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ModMax theory
ModMax theory is the unique NLE generalization of Maxwell in 4D
with conformal and electromagnetic duality invariance [Bandos et all,
2020]. It is given by

I =
1

16π

∫
d4x

√
−g(R− 4L),

with L being the ModMax Lagrangian density

L =
1

2

(
S cosh γ −

√
S2 + P2 sinh γ

)
.

which is constructed from S and P, the simplest scalar and pseudo
scalar electromagnetic invariants that can be constructed from the
Maxwell-Faraday tensor Fµν = ∂µAν − ∂νAµ and its dual ∗Fµν =
1
2ϵµνλρF

λρ

S =
1

2
FµνFµν , P =

1

2
Fµν ∗ Fµν .
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▶ Parity invariance is not compromised, dependence on P2.

▶ γ is a dimensionless coupling constant restricted to γ ≥ 0:
causality and unitarity achieved.

▶ L is a convex function of the electric field, its energy-momentum
tensor respects weak, strong, and dominant energy conditions.

▶ Its Hamiltonian formulation accommodates flat spacetime
solutions.

Einstein-ModMax field equations are

Gµν = 8πTµν , d ∗ E = 0, dF = 0.

Here

Eµν =

(
cosh γ − S sinh γ√

S2 + P2

)
Fµν − P sinh γ√

S2 + P2
∗ Fµν ,

and
8πTµν = 4FµσFσ

ν LS + 2 (PLP − L) gµν .
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The main idea and the ingredients

Based on 2409.12336, Barrientos, A.C, Hassaine and Pallikaris (PLB).

▶ Purpose: To expand the black hole spectrum of ModMax theory.

▶ Known solutions up to date: Static charged solutions, TaubNUT
extensions and the first C-metric spacetime in a NLE model.

▶ Main missing piece: Rotating solutions, extremely elusive so far.

▶ Room to explore: Non-trivial backgrounds: Melvin-Bonnor and
Swirling spacetimes and their black hole extensions.

▶ However, solution generating technics from electrovacuum do not
readily apply in NLE.

▶ Intuition to achieve Melvin-Bonnor: From the C-metric in
ModMax.

▶ Intuition to achieve Swirling: From the TaubNUT in ModMax.
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Melvin-Bonnor and Swirling spacetimes
▶ The Melvin geometry is an electrovacuum solution that describes

a static cylindrically symmetric magnetic field immersed on its
own gravitational field.

▶ Magnetic flux tube held together by its own gravitational pull.

▶ Magnetic lines parallel to the axis of symmetry. The field can be
considered homogenous near the axis while falls off far away to
avoid gravitational collapse.

In cylindrical coordinates reads

ds2EM =
ρ2

V 2
dϕ2 + V 2

(
−dt2 + dρ2 + dz2

)
,

with V (ρ) := 1 + E2+B2

4 ρ2 and

A = −zEdt− Bρ2

2V
dϕ.
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Asymptotically approaches the Levi-Civita spacetime

ds2 = ρ−2dϕ2 + ρ4
(
−dt2 + dρ2 + dz2

)

▶ Belongs to the Kundt class of type D spacetimes.

▶ Timelike geodesics are forbidden to scape to radial infinity due
to the strong attraction towards the axis, similar to AdS.

▶ It can be constructed using a magnetic Harrison transformation
on Minkowski spacetime.
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The Swirling spacetime is a stationary and vacuum solution. In cylin-
drical coordinates reads

ds2S =
ρ2

1 + j2ρ4
(dϕ+ 4jzdt)2 +

(
1 + j2ρ4

) (
−dt2 + dρ2 + dz2

)
,

▶ Originally reported as an analytic continuation of the Bianchi II
cosmological metric of Taub [Gibbons et al, 2013].

▶ Belongs to the Kundt class of type D spacetimes.

▶ Sort of stationary asymptotically Levi-Civita spacetime.

▶ Geodesics motion exhibits vortex-like behaviour [Astorino et al,
2022]

Adolfo Cisterna ITP Charles University. XVII Black Holes Workshop, University of Aveiro, 2024

Electromagnetized and Swirling spacetimes in Nonlinear Electrodynamics: The ModMax case



▶ Free of curvature singularities, Misner strings and non-chronal
regions.

▶ Rotation ω = 4jz grows indefinitely large for |z| → ∞. Constant
at z fixed and null at the equatorial plane.

▶ It can be integrated via a magnetic Ehlers transformation.

Finally, via the Ernst scheme and the electrovacuum Harrison and
Ehlers symmetries both spacetimes can be combined into the Melvin-
Swirling configuration [Barrientos et al, 2023]

ds2EMS =
ρ2

V 2 + j2ρ4
(dϕ+ 4jzdt)2 +

(
V 2 + j2ρ4

) (
−dt2 + dρ2 + dz2

)
,

A = ρ2
2z
[
EV 2ρ−2 + j

(
2BV − jEρ2

)]
dt+

(
BV − jEρ2

)
dϕ

2 (V 2 + j2ρ4)
.
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ModMax theory and the C-metric
The first accelerating black hole in a NLE, ModMax in this case, has
been given in [Barrientos et al, 2022]. In prolate coordinates (t =
t̄
A , r = 1

Ay , and cos θ = x) reads

ds2 =
1

A2(x+ y)2

[
−Fdt̄2 +

dy2

F
+

dx2

G
+G

dφ2

K2

]
,

where (Hong and Teo form, 2003)

F (y) = −
(
1− y2

) (
1− 2Amy +A2w2y2

)
,

G(x) =
(
1− x2

) (
1 + 2Amx+A2w2x2

)
,

while the electromagnetic tensor solution is given by

F = −e−γqedy ∧ dt̄+ qmdx ∧ dφ

K
,

Five parameters A,m, qe, qm and K characterize the solution, where
w2 = e−γ(q2e + q2m).
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▶ The coordinates follows t ∈ R, x ∈ (−1, 1), y < −x and
φ ∈ (−π, π).

▶ Period of ϕ has been fixed via the conicity K with the aim of
removing one of the conical singularities

δx=±1 = 2π

(
1−

∣∣1± 2Am+A2w2
∣∣

|K|

)
.

▶ Observe that F (z) = −G(−z), which means that these two
functions will have the same number of roots. The roots of F (y)
are explicitly given by

yc = −1, yA = 1, yi =
1

Aw2

(
m−

√
m2 − w2

)
yo = 1

Aw2

(
m+

√
m2 − w2

)
▶ yA represents the accelerating horizon, while yi and yo are the

inner and outer black hole horizons of a charged configuration.

▶ yc = −1 lies outside the physical causal structure of the solution.
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Melvin-Bonnor-ModMax spacetime from accelerating
black holes

In GR and interesting method [Havrdova and Krtouš, 2006] allows to
obtain the Melvin-Bonnor configuration from the spacetime of a couple
of charged accelerating black holes, C-metric.

▶ It corresponds to a self-gravitating extension of Born’s limit in
flat spacetime.

▶ A homogenous electric field in Minkowski is retrieved from the
system of two charged accelerating particles by enlarging the
distance between them while increasing properly their charges.

▶ Naturally, in the gravitating case a couple of charged
accelerating black holes will mimic Born’s idea.

Adolfo Cisterna ITP Charles University. XVII Black Holes Workshop, University of Aveiro, 2024

Electromagnetized and Swirling spacetimes in Nonlinear Electrodynamics: The ModMax case



The procedure consists of two main ingredients:

▶ A coordinate transformation that allows a near horizon
approximation around the accelerating (Rindler) horizon.

▶ And a proper redefinition of the inner and outer horizons, this
allows to prescribe the behaviour of the physical parameters m
and w. A is kept fixed.

In mathematical terms, the inner and outer horizons are reparametrized
as follows

yi = 1 + ỹiϵ, yo = 1 + ỹoϵ,

being ỹi and ỹo two constants related to m,w and A and satisfying
ỹi < ỹo; this for the order of the horizons to be maintained.
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The parameter ϵ is a small parameter to be sent to zero when perform-
ing the limit. For the limit to be carried around the Rindler horizon,
the following change of coordinates has to be considered

t̄ =
1

ỹiỹo

1

ϵ2
τ, y = 1 + ỹiỹoϵ

2v.

The coordinates x and φ remain unchanged.

▶ Notice that this implies that yi and yo scale as ϵ causing the new
horizon locations vi and vo to scale as ϵ−1.

▶ As a consequence, the horizons are pushed away in the limit
ϵ → 0, confirming the analogy with the flat spacetime case in
which the charges are pushed away from each other leaving a
remnant electric field between them
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As a result of the simultaneous consideration of the horizon redefinitions
and the coordinate transformations on the line element of our C-metric,
the limit ϵ → 0 provides (after changes of coordinates and redefinitons)

ds2 =

[
1 +

e−γ(E2 +B2)

4
ρ2
]2

(−dt2 + dρ2 + dz2) +
ρ2dφ2[

1 + e−γ(E2+B2)
4 ρ2

]2 ,
with gauge field

F = e−γEdz ∧ dt+
Bρ[

1 + e−γ(E2+B2)
4 ρ2

]2 dρ ∧ dφ.

▶ This represents the Melvin-Bonnor configuration in ModMax.

▶ The solution is very Maxwell-like, just as the C-metric ModMax.

▶ The procedure easily accommodates a cosmological constant.
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▶ The reason behind this, and that all solutions in ModMax but
the stationary TaubNUT, are Maxwell-like is that they all
follows S ∼ P.

▶ This condition simplifies the field equations and overlaps the
spectrum of ModMax and Maxwell theories.

Even an accelerating black hole in a Melvin-Bonnor background can be
accommodated

ds2 =
1

Ω2

[
Λ2

(
−Qdt2 +

dr2

Q
+

r2dθ2

P

)
+

Pr2 sin2 θ

Λ2
dφ2

]
,

A = e−γErf
2 cos θ +Ar(1 + cos2 θ)

2Ω2
dt+

BPr2 sin2 θ

2Ω2Λ
dφ,

where

Q =
(
1−A2r2

)
f, P = 1 + 2Am cos θ, Ω = 1 +Ar cos θ,

Λ = 1 +
e−γ(E2 +B2)

4

Pr2 sin2 θ

Ω2
.
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Swirling-ModMax spacetimes

▶ To construct a Swirling spacetime in ModMax we take intuition
from the only known stationary solution, the TaubNUT
ModMax [Ballon Bordo et al, 2021].

▶ Contrary to all other solutions here S ∼ P fails.

▶ However, for a gauge field of the TaubNUT form

A = At(r)(dt− 2n cos θdϕ) + qm cos θdϕ,

the ModMax gauge field equation is almost of the Maxwell form

eγA′′
t + eγ

2rA′
t

r2 + n2
+ e−γ 2n (2nAt − qm)

(r2 + n2)
2 = 0,

up to the relative factors e±γ .

▶ Hence, the integrability of the gauge field is not compromised.
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The solution reads

ds2 = −f(r)(dt− 2n cos θdφ)2 +
dr2

f(r)
+
(
r2 + n2

)
dΩ2

At = − qe
2n

sin
(
e−γA0

)
− qm

2n
cos
(
e−γA0

)
+

qm
2n

where

f(r) =

(
r2 − 2mr − n2 + e−γ

(
q2e + q2m

)
r2 + n2

)
, A0 = π − 2 arctan

( r
n

)
.

▶ The main simplification of the gauge field equation comes from
the induced magnetic field, Aϕ ∼ ωAt

▶ In which other scenario we find a similar behaviour?

Adolfo Cisterna ITP Charles University. XVII Black Holes Workshop, University of Aveiro, 2024

Electromagnetized and Swirling spacetimes in Nonlinear Electrodynamics: The ModMax case



▶ Precisely in the Melvin-Bonnor-Swirling spacetime. There is an
induced, in this case electric field, of the form At ∼ ωAϕ.

In fact in this case we observe that the ModMax gauge field equation,
up to e±γ factors, does not compromise its integrability and that a
Melvin-Swirling spacetime can be obtained in ModMax, it yields

ds2 =
ρ2

V 2 + j2ρ4
(dφ+ 4jzdt)2 +

(
V 2 + j2ρ4

) (
−dt2 + dρ2 + dz2

)
A =

(
e−γEz + 4jzAφ

)
dt+Aφdφ

where

V = 1 +
e−γ

(
E2 +B2

)
4

ρ2

Aφ =
e−γB

4j
sin

(
eγ
[
π − 2 arctan

(
V

jρ2

)])
+

e−γE

4j
cos

(
eγ
[
π − 2 arctan

(
V

jρ2

)])
− e−γE

4j
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Further remarks

▶ We worked out an expansion of the (black hole) spectrum of
solutions in ModMax.

▶ We have, for the first time, constructed black holes immersed in
an electromagnetic background for a NLE (ModMax) model.

▶ We also described for the first time rotating backgrounds in
NLE, the Melvin-Swirling spacetime.

▶ Although, no black hole has been presented in the latter case, we
conjecture is a computational matter only.

▶ These solutions rise the question of whether the Ernst scheme of
electrovacuum can be upgraded to ModMax.

▶ Finally, it remains to tackle the construction of rotating
solutions, even at the slowly rotating regime.
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Thanks!
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