)

We choose the quadratic f(R) gravity, given by

f(R) = R + αR2 . (12)

In general, the geodesic equation is going to be

dũ
dz =

f1/2
R

(
1 +

zfR,z
2fR

)
H√

E2f2
R − D(z)fR

L2
r2

c z2
H
h

, (13)

This is the natural generalization of the original f(R) geodesic equation, recovered when
H = h = 1 from its effective version, while the usual GR one is recovered in the limit fR → 1.
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Effective geodesic completeness in f(R) gravity

Coupling f(R) either to Born-Infeld or Euler-Heisenberg NEDs, the behavior of the radial
(L = 0) geodesic is the following

Figure 1: Radial null effective geodesics (ingoing and outgoing) (solid purple), as compared to background null trajectories (dashed blue).
In red, we depict the GR behaviour.
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Effective geodesic completeness in f(R) gravity

To verify the last statement for non-radial geodesics, we go back to Eq.(13) and consider
trajectories with L ̸= 0. In such a case, around the region z = zc it behaves as

dũ
dz ≈ ± c1/2zcH(zc)

2
√

c2E2(z − zc)3 − δ1aL2

δ2r2
c z3

c

H(zc)
h(zc)

. (14)

Since both h(zc) and H(zc) are finite and
positive, the square-root will always vanish
at some z larger than zc. Thus, at some
z > zc a turning point is reached and the
particle is deflected back to asymptotic
infinity, regardless of its energy E and
angular momentum L.
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Effective geodesic completeness in EiBI gravity

The action of Eddington inspired Born-Infeld (EiBI) gravity can be expressed under the
compact form

SEiBI =
1
κ2ϵ

∫
d4x

[√
−|gµν + ϵRµν | − λ

√
−g

]
+ Sm(gµν , ψm) . (15)

In this case, the effective geodesic equation in this case as

dũ
dz = ±

Ω
1/2
−

(
1 +

zΩ−,z
2Ω−

)
H(z)

Ω+

√
E2 − DL2

Ω+r2
c z2

H(z)
h(z)

. (16)



Effective geodesic completeness in EiBI gravity||12/14

Introduction Null geodesic motion with NED fields Effective geodesic completeness in f(R) gravity Effective geodesic completeness in EiBI gravity Conclusions

Effective geodesic completeness in EiBI gravity

For null-radial geodesics, For non-radial geodesics,

dũ
dz = ±

Ω
1/2
−

(
1 +

zΩ−,z
2Ω−

)
H(z)

Ω+

√
E2 − DL2

Ω+r2
c z2

H(z)
h(z)

, (17)

given the finiteness of both functions H(z)
and h(z) at every z ≥ zc, then some
geodesics will have a turning point but also
others that can overcome the potential
barrier to reach the x = 0 region in finite
affine time.
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Conclusions

• The geodesic restoration is achieved either via a displacement of the potentially
pathological region to the boundary of the space-time (in the f(R) case), unreachable in
finite affine time by any set of geodesics; or by development of a bounce in the radial
function (in the EiBI case), interpreted as the throat of a wormhole structure, which
allows some of such effective geodesics to pass through it and freely expand to other
regions of the space-time.

• The gravitational mechanism is robust against modifications in the matter sector, both in
the background geometry and in the propagation one.

• Beyond purely theoretical considerations, the propagation of photons on an effective
metric has repercussions in observable settings, most notably in the observational
properties of compact objects supported and/or surrounded by a material described by
non-linear matter fields.
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